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PREFACE 


The present book is the first of several volumes which are intended 
to replace the Introduction to Theoretical Physics written by the same 
authors in 1933. By separating the material on mechanics, on electro- 
magnetism, and on the quantum theory, we believe that it is possible 
to give a somewhat better rounded treatment of each of these fields, 
which will be more useful to the teacher and the student. At the same 
time, we have tried to preserve, and even to extend, the general unity 
of treatment which we believed so important when the earlier book 
was published. We have a conviction that the teaching of theo- 
retical physics in a number of separate courses, as in mechanics, 
electromagnetic theory, potential theory, thermodynamics, and 
modern physics, tends to keep a student from seeing the unity of 
physics, and from appreciating the importance of applying principles 
developed for one branch of science to the problems of another. In 
the present volume, we have tried constantly to emphasize not only 
those topics important to mechanics itself, but also those which make 
the study of mechanics the fundamental basis of the electromagnetic 
theory, quantum mechanics, and in fact of all of theoretical physics. 

Two general principles have determined the order of presenting 
the material: mathematical difficulty and order of historical develop- 
ment. Particle dynamics and problems of oscillations, involving ordi- 
nary differential equations and simple vector analysis, come first. 
Then follow vibrations and wave motion, introducing partial differen- 
tial equations which can be solved by separation of variables, and 
Fourier series. Elasticity and hydrodynamics bring in more general 
partial differential equations, potential theory, and differential vector 
and tensor operations. In this way the mathematical foundation is 
built up on which most of the rest of mathematical physics is based . 
In the Appendixes we give the mathematical background of these 
various topics in sufficient detail to be used by the student familiar 
with the calculus and differential equations. It is natural that the 
historical order is in general the same as the order of increasing mathe- 
matical difficulty, for each branch of physics as it develops builds on 
the foundation of everything that has gone before. 
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PREFACE 


We quote from, the preface of Introduction to Theoretical Physics: 
a book of such wide scope, it is inevitable that many important 
subjects are treated in a cursory manner. An effort has been made to 
present enough of the groundwork of each subject so that not only is 
further work facilitated, but also the position of these subjects in a 
more general scheme of physical thought is clearly shown. In spite 
of this, however, the student will of course make much use of other 
references, and we give a list of references, by no means exhaustive, 
but suggesting a few titles in each field which a student who has 
mastered the material of this book should be able to appreciate. 

^'^At the end of each chapter is a set of problems. The ability to 
work problems, in our opinion, is essential to a proper understanding 
of physics, and it is hoped that these problems will provide useful 
practice. At the same time, in many cases, the problems have been 
used to extend and amplify the discussion of the subject matter, where 
limitations of space made such discussion impossible in the text. 
The attempt has been made, though we are conscious of having fallen 
far short of succeeding in it, to carry each branch of the subject far 
enough so that definite calculations can be made with it. Thus a far 
surer mastery is attained than in a merely descriptive discussion. 

‘‘Finally, we wish to remind the reader that the book is very defi- 
nitely one on theoretical physics. Though at times descriptive 
material, and descriptions of experimental results, are included, it is 
in general assumed that the reader has a fair knowledge of experimental 
physics, of the grade generally covered in intermediate college courses. 
No doubt it is unfortunate, in view of the unity which we have stressed, 
to separate the theoretical side of the subject from the experimental in 
this way. This is particularly true when one remembers that the 
greatest difi&culty which the student has in mastering theoretical 
physics comes in learning how to apply mathematics to a physical 
situation, how to formulate a problem mathematically, rather than in 
solving the problem when it is once formulated. We have tried 
wherever possible, in problems and text, to bridge the gap between 
pure mathematics and experimental physics. But the only satis- 
factory answer to this difficulty is a broad training in which theoretical 
physics goes side by side with experimental physics and practical 
laboratory work. The same ability to overcome obstacles, the same 
ingenuity in devising one method of procedure when another fails, 
the same physical intuition leading one to perceive the answer to a 
problem through a mass of intervening detail, the same critical judg- 
ment leading one to distinguish right from wrong procedures, and to 
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appraise results carefully on the ground of physical plausibility, are 
required in theoretical and in experimental physics. Leaks in vacuum 
systems or in electric circuits have their counterparts in the many 
disastrous things that can happen to equations. And it is often as 
hard to devise a mathematical system to deal with a difficult problem, 
without unjustifiable approximations and impossible complications, 
as it is to design apparatus for measuring a difficult quantity or detect- 
ing a new effect. These things cannot be taught. They come 
only from that combination of inherent insight and faithful practice 
which is necessary to the successful physicist. But half the battle is 
over if the student approaches theoretical physics, not as a set of 
mysterious formulas, or as a dull routine to be learned, but as a 
collection of methods, of tools, of apparatus, subject to the same sort 
of rules as other physical apparatus, and yielding physical results of 
great importance. . . . The aim has constantly been, not to teach a 
great collection of facts, but to teach mastery of the tools by which the 
facts have been discovered and by which future discoveries will be 
made.” 

John C. Slater 
Nathaniel H. Frank 

Cambridge, Mass., 

June, 1947. 
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CHAPTER I 

THE LINEAR MOTION OF A PARTICLE 

Newton’s Principia, or Mathematical Principles of Natural Phi- 
losophy^ published in 1687, formed the beginning of modern science, 
and remains its most famous and important single work. In the 
century before Newton, physics was gradually emerging from medieval 
superstition, in which the authority of Aristotle was the final arbiter 
of any scientific question, and was beginning to take on the modern 
attitude that the only way to see how nature behaves is to make an 
observation or an experiment. Galileo, Newton's most famous prede- 
cessor, knew that a force produced an acceleration, or change of 
velocity, of a body, and that no force was needed to keep it in uniform 
motion with constant velocity. Huygens showed that motion in a 
curved path, even with constant speed, involved an acceleration and 
required a force to maintain it. Copernicus established that the 
planets move around the sun, and Kepler used accurate astronomical 
observations to deduce detailed and correct laws about their motions. 
But it remained for Newton to make the synthesis of all these facts, 
to show that planets in the sky and bodies in the laboratory follow 
the same simple laws. 

The existence of fundamental laws underlying the behavior of 
nature has furnished the guiding principle of natural science ever since. 
It has also formed the basis of most modern thought in philosophy, 
political science, economics, and the social sciences. Newton’s laws, 
and the mechanical and astronomical phenomena which he explained 
by them, were fundamentally simple, and this simplicity led nonscien- 
tific interpreters of his principles to the erroneous view that the social 
and political sciences must be equally simple, an error that was wide- 
spread in the eighteenth century, and has persisted in some ways even 
to the present. Newton himself never fell into this error. As an 
experimental as well as a theoretical physicist, he well knew that 
there were many properties of nature other than those which he had 
explained; cohesion and interatomic and intermole cular forces, light 
with its phenomena of dispersion and interference and diffraction, and 
many others. But he believed firmly that his laws of motion, as 

well as his general approach to the problems of physics, would prove 

1 
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to underlie these more complex aspects of nature as well as the simpler 
things that he was able to explain completely. In this belief he was 
correct; and it is for that reason that our study of theoretical physics, 
of the principles underlying the behavior of nature, must begin with 
Newton. 

The basis of Newton’s mechanics is his second law of motion, which 
states, in modern language, that the force acting on a body equals the 
time rate of change of its momentum. Thus any mechanical problem 
is really divided into two parts: first, given the forces, to find the 
motion; secondly, knowing the motion, or the positions of the particles, 
to find the forces acting on them. In a simple problem like planetary 
motion, these two aspects can be combined. The gravitational forces 
between planets and the sun can be written in terms of the locations of 
these bodies; the accelerations can be written in terms of the forces, 
and thus we secure differential equations expressing the second 
derivatives of the positions with respect to time (that is, the accelera- 
tions) in terms of the positions themselves. It is such differential 
equations that we niust solve in the simpler types of mechanical 
problems. Problems involving elastic forces are similar; the forces 
can be written in terms of the strains, or deformations, of an elastic 
body, and Newton’s law leads to a differential equation expressing the 
second time rate of change of strains (or again the accelerations) in 
terms of the strains themselves. It is such problems that are handled 
in the conventional subject of mechanics, and that we shall take up in 
this volume. 

As soon as we come to somewhat more complicated problems, how- 
ever, we see that this type of treatment is no longer possible. The 
simplest example of this is found in electromagnetic theory. There 
the forces between electrically charged particles cannot be expressed 
in terms of their positions, or even in terms of their positions and 
velocities. Instead, they depend on the past history of the particles 
in a complicated way. We can understand this from a simple example. 
An atom on the sun radiates light, an electromagnetic disturbance. In 
the process of radiating, it is acted on by a certain force, since the 
radiated light, at least in some cases, carries momentum with it. 
This light takes some eight minutes to reach the earth. When it 
reaches the earth, it can be absorbed by an atom on the earth, again 
an electromagnetic phenomenon, in which the absorbing atom is acted 
on by forces and absorbs energy. It is now clear that the electro- 
magnetic forces exerted on the atom on the earth do not depend on 
the instantaneous position or velocity of the atom on the sun which 
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is acting on it, but rather on the action of that atom some eight 
minutes previously, when it emitted its light. To handle such prob- 
lems, we have to introduce the idea of an electromagnetic field, an 
entity existing in empty space, really synonymous with light, carrying 
momentum and energy, which is acted on by matter, transports energy 
and momentum with the velocity of light to other matter at a distance, 
and in turn acts on that other matter. In the sense that we retain the 
ideas of action and reaction between matter and the electromagnetic 
field, and of momentum and energy carried by the field as well as 
by matter, electromagnetic theory is based on Newtonian dynamics; 
but it is an involved relationship, and explains why electromagnetic 
theory and light are generally handled as a subject by themselves, to 
be treated by their own appropriate methods, rather than being con- 
sidered a branch of mechanics. 

An even more involved departure from the simple ideas of New- 
tonian mechanics is found when we study the behavior of atoms and 
molecules, and their constituents the electrons, protons, neutrons, 
and other elementary particles. There it is found that even the 
fundamental postulates of Newtonian mechanics do not apply. We 
cannot describe the motion of particles by specifying their coordinates, 
and stating that the time rate of change of momentum of a particle 
equals the force acting on it. In fact, we cannot give any precise 
law whatever for determining the motion of an individual particle. 
We must, instead, introduce a wave field, reminding us strongly of the 
electromagnetic field, and we must assume that the correlation between 
this field and the motion of particles is purely statistical: the wave 
field determines the probability of finding the particle in a particular 
location, but no precise physical law, as far as we know now, can tell 
us just where it will be found. This seems like a complete departure 
from Newtonian mechanics; nevertheless, in two rather different 
ways, Newtonian methods underlie even wave mechanics. In the 
first place, wave mechanics reduces to Newtonian mechanics for 
large, heavy particles, in the sense that it predicts more and more 
precisely the law of motion of a particle, as the particle gets larger; 
and the limiting accurate law that is found in the limit of large objects 
is Newton’s law. In the second place, even for small objects, the con- 
cepts of energy, momentum, and other quantities found in Newtonian 
mechanics find their place, though with different interpretation, in 
wave mechanics, in such a way that a knowledge of Newtonian mechan- 
ics forms a necessary preliminary to the study of wave mechanics. 

The facts we have outlined show how Newtonian mechanics under- 
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lies all of physics. Naturally some of its most important applications 
are direct ones: all around us we study the motions of material objects, 
and they are governed by mechanics. Its importance is thus practical, 
as well as theoretical. We shall now proceed with its simplest exam- 
ple, the motion of a particle in a straight line, under the action of an 
arbitrary force acting along the line of motion. 

1. The Dynamics of Rectilinear Motion. — ^Let us consider a particle 
moving along a straight line, under the action of an arbitrary force. 
Examples of such motion are common: a ball thrown straight up 
into the air and acted on by gravity and air resistance, or dropped 
straight down in water and acted on by viscous friction; an object 
sliding along a table subject to friction. The importance of the 
problem lies not merely in the obvious examples, however, but in 
the fact that many more complicated problems can be reduced to 
it. Thus a rigid body pivoted on an axis, like a lever or a seesaw 
or a pendulum, is described by one coordinate, the angle specifying 
its orientation in space, and there is such a close analogy between 
the rotational motion of this rigid body and the motion of a particle 
in a straight line that the same mathematical methods can be used 
for both. Even entirely nonmechanical problems can be treated 
by similar mathematical methods. An electric circuit containing 
resistance, inductance, and capacity, is mathematically equivalent 
to a particle moving in a straight line, acted on by a force proportional 
to its displacement, and a resisting force proportional to its velocity. 
The same methods can be applied to both, as we shall show in the next 
chapter. It is a result of this simple fact that electrical engineers, 
who are familiar with electric circuits, have found themselves particu- 
larly fitted to discuss problems of mechanical and acoustical vibrations. 
Our present topic, then, is far from an academic one; and a thorough 
knowledge of the principles underlying it is fundamental to a great 
variety of applications. 

Let the coordinate measuring the position of the particle along 
the line in which it moves be x. Then by elementary principles of 
calculus the velocity of the particle is = dx/dt, and its acceleration is 


dv _ d^x 
dt dt^ 


( 1 . 1 ) 


Let the mass be m. Then we define the momentum as mv. Let the 
force acting on it be F. Then Newton’s second law of motion, which in 
modern notation states that the. force equals the time rate of change 
of momentum, can be written in mathematical language as 
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A 

dt 


(mv) 


F. 


( 1 . 2 ) 


This simple equation is the mathematical basis of the whole of mechan- 
ics. For an ordinary body, the mass m is a constant, independent 
of velocity or position. Thus we may carry out the differentiation 
in (1.2), using (1.1), and finding the alternative formulation 


d^x „ 

-T7^ = wza = F. 
dt^ 


(1.3) 


In some cases the mass changes with time. One example is a rocket, 
which is continually shooting off part of its mass in the form of a jet. 
Another is the motion of a particle according to the theory of rela- 
tivity, in which the mass of a body is a function of its velocity, varying 
according to the equation 


m 


mo 

V^l _ 


(1.4) 


Here mo is its so-called ‘"^rest mass,” or mass at sufficiently small 
velocities, so that the term v^/c^ in the denominator can be neglected, 
where c is the velocity of light, 3 X 10 cm/sec, and m becomes 
infinite as the velocity approaches the velocity of light. In any such 
case, the two equations (1.2) and (1.3) are not equivalent to each 
other, since in carrying out the differentiation in (1.2) we should also 
find a term v dm/dt, and since in the case of a rocket we have to take 
account of the momentum of the jet as well as of that of the rocket. 
In all such cases (1.2), corresponding to Newton’s original statement 
of his law, is correct, rather than (1.3). 

In Eq. (1.2) or (1.3), provided that we know F, we have the infor- 
mation for computing the motion of the particle, or for finding x as 
a function of t, which is the goal in any mechanical problem. It 
is common in mechanics to treat problems where the force F depends 
on X, the position of the particle; on v, its velocity; and on the time t; 
but not on any other quantities. This does not mean that all forces 
fall into these categories. We saw in our introductory remarks that 
in electromagnetic theory, for example, much more complicated forces 
were possible. It means merely that, if we meet more complicated 
types of forces, they deserve a special treatment, and we shall handle 
them in some other branch of physics, not in mechanics. 

The simplest examples of forces depending on x, as we saw in our 
introductory section, are gravitational forces and elastic forces. The 
simplest force depending on v is a frictional force, or force of viscous 
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resistance. Forces depending on time fall in a slightly different 
category. Often we have two bodies acting on each other, one being 
so much larger than the other that the large one influences the motion 
of the small one profoundly, but the small one hardly affects the 
motion of the large one at all. In such a case we may first find how 
the large body moves without reference to the small one, so that we 
know its position as an explicit function of time. Then we consider 
the forces exerted by this body on the small one, and obviously these 
forces will depend explicitly on time, as well as on the position of the 
small body. We then solve for the motion of the small body, assum- 
ing that it does not react appreciably on the large one. In all such 
cases we are making approximations, neglecting the reaction of the 
small body on the large one. In a later chapter on the vibrations of 
coupled systems, we shall see in a special case how important these 
approximations are. 

Another type of problem where we have a force depending on time 
is the electromagnetic problem. In the introductory section we con- 
sidered the interactions between an atom emitting radiation on the 
sun, and another atom absorbing the radiation on the earth. Clearly 
the atom on the earth cannot react back in any ordinary sense on the 
atom on the sun. Thus the motion of the atom absorbing radiation 
on the earth can be handled by assuming that the electromagnetic 
force acting on it is a function of the time. Many important prob- 
lems are of this type j in all such cases we should do well to ask ourselves 
whether the particle we are considering is not part of a larger system, 
and whether we are not neglecting the reaction of this particle on 
the larger system, a reaction that may or may not be negligible 
depending on circumstances. 

Assuming that F depends on x, v, and t, and that the mass is a 
constant, Eq. (1.3) then becomes 



This is a second-order differential equation for a; as a function of t. 
There is no general method of finding analytic solutions for all such 
differential equations, and we are therefore driven to ask two sorts 
of questions : first, what general results can we deduce without getting 
an explicit solution, and second, how many types of problems can we 
solve explicitly, and how can we get approximate solutions if no exact 
solution is available ? 

We can deduce one very simple and very important general result 
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from (1.5). Since it is a second order differential equation, its gen- 
eral solution must contain two arbitrary constants. These constants 
must be determined from additional information that we possess, aside 
from our information about the force. The common type of additional 
information is the statement of the value of x, the position, and v, the 
velocity, at a certain initial time. From the fact that there are just 
two arbitrary constants, we see that we can always set up a solution 
of (1.5) corresponding to the case where the particle starts from an 
arbitrary point Xo, with arbitrary velocity Vq, at the initial time U. 
The most familiar example is the elementary one of constant force, 
F = constant, giving 

a; = Xo -h Vai^t — i^o) + i ~ ~ ^o)®- (1-6) 

7Tb 

We see, however, that the possibility of writing the motion as a 
function of Xo, vo, and t and to is quite general, not limited to this case. 

When we come to explicit ways of solving (1.5), several cases, 
familiar from the theory of differential equations, occur to us immedi- 
ately. First and simplest, beyond the constant force taken up in 
(1.6), is that of a force depending only on the time: F = F{t). Then 
obviously 

X = Xo + V()(t — to) + I / “ (ri) dri dT‘z. (1.7) 

Thus such a problem can always be solved explicitly, provided that 
the integration can be carried out. A second case that is easily 
solvable is that in which F is a sum of one constant times x, another 
constant times dx/dt, and an arbitrary function of time, 

m + a ^' + kx = (1.8) 

This is the case of a body acted on by a force proportional to the dis- 
placement, a resistance proportional to the velocity, and an arbitrary 
force depending on the time. We have already mentioned that it is 
mathematically equivalent to an electric circuit containing resistance, 
inductance, and capacity, with an arbitrary impressed emf. Mathe- 
matically, it is a linear differential equation with constant coefficients 
(linear because it contains only the first powers of dH/dt'^, dx/dt, andx), 
and can always be solved explicitly. We shall handle the general case 
in the next chapter. A third case that can always be solved is that 
in which the force depends only on the position, and is independent ol 
velocity and time. In this case an integral, called the energy 
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integral/' exists, and the resulting solution leads to the theorem of the 
conservation of energy. We shall take up this very important case 
later in this chapter. 

Even if none of these methods of exact solution can be applied, it 
is still not an insuperable problem to obtain solutions of (1.5), in any 
case in which one is willing to take the trouble of using numerical 
methods. In the first place, the general case of (1.5) can be handled 
by the differential analyzer, a machine that solves ordinary differential 
equations by mechanical integration. In the second place, the numer- 
ical solution of such a differential equation is by no means a formidable 
task. The simplest method of numerical integration is described in 
Appendix I. It is based on dividing up the axis of time into finite 
intervals 8t, and on computing the value of x at i^o, U 8t, 4- 2 8t, 

and so on. The derivative dx/dt at time tx — U + n 8t is then approxi- 
mated by 

dx x(^i) — x{tx — 8t) 
dt 8t 

and of d'^x/dP- by 

d'^x ^ {dx/dt) {tx 4- gp — {dx/dt) 
dt^ 8t 


x{ti 4" 3i5) — 2x{t/) 4- x{ti — 8t) 
{St)^ 


( 1 . 10 ) 


If a table of values of x has been computed for all values of t up to 
ti, we can then compute F{x, dx/dt, t), of (1.5), using the approximation 
(1.9), at time ti. Then, using (1.10), and substituting into Eq. (1.5), 
we shall have an equation for computing x{ti 4- 8t). The process 
can then be repeated, finding next x{ti 4- 28t), and so on, so that the 
calculation can be extended as far as we please. The smaller the 
intervals St, the better the approximations (1.9) and (1.10) become, and 
therefore the more accurate the results of the method. Examples are 
given in Appendix I, and problems including this method are given 
at the end of this chapter. 

Still another approximate method that is useful in some cases is 
the expansion of a; as a function of t in power series, and use of Eq. (1.5) 
to determine the coefficients of this power series. This method is 
described in Appendix II, and illustrations are given. Though this 
method is of great value in some differential equations that we shall 
meet in this book, there are few examples of (1.5) that we can con- 
veniently solve by power series, in which simpler solutions are not 
available. All these numerical and approximate methods suffer in 
comparison with analytical solutions by the fact that they give us no 
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general insight into the nature of the solutions, but only numerical 
information applicable to particular cases. 

2. The Energy Integral. — ^Let us suppose that the force F, in 
Newton’s equation of motion (1.5), is a function of the position x only. 
Then we have 

m^=F(x). (2.1) 

This equation can be solved, as follows: First we multiply each side 
by dx/dt, and integrate with respect to t, from time up to 

Both these integrals can be transformed. First, we note that 

d / dx\^ — <2 — 
dt \dt ) dt dF 

Thus the left side of (2.2) is 

m d fdxY .. m /^Y f 
2 Jto dt\dtj 2 \dtj \,J 

or letting dx/dt be denoted by v, and its value at t = to by Vq^ this side 
is mv‘^/2 — mvl/2. On the right JF (dx/dt) dt = JF dx, where now 
the integral is from a:o to x, if Xq is the value of x at ^ = U, x at L 
Then the equation is 

F(x) dx. (2.3) 

The quantity mv‘^/2 is called the “kinetic energy,” /F(x) dx is the 
work done by the force F on the particle while it is moving from Xo 
to X, and our equation says that the work done by the force on the 
particle between two instants of time equals the increase in kinetic 
energy during the time. 

We next define a potential energy V(x), as follows: We consider a 
force —F(x), equal and opposite to F, and balancing it, and find the 
work done by —F(x) in moving from xq to x. This we define as the 
difference in potential energy between points x and x©: 

F(x) - y(xo) = ~ F(x) dx. (2,4) 

Jxo 

Differentiating with respect to x, we obtain the equivalent expression 

I'M - - ‘MS- W) 



10 


MECHANICS 


[Chap. I 


In terms of the potential energy, we may rewrite (2.3) in the form 

+ V(x) = -H V(xo) = E. (2.6) 

The quantity E, expressing the sum of kinetic and potential energies, 
which according to (2.6) stays constant during the motion, is defined 
as the energy, and (2.6) is the expression of the law of conservation 
of energy, for this particular case. We shall discuss it in detail in a 
later section; we shall now use it practically to complete the integration 
of (2.1). 

Rewriting (2.6), with dx/dt in place of y, we have 

^ t (2.7) 


Equation (2.7) allows us to find the velocity at every point of the 
motion. Dividing by the square root, multiplying by dt, and integrat- 
ing, we have 


t — to = 



dx 

V2(E - Vj/m 


( 2 . 8 ) 


In (2.8) we have an explicit solution of our problem, giving ^ as a 
function of x, and involving only an algebraic process to give x as 
a function of i. The solution has two arbitrary constants, as it 
should: xq and E. Here xq is the value of x when t = to, as in Eqs. (1.6) 
and (1.7), and E is determined by (2.6) in terms of vq, the velocity 
when t = Uj and of xq. As a simple example, consider a particle 
moving in a vertical direction under gravity. If x measures the 
height, the gravitational force is F = —mg, and 


E(a:) = V(xo) -f- mg{x — Xo). 
We then have, using (2.6) and (2.8), 




dx 


TO — 2g(x — Xo) 


Letting z = vl — 2g(x — ,To), so that dz = —2g dx, this is 


t - to 


I 

J Vo^ 


— 2f/(.r— * 0 ) 


2g _ 
\/z 
9 


•»0*— 2f7(a: — Xo) 


i>o“ 



A 


/ 




dz 
\/ z 


2g(x — a:o)] . 
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Solving for x, this yields the result 

X = Xq Voit — ^o) — 

in agreement with (1.6). Obviously, in as simple a case as this, the 
method of the energy integral (2.8) is more complicated than a direct 
integration of the equation of motion (1.5). The value of the present 
method comes in more complicated problems that cannot be handled 
by elementary means. For instance, the pendulum with large ampli- 
tude can be solved by this method, leading to an elliptic integral. On 
the other hand, of course, in many cases the integration is too difficult 
to carry out. 

3. Qualitative Use of the Energy Integral. — Even if the integral 
(2.8) cannot be evaluated explicitly, we can still use the method of 
the energy to get general information about the problem. Let us 
imagine V plotted as a function of x (see Fig. 1). Then we draw 
on the same graph a horizontal line at height E. The square root of 
the difference between the two curves is then proportional to the 
velocity of the particle at that point, by Eq. (2.7). Thus the velocity 
is real only where this difference is positive, and is imaginary else- 
where. If the velocity is real only in certain regions of x, this means 
that the motion can occur only within those regions. As the particle 
approaches the edge of such a region, the speed gets smaller and 
smaller, and finally at the edge the particle instantaneously comes to 
rest, then reverses, and travels away again. The possibility of going 
either toward or away from the boundary is shown by the two signs 
of the square root : the velocity at a given point of space is always the 
same in magnitude, but can be in either direction. If now the region 
where the kinetic energy is positive is bounded at both ends, then after 
reversing its motion at one edge, the particle will travel to the other, 
reverse, come back, and repeat the process indefinitely. Since* at a 
given point the particle always travels with the same speed, it will 
always require the same time to traverse its path, and the motion 
will be periodic. Thus, if the total energy is Ex (Fig. 1), the motion 
is periodic, confined between c and e. If it is either of two periodic 
motions is possible, between 5 and /, or between h and j. It is clearly 
a general result that any motion in one dimension in which the force 
depends only on the position, and in which the motion does not extend 
to infinity, is periodic. 

If, on the other hand, the kinetic energy remains positive in one 
direction all the way to infinity, but becomes negative at a finite 
point in the other direction, the particle will come in from infinity, will 
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reverse, and will return to infinity. This is the case for energy Ezi 
the particle coming in from the right, speeding up in the region about i, 
slowing down about g, speeding up about d, finally coming to rest at 
a, and reversing, traveling back to the right. An example of the first, 
periodic case is a particle vibrating in simple harmonic motion, and of the 
second nonperiodic case is a ball coming from infinity, hitting a wall, and 
being bounced back again, or a ball thrown up in the air and coming 
down again. Finally there is the possibility of a potential such that the 
kinetic energy is positive at all values of x. Then the particle persists 
in one direction forever, like a free particle, but generally travels with 



Fig. 1 . — Potential energy as function of coordinate x. 

a variable velocity. Such a case is found for energy Ea, where the 
particle starts from infinite distance in one direction, travels toward 
the center, speeds up and slows down corresponding to the minima 
and maxima of F, and finally goes to infinity in the other direction. 
It is to be noted that motions in the same potential field, but with 
different total energy, can have quite different characteristics under 
this classification. Thus oscillatory motions are always possible 
around minima in the potential energy, for small enough total energy. 
But it may be that for too high total energy the particle will be able to 
get entirely away from the neighborhood of the minimum, and will go 
to infinity. In Fig. 1, there are three points, d, g, and ^, at which the 
force is zero, and the particle would stay at rest forever, if it were 
placed at one of these points. Of these, gr is a position of unstable 
equilibrium, and a small impact would start the particle oscillating, 
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about either d or i. On the other hand, d and i are both points of 
stable equilibrium, so that a particle at rest at either of these points 
would suffer only small oscillations about that point if struck a small 
impact. 

A simple model that shows the properties of one-dimensional 
motion can be set up as follows: We imagine a track, like a roller 
coaster, set up, shaped just like the potential curve. Then we start 
a ball rolling on this track, starting from rest at a given height. Its 
motion will then approximate that of a particle in the corresponding 
potential field. The reason is that, since gravitational potential energy 
is proportional to height, the ball actually has the correct potential 
energy at any point, and consequently the correct speed. The only 
approximation made, other than friction, consists in neglecting the 
fact that part of the kinetic energy actually goes into up and down 
motion, and part into rotation, instead of all into horizontal motion. 
If the vertical scale is made such that the track actually rises only 
slightly from a horizontal plane, the errors are small. From such a 
model, we can see how motion may be oscillatory, if the track rises 
on the far side of a dip up to the height where the ball started, or how 
it can go to infinity if the track continues permanently at a lower level. 

4. The Conservation of Energy. — The law of conservation of 
energy, which we expressed in Eq. (2.6), holds only in the case of a 
force depending only on position x, and not on velocity or time. Such 
a force is called a “conservative force”; other forces are called “non- 
conservative.” To see what happens in the nonconservative case, let 
us assume that 


F = 


dV{x) 

dx 



where part of the force is derivable from a potential function V , but 
the remaining part Fx is nonconservative. Then, using steps similar 
to those used in deriving (2.6), we can prove the relation 


^ -h F(x)^ = FiV. (4.1) 

That is, if there is a nonconservative part of the force, Fx, we find 
that the quantity -f- V{x), which we may, if we choose, call 

the energy even in this case, is not conserved, or does not stay con- 
stant. Instead, its time rate of change is given by the product of 
the nonconservative part of the force, and the velocity. This product 
of force and velocity is the rate of working of the force, or the power. 
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Equation (4.1) is the closest approach to the conservation of energy 
that we have with nonconservative forces. If the nonconservative 
force is of the nature of a frictional or resistive force, it opposes the 
motion, or has the opposite sign to v. Thus it results in a decrease 
in energy -with time. In a graphical discussion of the motion, as in 
Fig. 1, this means that the motion will have the general character 
of the motion without friction, but with a continually decreasing 
energy. Thus with an oscillatory motion the amplitude will con- 
stantly decrease until it stops, while with a motion that originally was 
not oscillatory it may become trapped in a minimum of potential, 
settle down to oscillate, and eventually come to rest. In any case, if 
the resistive force continues, the mo|.ion will finally stop. 

Since friction is actually present in almost all mechanical motions, 
except the motions of the heavenly bodies, the law of conservation 
of energy would seem at first sight to have only very limited sig- 
nificance. The law was known, in its essential features, from the 
time of Newton on, but for over a hundred years after him it was 
regarded merely as a useful way of solving certain mechanical prob- 
lems. It was not until the nineteenth century that the law acquired 
the importance that is now ascribed to it. Its importance became 
clear only when the mechanical nature of heat was discovered. In 
Newton’s time, and for long after him, it was generally believed that 
heat was a form of fluid, generally called ^‘caloric,” which actually 
flowed from a hot body to a cold one; the calorie was regarded as a 
measure of the quantity of this fluid. Early in the nineteenth century, 
difflculties began to appear with this conception, associated with the 
tacit assumption that the caloric was conserved, as it certainly is in 
calorimetric experiments. These difficulties appeared, for instance, in 
Rumford’s experiments in the boring of cannon. Rumford observed 
the great amount of heat liberated in this process. It had previously 
been assumed that in such a case caloric was somehow squeezed out 
of the material on which friction was exerted, but Rumford found 
more heat being produced than could have been reasonably supposed 
to be present in the metal before his experiments. He thus concluded 
that heat was actually being produced by the frictional process. 

Since energy simultaneously disappears in such a process, as we 
have just seen, several scientists in the first half of the nineteenth 
century took the natural step of assuming that the heat was really a 
form of energy, interchangeable with mechanical energy, and that in 
frictional processes the decrease of mechanical energy is just balanced 
by increase of heat, whereas in a heat engine the reverse occurs, heat 
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being lost and energy produced. This point of view was made certain 
by Joule's measurement of the mechanical equivalent of heat, between 
1840 and 1850, showing that the disappearance of 1 joule of mechanical 
energy always results in the appearance of 1/4.185 calories, no matter 
what sort of method is used to convert the energy into heat. As a 
result of this discovery, the law of conservation of energy was elevated 
to the position that it holds at present, perhaps the most important 
of the laws of physics. 

The rise of the electromagnetic theory in the latter half of the 
nineteenth century, with the work of Maxwell, Poynting, and others, 
still further emphasized the importance of the conservation of energy. 
We have pointed out the example of the radiation of light by an atom 
on the sun, some of the radiation later being absorbed by an atom 
on the earth. With the development of the theory of the electromag- 
netic field, it became clear that that field carried energy. An atom, or 
a radio antenna, that radiates an electromagnetic wave, has its own 
mechanical or electrical energy reduced, just as if it were being acted 
on by a frictional force; one speaks of the ''radiation resistance” of 
an antenna. But this decrease of energy is just balanced by the 
increase of energy in the electromagnetic field. In turn, when some 
of the energy of the field is absorbed by another atom or antenna, 
the field loses energy, but the atom or antenna gains it, and it is 
observed as excitation of the atom, or as a received signal on the radio 
connected to the antenna. Thus conservation of energy is observed 
in the electromagnetic theory, and in fact in all the various types of 
theoiy that have had to be introduced in the last few years to explain 
atomic and nuclear processes. 

The conservation of energy of which we have just been speaking 
is really a conservation of the total energy of the universe; when 
energy of one form disappears, energy of another form appears. 
This does not mean, however, that the energy of any one portion of 
the universe stays constant. Since we generally do not want to 
consider the whole universe as part of any mechanical problem, we 
constantly meet cases in which the energy of the particular system 
we are discussing changes with time. Thus, in treating frictional 
forces in mechanics, we generally do not consider heat energy as a 
form of energy, but simply assume mathematically that energy is 
lost by action of the frictional forces, as we did in Eq. (4.1). If 
we want to be more particular, and consider the thermal energy, we 
use the methods of thermodynamics or of statistical mechanics, in 
which these problems find their proper expression. Or again, if we 
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have two bodies, one large and one small, exerting forces on each 
other, and treat the force exerted by the large body on the small 
one as a force depending on time, we shall find that the energy of 
the small body changes with the time. This does not mean that we are 
not having conservation, however. The small body is simultaneously 
exerting forces on the large body, which make an exactly compensating 
change in the energy of the large body; but the total energy of the 
large body is so great in comparison with this change that the small 
change of energy can be neglected in considering the motion of the 
large body. We shall meet many cases throughout our work in which 
the energy of that particular system which we consider is not con- 
served; this is entirely correct, but we should keep always in mind the 
fact that in every such case there is a compensating change of energy in 
the bodies that exert forces on the particular system we are considering. 

6. Units. — When we come to solve practical problems in mechan- 
ics, we must understand the various systems of units. Three systems 
are commonly used: the cgs (centimeter gram second), mks (meter 
kilogram second), and English system. In the cgs system, masses are 
measured in grams, distances in centimeters, and time in seconds. The 
unit of force is the dyne; by Eq. (1.3) it is the force that will give 
a mass of 1 gram an acceleration of 1 centimeter per second per 
second. The unit of work, or of energy, is the erg, which by Eq. (2.3) 
is the work done by a force of 1 dyne moving through a distance of 
1 centimeter. The unit of rate of working, or power, by Eq. (4.1), 
is the dyne-centimeter per second, or erg per second. 

In the mks system, masses are measured in kilograms, distances in 
meters, and time in seconds. The unit of force is the newton; it is 
the force that will give a mass of 1 kilogram an acceleration of 1 meter 
per second per second. By Eq. (1.3), 1 newton equals 10® dynes. 
The unit of work or of energy is the joule, the work done by a force 
of 1 newton moving through a distance of 1 meter. By Eq. (2.3), 
1 joule equals 10^ ergs. The unit of rate of working, or power, is the 
watt, the power produced by a force of 1 newton moving at the rate 
of 1 meter per second, or a rate of working of 1 joule per second. By 
Eq. (4.1), 1 watt equals 10'^ ergs per second. One kilowatt equals 
1,000 watts. 

In the English gravitational system, lengths are measured in 
feet, where 1 foot equals 30.48 centimeters, and 1 inch, a twelfth of a 
foot, equals 2.54 centimeters; 39.37 inches equals 1 meter. Times in 
the English system are measured in seconds. There is a certain 
standard weight, whose mass is 453.6 grams. The force of gravity 
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acting on this weight, at a standard latitude (this must be specified, 
for gravitational force depends slightly on latitude), is defined as the 
pound, the unit of force. The gravitational acceleration g at standard 
latitude is 980.665 centimeters per second per second, or 32.174 feet 
per second per second. Thus the gravitational force acting on 1 gram, 
at this latitude, by Eq. (1.3), is 980.665 dynes, so that the pound of 
force equals 453.6 X 980.665 dynes, or 444,820 dynes, or 4.448 new- 
tons, and the newton equals 0.2248 pound of force. The unit of mass 
in the English gravitational system is the slug, the mass that, when 
acted on by a force of 1 pound, is given an acceleration of 1 foot per 
second per second. Since the standard pound, when acted on by 
gravity, is given an acceleration of 32.174 feet per second per second, the 
slug must be 32.174 times as great. That is, the weight (gravitational 
attraction) of the slug is 32.174 pounds. Its mass is then 

32.174 X 453.6 grams = 14,594 grams = 14.594 kilograms. 

The unit of work in the English system is the foot-pound, the work 
done by a force of 1 pound working through a distance of 1 foot. It 
equals 1.356 X 10’' ergs, or 1.356 joules. The unit of rate of working, 
or power, is the foot-pound per second, which equals 1.356 X 10^ ergs 
per second, or 1.356 watts. Another unit of power is the horsepower, 
550 foot-pounds per second, or 745.7 watts, or 0.7457 kilowatt. 

The equations of this chapter will hold so long as any one of these 
three systems of units is used consistently. Thus the transformations 
from one system to another that we have just given are not necessary 
in the solution of a problem using a single system of units. 

Problems 

1. A particle moves in a vertical line under the action of gravity and a viscous 
force ( — ay), where v is its velocity. Show that the velocity at any time is given by 

V = (vq-\- — 

\ a / (I 

8how that this solution reduces properly to uniformly accelerated motion in the 
limiting case where the viscous resistance vanishes. Illustrate this graphically, 
showing curves for several different values of a, and finally for a = 0, all for the 
same initial velocity Va- 

2. A raindrop weighs 0.1 g, and after falling from rc^st reaches a limiting speed 
of 1,000 cm /sec by the time it reaches the earth. ITow long did it take to reach 
half its final speed? Nine-tenths of its final speed? How far did it travel before 
reaching half its final speed? For how long could its velocity he described by the 
simple law v — — j/i to an error of 1 per cent? 

3. At high velocities,' the viscous resistance is proportional to the third power 
of the velocity. Assuming this law, set up the differential equation for a particle 
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falling under gravity and acted on by a viscous drag. Solve by power series, 
obtaining at least four terms in the expansion for t? as a function of t. Draw 
graphs of velocity as a function of time, and discuss the solutions physically. 

4. Set up the differential equation of the preceding problem in a form to solve 
by numerical integration. Carry through the integration of a particular case, 
and compare the numerical values of the resulting function with the values com- 
puted from the series of Prob. 3. 

6. Using the same law of viscosity as in Prob. 3, but assuming no gravitational 
force, solve by direct integration of the differential equation for the case of a 
particle starting with given initial velocity and being damped down to rest. Show 
by power-series expansion pf this function that it agrees with the special case of 
the power series of Prob. 3 obtained by letting the gravitational force be zero. 

6. Suppose we have a rocket, shot off with initial velocity Vo, and thereafter 
losing mass according to the law m = moCl — ct)^ where m is the mass at any 
time, mo the initial mass at i = 0, c is a constant, and where the mass lost does not 
have appreciable velocity after it leaves the rocket. Show that, because of the 
loss of mass, the rocket is accelerated, just as if a force were acting on a body of 
constant mass. The rocket is acted on by a viscous resisting force in addition. 
Taking account of these forces, find the differential equation for its velocity as a 
function of time, and integrate the equation directly. Now find also the solution 
for u as a power series in the time. Show that the resulting series agrees with that 
obtained by expanding the exact solution. Calculate the limiting ratio of suc- 
cessive terms in the power series, as we go out in the series, and from this result 
obtain the region of convergence of the series. Is this result reasonable physically ? 
What happens in the exact solution outside the range of convergence? 

7. For the case of linear motion with varying mass, where the mass gained 
or lost by the body m under consideration has a velocity vi before entering or 
leaving m, show that the appropriate form of Newton’s second law is 


F = 


dv . , 


Wl) 


dm 

dt 


8 . A particle of mass m is proj ected vertically upward with an initial velocity 
vq. If the viscous force due to air resistance is of magnifiide kv^, show that the 
particle returns to its initial position with a speed Vi given by 


1 _ i. JL 

yf vl 7ng 


9. Find a series solution for the differential equation mdv/dt kv = c/t, 
where c is a constant, representing a damped motion under the action of an external 
force that decreases inversely proportionally to the time, the series having the 
form V = ai/t •+• _|_ . . . . Show that this series is divergent for all values 

of t. Show that the differential equation is formally satisfied by the expression 

/ t 

— dt. This solution is convergent for t negative. 


/- 


t 


dt is known as the 


The integral 

'exponential integral function,” and is important in 


physics and mathematics. It is frequently calculated by using the above divergent 
series. Explain how this procedure might be valid. 
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10. Suppose a particle is acted on by a damping force proportional to the 
velocity, and to a force that varies sinusoidally with the time. Solve the resulting 
differential equation for velocity as function of time, by the series method, by 
expanding the force in power series in the time. Can you recognize the analytical 
form of the resulting power series? 

11. A beam of high-energy electrons is projected into a region of uniform 
electric field in a direction parallel to the lines of force, so that the motion i s 
rectilinear under a constant force. Using the relativistic mass m = ?no/-\/ 1 — 
where mo is the rest mass (a constant), v is the velocity, and c the velocity of light, 
and the corresponding relativistic momentum mv, discuss the motion. Integrate 
the equations of motion directly, and show that your results reduce to the non- 
relativistic formulas as v/c gets small compared with unity. Show that the 
rate of working by the field on the electrons is equal to the rate of change of 

and write the law of conservation of energy for the motion. 

12. A beam of uniformly spaced electrons moving with velocity Vo along the 
X axis enters a region of width d in which there is an electric field E^ = E sin of. 
Integrate the equations of motion to obtain the equation for the transit time 
(f — to) across the region d for an electron entering the field at time fo- Consider 
the case for which the transit angle o(f — • fo) is small compared with unity. Investi- 
gate the velocity distribution of the electrons leaving the field. Discuss how this 
distribution changes with the frequency of the electric field. 

13. Solve the problem of the undamped oscillator, for which the force is ~kx^ 
by the method of the energy integral. 

14. Discuss the problem of the physical pendulum with arbitrary amplitude 
by the graphical method. Show that for low energies the motion is oscillatory, 
but for high energies it is a continuous rotation. Sketch the qualitative form of 
curves for angular displacement as a function of time, lor several energies, in both 
the oscillatory and rotatory ranges. 

16. Set up the problem of the physical pendulum by the method of the energy 
integral, and show that t as a function of the angle is given by an elliptic integral. 
(Hint: Use the information about elliptic integrals given in B. O. Peirce, A Short 
Table of Integrals, (Ginn and Company), or similar reference ; note that 1 — cos 0 = 


2 sin'-^ } 40 -) 

16. Let a particle move in a field whose potential is — 1/x + 1/x^. Show by 
graphical methods that for small total energy the motioix is oscillatory, but that 
for larger energy it is nonperiodic and extends to infinity. Find the energy that 
forms the dividing line between these two cases. Compute the limiting frequency 
of the oscillatory motion as the amplitude gets smaJlor and smaller, by expanding 


the potential energy about its minimum in power scries, retaining only its quad- 
ratic term, and comparing with the linear oscillator whose potential energy would 
be given by that term. Describe qualitatively how the frequency changes when 
the amplitude increases. 

17. Solve directly the problem of the motion of a particle moving in a field of 
potential —l/x -f- l/x^, using the energy integral. Show that the mathematical 
solution has the physical properties found in Prob. 16. 

18. Using the solution of Prob. 17, find the period of oscillation of the oscillatory 
solutions in the potential —\/x-\- 1/x'^, as functions of the energy . To do this, 
note that the two ends of the path are the values of x for which s/ 2(E — V)lm = 0. 

/* ' 

Thus the integral / ■' ' from one of these points to the other will 

J xo A/2(ii/ V)/m 
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give juBt the half period. Show that the period approaches the value found in 
Proh. 16 for smal oscilations, 

19 . A particle of mass n moves in rectilinear motion with a potential energy 
given by l{t) = Id - cr^, where c is a constant. Determine the range of 
energies for periodic motion, nonperiodic motion with reversal of direction, and 
nonperiodic, nonreversing motion, fhat is the period of small oscillations? 

20 . A particle of mass m is subject to a linear restoring force whose force con- 
stant is proportional to the time. Solve for the motion, using a power-series 
expansion, 

21. A linear oscillator is acted on by a frictional force varying with the square 
of the speed, and starts from rest at a distance u from the center of attraction 
Find the position of the first turning point of the motion. 



CHAPTER II 

THE LINEAR OSCILLATOR 

A linear oscillator is a particle acted on by a force proportional 
to its displacement, another force proportional to its velocity, and a 
third force that is a function of time, so that its motion is governed 
by the differential equation (1.8) of Chap. 1. Because of the wide 
variety of systems that lead to the same differential equation, and 
hence are identical in their mathematical treatment, it is one of the 
most important problems of mechanics, as well as one of the simplest. 
It is met first of all in elastic vibrations. If an elastic body, such as 
a spring, is displaced from its position of equilibrium, the force restor- 
ing it to this position is, to a good approximation, proportional to the 
displacement. This is Hooke’s law, and it holds provided that the 
displacement is small enough so as to lie within the elastic limit, A 
body governed by this law, and displaced, executes simple harmonic 
motion, its displacement varying sinusoidally with the time. In all 
real cases, there is a frictional force preventing the oscillation from 
continuing forever. If this friction arises from immersion in a viscous 
fluid, air being an example, the frictional force is proportional to the 
velocity. As a result of the friction, the amplitude gradually decreases 
with the time, instead of remaining constant. Such a motion is called 
a ^‘damped oscillation.” If the body is acted on by an external force 
varying with the time, we describe the resulting motion as a “forced 
motion.” On account of the linear nature of the differential equation, 
this forced motion can always be written as the sum of two parts: a 
motion determined only by the external force, and called the “steady- 
state oscillation”; and a motion identical with what we should have 
without external force, and therefore damped out with the time. This 
latter motion is called the “transient,” and its amplitude and phase 
are adjusted in each case to meet the initial conditions, the values of 
xq and Vo at ^ = U. 

We can solve the problem of the linear oscillator for any type of 
external force depending only on the time. Two methods of carrying 
this out are commonly used. One is that of analyzing the force as a 
sum of sinusoidal functions of the time. This analysis is called a 
“Fourier analysis,” and we shall find later that it can be carried out 

21 
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for any arbitrary function. On account of the linear character of the 
differential equation, we can then solve the equation for each of the 
sinusoidal functions separately, and then add the results. For a 
sinusoidal impressed force, the displacement is also sinusoidal, apart 
from the transient. The amplitude of the forced oscillation is small 
if the frequency of the external force is widely different from the 
frequency with which the particle would oscillate in its free oscillation, 
generally called the “natural” or “resonant frequency” of the oscil- 
lator. On the other hand, if the external force has a frequency that 
is nearly the same as the natural frequency, the amplitude of the forced 
oscillation is very large. This phenomenon is called “resonance.” 
In this case, the phase relation between external force and velocity is 
such that the external force does a large amount of work on the particle, 
which in turn is dissipated in the frictional resistance (and, in turn, as 
we emphasized in Chap. I, reappears as heat). The other method of 
handling external forces consists in considering the force as a succession 
of impulses, each acting for a very short time only. Such an impulse 
suddenly changes the velocity of the particle, and then leaves it 
oscillating freely. The resulting motion is the transient, or damped 
oscillation, which we mentioned earlier. By superposing such treat- 
ments from all the successive impulses, we get the complete forced 
motion. 

The phenomena we have described are common to all problems 
that mathematically reduce to the equation of the linear oscillator, 
and we shall discuss them all in this chapter. Let us consider some 
of the other problems that lead to the same mathematical formula- 
tion. First are more complicated cases of elastic vibrations. A 
vibrating string, or membrane, or bar or plate, or air column, can 
oscillate in a great number of modes, or overtones. Each one of these, 
however, has properties almost exactly like a linear oscillator. In 
Chap. VII, we shall find this to be expressed mathematically by saying 
that, in any complicated oscillating system, we can introduce normal 
coordinates, one corresponding to each overtone or mode, and we shall 
find that the differential equation governing each of these normal 
coordinates is Eq. (1.8) of Chap. I. Thus our present treatment 
underlies the whole theory of mechanical vibrations of any degree of 
complexity, and hence the theory of acoustics. Furthermore, elec- 
trical oscillations of an oscillating circuit containing inductance, 
resistance, capacity, and an impressed emf, satisfy just the same 
equations. There is a further variety of electromagnetic oscillations 
behaidng in the same way. These are oscillations of electromagnetic 
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resonant cavities: it is possible to have electromagnetic oscillations 
within closed cavities with conducting walls, analogous to acoustical 
oscillations in the air inside an organ pipe, and these oscillations have 
normal modes that act like linear oscillators. Such oscillations play 
the same part in the very high, or microwave, frequencies of electro- 
magnetic theory that oscillating circuits do at lower frequencies. 

A further class of oscillations mathematically equivalent to the 
linear oscillator is found in wave mechanics, in the study of dispersion, 
the interaction of atoms and molecules with light. Light is an electro- 
magnetic oscillation of very high frequency. It exerts forces on the 
atoms and molecules of matter. It is an interesting feature of wave 
mechanics that, as far as this interaction is concerned, any atomic or 
molecular system acts strictly like a collection of linear oscillators, one 
having the resonant frequency of each spectrum line. Some of these 
oscillators correspond to electronic oscillations, others to the slower 
oscillations of whole atoms and groups of atoms. The theory govern- 
ing them, in every case, is the simple theory that we shall take up in 
this chapter. Resonance is particularly in evidence in this case, and 
shows itself in the phenomenon of anomalous dispersion. If light 
having nearly the frequency of one of the atomic or molecular resonant 
frequencies falls on matter, the atoms or molecules will oscillate with 
large amplitude, and since they contain electric charges, they will 
produce a correspondingly large electromagnetic field of the same 
frequency. This field will reinforce the incident field, changing its 
properties, and the net result is a change in the velocity of propagation, 
or of the index of refraction. Since a change of index of refraction 
with wave length is called ‘‘dispersion,’’ we have as a result a large 
dispersion near each atomic resonance, and this is called “anomalous 
dispersion.” Furthermore, the light will be absorbed by the atom or 
molecule near this resonance frequency, causing an absorption band 
in the spectrum of the material. The absorbed light is sometimes 
dissipated in heat, sometimes reappears as radiation of another wave 
length. These subjects must be discussed by the methods of quantum 
theory, or wave mechanics; but they lead back to the theory of the 
linear oscillator. 

As a result of the analogy between the mechanical linear oscillator 
and the oscillating electric circuit, the same notation can be used 
for both mechanical and electrical problems. It has become cus- 
tomary in recent years to use the electrical notation in discussing the 
mechanical oscillator, and we shall follow this custom. Thus we 
shall speak of such things as impedance, resistance, reactance, Q, 
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etc., in our mechanical discussion. This carrying over of the notation 
of one field into another can be of more than symbolic importance; 
for it may well be that a problem has been discussed completely in 
the theory of electric circuits, and has not happened to be treated 
for the corresponding case of mechanical oscillations. In such a 
case, if we use the same notation for both, we can carry the result 
over bodily from one field to the other. Such carrying over has been 
of great practical importance in the recent development of the theory 
of vibrations. 

1. Free Oscillations. — Our first problem will be that in which 
there is no external force varying with time, the problem of free oscil- 
lations. The differential equation, from (1.8), Chap. I, is then 


m 


dHi 

dt^ 


+ ku = 0, 


( 1 . 1 ) 


in which we have used w for the displacement of the particle, and 
where the restoring force, the force resulting from Hookers law, and 
pushing the body back to its position of equilibrium u = 0, is —ku, 
and the resisting force, arising from viscous resistance, is 

du 

— av— ~a - 77 - 
dt 

We know from the theory of differential equations that such a linear 
homogeneous differential equation with constant coefficients (linear 
because it contains no powers of u or its derivatives higher than the 
first, homogeneous because it contains no term independent of u or 
its derivatives), can always be solved by assuming u = where A 

and p are constants. Making this assumption, and substituting in 
(1.1), the exponential cancels, and we have the solution 

u = Ae^% (1.2) 

where A is arbitrary, and where 

^p^ + ap + k = 0, p = - ^ ± _ t. (1.3) 

We notice immediately that, if the resistive term a is large, so 
that (u/2m)2 > k/m, the square root in (1.3) is real, but, if 
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it is imaginary. The limiting case between the two, where 

(#-)■ - 

\2m / m 

is called ‘‘critical damping.” We notice also that, because of the two 
signs before the square root, two values of p are possible. Thus we 
really have two solutions like (1.2), 
one with each of the two values of 
p, and in general with different con- 
stants A . One of the fundamental 
properties of the linear differential 
equation, as (1.1), is that the sum 
of any two solutions is itself a solu- 
tion. Thus the sum of the two 
functions like (1.2) is a solution of 
the problem. From this point on 
we can better handle the two cases 
separately, first that of greater than 
critical damping, second that of less than critical damping. 

If the damping is greater than critical, both values of p, which we 
may call p+ and p_, depending on which sign we use in (1.3), are real 
and negative. We may write the general solution as 

u = + A-e^^-K (1.4) 

This is the sum of two exponentials each decreasing with the time. 
The constants and A— are chosen to satisfy the initial conditions 
that u — uq and v = Vo when t = to. Thus they satisfy the equations 

Uo — 4- A—e^'-‘% — p+A4.c»’'*“ -f- p_A_e=p-**. 

Typical curves of w as a function of time, for this case of large damping, 
are shown in Fig. 2. The case of critical damping must be handled 
separately. Then, since p+ == p_, the solution (1.4) would really 
contain only one arbitrary constant, and could not be the general 
solution. In this special case, however, the function where 

p = —a/2m, is a solution of the equation of motion, as we can see 
by direct substitution in (1.1). Thus for critical damping the solution 
is 

w = (A -f- p = — 

It is clear that, in this case, since we have two arbitrary constants 
A and B, we can satisfy our initial conditions at ^ = 0. 



Fig. 2. — Displacement as function 
of time, greater than critical damping. 
Curve I: initial displacement = 0. 
Curve II: initial velocity = 0. 
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. For damping less than the critical value, the two values of p in 
(1.3) are conjugate complex numbers. (We assume that the reader 
is familiar with simple properties of complex numbers. If he is not, 
he will find the necessary properties discussed in Appendix III.) 
Then the two exponentials and are conjugate complex num- 
bers. In order that u may be real, which it must be in any ordinary 
problem, we must then have A+ and A_ also conjugate complex 
numbers; for then the two quantities and which we must 

add to get u, by (1.4), will also be conjugate complex numbers, and, 
the sum of any complex number and its conjugate is real. We note, 
however, that the sum of a complex number and its conjugate is twice 
the real part of the complex number. Thus the solution (1.4) for u 
becomes in this case twice the real part of Since A 4. is quite 

arbitrary, we may define a new A twice as great, so that then u will 
be simply the real part of Aep+*. If we denote the real part of a 
complex number by Re, and if we define 



where J = -v/ — 1 (1.5) 


we then find in this case of less than critical damping 


u = ( 1 . 6 ) 

The complex number A can be written in either of the two con- 
venient forms 

A = Ai — .7 A 2 = Aqg^‘‘’, (1.7) 

where Ai, A 2, Ao, (p are real. The constants have the following rela- 
tions to each other: 

Ai == Ao cos <p, A% — — Ao sin <p, 

Ao = 'k/ A I 4“ A I, cp = — tan~^ (1-8) 

A 1 

In terms of the two expressions (1.7), we find 

u = cos coit ■+■ A2 sin coit) 

= Ao cos H- (p). (1.9) 

The constants Ai and A 2, or Ao and cp, are to be found by writing u 
and V = du/dt, at time t — U, and setting them equal to Uo and ?’,)• 
The most convenient form to use for this is a modification of (1.9), 

u = cos [coi(i - U) -|- <p'\, (1.10) 
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Uq = A cos (p 



cos ip — coi sin <p 


The motion (1.9), or (1.10), is called “damped simple harmonic 
motion.” If a= 0, so that u varies sinusoidally with the time, it is 
simple harmonic motion. Clearly the greater a is, the more rapid the 
damping. A typical example of damped simple harmonic motion is 
shown in Fig. 3. The quantity A of (1.10) is called the “amplitude,” 
<p is the initial phase, oji the angular frequency. The period T, or 
the time after which the sinusoidal function repeats itself, and the 



frequency /, the number of oscillations per second, or the reciprocal 
of T, are related to coi by the equations 


^ ^ T ~ 2x‘ 


( 1 . 11 ) 


The quantity {a/2m)T is sometimes called the “logarithmic decre- 
ment.” As we see from Eq. (1.9), it is the natural logarithm of the 
ratio of the values of at two times differing by a period ; for example, 
at two successive maxima of oscillation, as in Fig. 3. 

2. The Rate of Damping, and Q. — In the study of resonant circuits, 
it has proved to be useful to introduce a constant Q, related to the 
sharpness of tuning of a circuit, or to its rate of damping, and closely 
related to the logarithmic decrement {a/2m)T which we have just 
discussed. Since resonance is such a widespread phenomenon in 
mechanical oscillations, it seems useful to introduce the definition 
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of Q here too. Let us start by pointing out the resemblance between 
Eq. (1.1) and the corresponding equation for a series resonant circuit. 
If we have a circuit containing resistance R, inductance L, and capacity 
C in series, and if we use q, the charge on one plate of the condenser, 
as the variable d.escribing the circuit, then from the theory of oscillating 
circuits we know that the differential equation describing the circuit is 


dt^ 


+ R 


dt'^ C 


0 . 


Thus, comparing with (1.1), there is an analogy between L and m, JR 
and a, and 1/C and k. Following Eqs. (1.5) and (1-6), the free 
oscillations of the circuit, in the case of less than critical damping, 
are given by 

q = coi = ~ 

For many purposes it is desirable to introduce an angular frequency 
coo, defined by the equation 

( 2 . 2 ) 



which by (2.1) equals the angular frequency with which the circuit 
would oscillate if the damping term were zero. Then we shall define 
the Q of this circuit by the equation 



(2.3) 


In terms of this definition, we have from (2.1) 


COi = 



(2.4) 


When Q is large compared with unity, it has a very simple meaning. 
In that case, by (2.4), coi and coo differ only by small quantities of 
the second order, which we shall neglect. Then (2.1) becomes 


q = (2.5) 

The square of the magnitude of q then varies with time according to 
the exponential We shall see shortly that the energy 

of the oscillator is proportional to the square of the magnitude of q, 
so that it decreases, in the damped oscillation, according to this 
exponential. If we find the relative change in energy in a period. 
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by differentiating this expression with respect to time, multiplying 
by the period, and dividing by the exponential itself, we have 


Change of energy in one period 
Total energy 



so that, remembering that mT = 27r (to the approximation to which 

COo = COl), 


Q = 27r X 


total energy 

decrease of energy in one period 


( 2 . 6 ) 


The formula (2.6) is sometimes used as the definition of Q. As we 
have seen, it agrees with our definition (2,3) in case coi is approximately 
equal to cjo, which means, by (2.4), in case (1/2QY can be neglected 
compared with unity. When Q is of the order of magnitude of unity, 
it is no longer legitimate to find the change of energy in a period by 
differentiating the exponential with respect to time, and multiplying 
by the period; we must rather speak of a logarithmic decrement, as 
in the preceding section. We notice that the definition of logarithmic 
decrement previously given can be expressed in the form 


Logarithmic decrement ~ q “ 



if COl = COq. 


Eeturning now to Eq. (1.1) for the mechanical oscillator, it is 
useful to introduce definitions of Q and of coo analogous to those of 
Eqs. (2.2) and (2.3). In terms of the constants of (1.1), these defini- 
tions are 


Wo 



Q 


m 
coo —} 
a 


WC0() 



k = mcog. (2.7) 


In terms of Q and coo, we may rewrite (1.1) in the form 


We shall henceforth consider (2.8) as a standard form for writing 
the differential equation of an oscillator, and shall use the constants 
in this form, rather than in terms of a and k as in (1.1). 

3. Forced Oscillations and Resonance. — In the present section we 
shall assume that our oscillator is acted on by an external force 
varying sinusoidally with the time. That is, we assume that the 
force is given by 


F — Re{Fo eM), 


(3.1) 
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where Fo is a complex constant representing the amplitude of the force. 
Relations similar to (1-7) and (1.8) hold by which we can express 
Fo in terms of its real and imaginary parts, or in terms of its magnitude 
and phase angle. To get our differential equation of motion, we insert 
the force (3.1) in the right side of Eq. (2.8). We may handle the 
problem in complex form by inserting, not (3.1), but the complex 
quantity Fq0^* of which the force is the real part. Then we shall find 
a complex solution for u, whose real part will give the solution of our 
actual problem, by an argument closely analogous to that used in 
deriving Eq. (1.6). 

The equation of motion is then 

f d "XL I CO 0 I o rj •frtt /O 

^ Q It 7 ” ^ • ^^*2) 


We solve it by assuming that u varies as e’"', so that differentiating 
u with respect to t is equivalent to multiplication by jco. Substituting, 
we have 


m 


(-0,- 


-h j ^ + Oil) u = Fo 




or 


(Fo/m)e^'“* 

— co^ + cog + j (cocoo/Q) 


(3.3) 


Instead of finding the displacement u, it is often convenient to solve 
for the velocity v — du/dt — joiu, in the forms 


V — 

or 

V = 


Fo 


(Fo/mcoo) 


where Z = R jX, R 


mcoo 


Q 


, X 


mo3 


m 


CjO? 


CO 




z = r -\r JX, 




X = 


03 


030 


03 0 
03 


(3.4) 

(3.5) 


In any of these forms, we must remember that the actual solution of 
the problem is given by the real part w or of y. 

We have written our solution in various forms, (3.3) to (3.5), 
that are convenient under different circumstances. Equation (3.3) 
is the form that is perhaps most familiar for mechanical applications. 
Equation (3.4) is written by analogy with the corresponding electric 
circuit. We have seen that u corresponds to the charge g in a series 
resonant circuit; then v, or du/dt, corresponds to the current i in such 
a circuit, and corresponds to the impressed emf. Furthermore, 

since m corresponds to L, moio/Q to R, and mcog to 1 /C, the quantities 
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K, X, and Z of Eq. (3.4) correspond to resistance, reactance, and 
complex impedance of such a circuit. We see from (3.4) that the 
mechanical impedance Z is given by the ratio of impressed force to 
velocity, as the electrical impedance of a circuit is given by the ratio 
of impressed emf to current. Equation (3.5) is a version of (3.4) 
in which the resistance, reactance, and complex impedance have been 
reduced to dimensionless form. 

The solutions (3.3), (3.4), or (3.5) represent the phenomenon of 
resonance: as the external frequency co approaches the resonant fre- 
quency coo, the denominator becomes small, so that the amplitude of 
the displacement or velocity becomes large. Furthermore, when 
03 = 030, the denominator of (3.3) becomes pure imaginary, the denomi- 



nators of (3.4) and (3.5) real, so that the displacement is 90° out of 
phase with the force, and the velocity is in phase with the force, 
resulting in a maximum dissipation of energy. These phenomena are 
shown graphically in Fig. 4. In that figure we plot real and imaginary 
parts of 1/2 as a function of 03 /coo. We may define 

l/ = ^ = ff+Jb= (3-6) 

where 2 /, g, and h are dimensionless quantities proportional to the 
complex admittance, the conductance, and the susceptance, in the 
electrical analogy. Then Fig. 4 shows the conductance and suscept- 
ance as functions of the frequency. The behavior shown in Fig. 4 is 
characteristic of all resonances, the conductance rising to a maximum 
at resonance, and falling off rapidly on both sides of it, while the 
susceptance is zero at resonance, but rises to peaks of large magnitude 
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and opposite sign on each side of the resonant frequency, falling off 
as the frequency departs considerably from resonance. 

For a resonance whose Q is large compared with unity, we can 
derive important relations between the width of the resonance peak 
and Q. We shall find that in such a case the peak is narrow, so that 
we can discuss it on the assumption that the frequency is close to cuo. 
In this case we may approximately write 

co^ — cog _ (to — coo)(co + coo) 2(co — coo) 

X — ^ (.O./J 

COCOo COCOo coo 

We notice from (3.5) and (3.6) that the quantity g, proportional to 
the conductance, equals Q at resonance; we can then estimate the 
width of the resonance peak by asking where g equals Q/2, or half its 
maximum value. This comes when == r^, or when 


CO — COo 
6)0 



(3.8) 


If we let Aco be the difference between the two values of co of (3.8), 
we have 

Aco 1 

COo Q 


The quantity Aco is often called the ''half width’’ of the resonance peak. 
If we wish to express the relation in terms of frequency / instead of 
angular frequency co, we remember by (1.11) that they are proportional 
to each other, so that the half width A/ expressed in frequency is 
given by 


^ = L. 

.fo Q 


( 3 . 9 ) 


We can also easily get the behavior of the susceptance curve in the 
neighborhood of the resonance, by finding the maximum and minimum 
of 6, which is defined as a function of x by (3.6). We find that the 
maximum and minimum of h come at the same points, given by (3.8), 
at which the conductance equals Q/2, or half its maximum height; and 
furthermore we find that at that point the susceptance h is also 
equal to ±Q/2, or is numerically equal to the conductance at those 
points. These relations are clear from Fig. 4. 

Another graphical way of exhibiting the resonance is shown in 
Fig. 5, where we plot 5 as a function of g, regarding the frequency as a 
parameter. We may regard the plane of Fig. 5 as a complex plane, 
so that we are plotting values of the complex admittance for all values 
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of frequency. The resulting curve is a circle, tangent to the imaginary 
axis at the origin, and extending out along the real axis to the value Q. 
To prove this, we solve for g and h from (3.6), use r from (3.5), and 
show that g and 6 satisfy the equation 

(-7 - f) +h^ = (I)'. (3.10) 

which is clearly the equation of the circle just described. To show 
the way in which g and 6 vary with frequency, we plot in Fig. 5 the 
points corresponding to certain 
values of x, which by (3.7) meas- 
ures the frequency. Remember- 
ing that the complex vector out 
to an arbitrary point of the circle 
of Fig. 5 represents the complex 
admittance corresponding to the 
appropriate frequency, we see 
that far from resonance this 
admittance is zero, but as reso- 
nance is approached, the magni- 
tude of the admittance rapidly 
increases, to the value Q at 
resonance, decreasing again to 
zero on the other side of reso- 
nance, and simultaneously the 
phase shifts through 180°, from 
an angle of 90° between force and velocity at low frequencies, through 0° 
at resonance, to — 90° at high frequencies, with a phase angle of + 45° 
at the two points x = ±l/Q, the points given in (3.8). 

4. Superposition of Transient and Forced Oscillation. — In Sec. 3 
we found the displacement or velocity of the oscillator when acted 
on by a sinusoidal impressed force; the solution was given in (3.3), 
(3.4), or (3.5). This cannot be the complete solution, however, 
for it has no arbitrary constants, so that we cannot satisfy arbitrary 
initial conditions by means of it. We shall next inquire how to get 
a complete solution. The answer is well known from the theory of 
differential equations. Our Eq. (3.2) is a linear second order differ- 
ential equation with constant coefficients. It is an inhomogeneous 
equation; that is, the term that appears on the right side does not 
involve the dependent variable u or any of its derivatives, while 
each term of the left side is linear in the variable or one of its deriva- 
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tives. The related homogeneous equation is that in which the 
external force is zero, so that the right side of the equation is zero; 
that is, it is Eq. (2.8). When we have an inhomogeneous equation 
like (3.2), the related homogeneous equation is often called the 
''auxiliary equation,” and the general solution of the auxiliary equa- 
tion, which in this case is given by (1.10), containing the proper 
number of arbitrary constants, is called the “complementary func- 
tion.” A particular solution of the inhomogeneous equation, such as 
(3.3), (3.4), or (3.5) in our case, is called a “particular integral.” 
Then in the theory of differential equations we learn the following- 
result: the complete solution of the inhomogeneous equation equals 
the sum of a particular integral, and of the complementary function. 
The proof is obvious. Because of the linear nature of the differential 
equation, the sum of the particular integral and the complementary 
function satisfies the differential equation, and since it contains two 
arbitrary constants (in our case of a second order equation) it can 
be used to satisfy any initial conditions, and is therefore a complete 
solution. 

In our physical case, the particular integral is the steady-state or 
forced oscillation, and the complementary function is the damped 
oscillation, or transient, so that we say that the general motion of an 
oscillator is a superposition of the forced oscillation, and of a transient, 
the latter having such an amplitude and phase that the sum of the 
two satisfies the initial conditions. Rewriting the forced oscillation 
from (3.3), and the transient from (1.10), using (2.4) and (2.7), our 
complete solution is 


u — Re 


•CO' 


— ^ — 9 .. / .. ?'^ ^ ^ _i_ cf — ^o)/20]« jojQ "X/ 1 — [1/ — fo) 

4 - ^2 _|_ ^ 


jicocoo/Q) 


} 

(4.1) 


Here the complex amplitude A is to be so chosen that both u and du /dt 
of (4.1) have their prescribed values at i = to. We shall not write 
down the explicit equations for doing this, but the way of setting 
them up is obvious. 

In Fig. 6 we show several cases of superposition of forced oscilla- 
tions and transients, calculated by Eq. (4.1). They are all calculated 
on the assumption that both displacement and velocity are zero 
at (5 = 0, the commonest case in practice, and that the external force 
then commences to act. Case (a) is one in which the external fre- 
quency is rather different from the natural frequency. In case (6) 
the external frequency is close to the natural frequency. In this 
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case the steady-state motion and transient have almost the same 
frequency, so that we have the phenomenon of beats, in which the 
amplitude pulsates between a large and a small value. This occurs 
whenever two approximately equal frequencies are superposed, as we 
can see from the simple trigonometrical identity 


cos (Jilt H- cos (iizt — 2 cos 


t cos 


/ COi -h 602 ^ * 


(4.2) 


showing that the result is a sinusoidal vibration whose frequency is 
the average of the two frequencies, but whose amplitude is modulated 





with the slow difference frequency between the two vibrations. Since 
the transient gradually dies down, however, the amplitude of the beats 
grows less and less, until gradually only the forced motion remains. 
In case (c) the external frequency is exactly equal to the natural 
frequency. Here there are no beats, the amplitude merely building 
up exponentially to its final value. In all these cases, as we see 
from (4.1), the amplitude of the transient falls to 1/e of its initial 
value in Q/tt periods, and after a sufficient lapse of time, the transient 
has damped down practically to zero, and the steady-state motion 
alone remains. 
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5, Forced Motion tinder General External Forces. — If we are given 
an arbitrary external force, say F{t), we show in Appendix VI that 
it is possible to write it as a sum of sinusoidal terms, 

F{t) = Re (5.1) 


Phus any sound may be considered as made up of a superposition of 
pure tones, and any light as a superposition of pure colors. Now 
suppose we find the forced motion resulting from each of these sinus- 
oidal vibrations separately, and then add them. The result will be 
the solution of the whole problem. That is to say, if the inhomo- 
geneous part of an inhomogeneous linear differential equation is a 
sum of terms, and if we have particular integrals of the equations 
formed by taking each one of these separately, a particular integral 
of the whole problem is a sum of the particular integrals of the separate 
problems. The property by which we can add solutions to get the 
complete solution is called the “principle of superposition.” It is 
a property of linear differential equations such as our present one, 
and is a principle of widespread application in physics, where it 
leads to the possibility of coexistence of different sound waves, light 
waves, and other such disturbances, in the same region of space, 
without disturbing each other. To prove the principle of super- 
position in this particular case, we start with our equation of motion 


m 






(5.2) 


SjSSumc “tliS/t is £i solution of tliG Gc^ii8;tion in which wg hnvc 

only the nth term of the summation on the right-hand side, obtained 
as in (3.3), so that 


m 



_ 4 _ ^ dun 

Q dt ^ 






(5.3) 


Adding the equations (5.3), it is at once obvious that the summation 
satisfies (5.2). In considering our solution physically, it is 

n 

clear, for instance from (3.3), that those terms of (5.1) whose fre- 
quencies happen to lie near the natural frequency of the oscillator 
will produce much greater response than the other terms of the 
summation. 
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There is another quite different solution for arbitrary external 
forces, which is more convenient than the one just described in dis- 
cussing transients when an external force is suddenly applied, and 
for similar problems. Suppose we divide up the time axis into short 
intervals U, and consider a force that equals F{t) during a certain 
interval bt, but is zero at all other times. Such a force acting through 
an infinitesimal time, multiplied by the time through which it acts, 
is called an impulse.” Let us consider the force that is equal to 
Fif) from t(j to to -f- Si, zero at other times, and let us consider the 
motion of the oscillator after this impulse acts at ^ = to, assuming 
that u is zero at all times up to ^o. Since the oscillator is at rest with 
w = 0 to a high approximation during U, the only force acting on it is 
F{t). By Newton’s second law we then have approximately 

mv{to -j- 5^o) = F bto. (5.4) 

That is, the momentum after the action of the impulse equals the 
magnitude of the impulse (remembering that the initial momentum is 
zero). After the infinitesimal time interval in which the impulse 
acts, the motion will be a transient, with initial displacement zero, 
initial velocity given by (5.4). We readily find, using (1.10), that this 
transient may be written 


mcoo Vl - (1/2Q)" 



5to 


(5.5) 


for all times subsequent to the short interval 5i(o. In Eq. (5.5) we 
have a particular solution of the problem of the motion of a particle 
subject to our impulse. 

We may now consider the problem in which the force F{t) has been 
acting since t — — co . Each interval of time dto will have contributed 
a solution like (5.5), at all subsequent times. On account of the linearity 
of the problem, we can superpose solutions corresponding to all the 
various impulses that have preceded the time t at which we wish to 
find the motion. That is, we may sum (5.5) over U, from — oo to 
the time t when we want the solution, since all past impulses contribute 
to the displacement, but not future impulses. As Sto becomes small, 
we can change the summation to an integration, obtaining 


u(t) 


/: 
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In (5.6) we have a general solution of the problem of the motion of 
the linear oscillator, subject to an external force F{t) which is an 
arbitrary function of time. No additional transient term involving 
arbitrary constants is needed; for this would represent a transient 
existing bA> t — — oo , which would have damped to zero at any finite 
time. This method of solution is sometimes called ‘'Green’s method.” 
That method is a general one for handling inhomogeneous linear differ- 
ential equations, by dividing up the range of the independent variable 
as we have done, finding the solution for the case where the inhomo- 
geneity is confined to a small interval [as (5.5)], and adding the 
resulting solutions. One precaution should be mentioned regarding 
(5.6) : as we have set it up, we have used a real solution for u, and have 
assumed that the force F is real, not the real part of a complex number. 
This should be borne in mind in applying it. 

6. The Energy and the Linear Oscillator. — In the equation of 
motion for the oscillator, 

/ d'^u . o3q du . 2 \ „ 

the damping force ~{m(X)o/Q){du/dt) and the external force F{t) are 
nonconservative, while the restoring force — mco^w is derivable from 
a potential. This potential energy is clearly 

V(u) = ^ o^luK 

Following Eq. (4.1) of Chap. I, we then may write the energy equation 
in the form 

^ Q + ^mwliA = -m^v^ + Fv. (6.1) 

If there is no damping, and no external force, the energy of course 
stays constant. In that case we have 

u = A cos coot, V = —cooA sin coot, 

sin^cooif, cos^coo^, 

E = -f- 

This expresses the way in which the energy is proportional to the 
square of the amplitude. 

If the damping and external forces in (6.1) are small, the energy 
will change by only a small fraction of itself in the course of a period. 
In that case we may treat the motion as simple harmonic, but with 
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an amplitude that varies slowly with time. We may average the 
right side of (6.1) over a period. In that case, the damping term may 
be written in terms of the amplitude A, and we have 

+ ( 6 . 2 ) 

where Tv represents the average of Fv over a period. If the external 
force F is absent, (6.2) leads to an exponential decrease of energy 
with time, at a rate as given in Eq. (2.6). If, however, there is an 
external force, the term Fv can have either sign, depending on the 
phase relations between force and velocity, so that the energy can 
either increase or decrease with time. In the steady-state motion, 
after the decay of the transient, the amplitude is independent of 
time, so that the energy stays constant. In that case, (6.2) shows 
that the external force must be working on the oscillator at just the 
right rate to balance the dissipation of energy into the frictional 
resistance. By (6.2), this rate of working is proportional to the 
energy, or the square of the amplitude, of the oscillator. Thus 
in a case of resonance, when the amplitude is large, the dissipation 
of energy will be correspondingly large. Equation (6.2) can some- 
times be profitably used to get a simple approximate solution for the 
time rate of change of energy, without going through the complete 
details of the solution for u as a function of time. 

The linear oscillator forms a simple and instructive example of the 
discussion of energy in Chap. I. The potential energy curve, analo- 
gous to Fig. 1, is a parabola, so that the motion is always periodic, no 
matter what the energy. It is not merely periodic, it is sinusoidal, 
in the absence of nonconservative forces, and the period is independent 
of the amplitude, a very important characteristic of the linear oscil- 
lator. This of course has been proved by the methods of this chapter; 
we can also use the energy integral to solve it, as in Eq. (2.8) of Chap. 
I, and Frol). 13, Chap. I. If we have damping and external forces, we 
liave just seen in detail how the energy changes with time, with 
corresponding changes in amplitude. 

The energy method suggests an important respect in which our 
discussi(;)n of the linear oscillator can throw light on a more difficult 
problem. In tlie neiglil)orliood of any minimum of potential energy, 
tlie potential energy function can be expanded in 1 aylor s series, 
the first term being proportional to — Wo)^, where uq is the position 
of tlie minimum, so that the corresponding force is proportional to 
-(w - tU)). That is, for small enough energies, motion in the neigh- 
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borhood of any potential minimum is simple harmonic. A potential 
minimum is a point of stable equilibrium, so that we have the general 
result that simple harmonic motion is possible around any position 
of stable equilibrium. Examples have been encountered in Probs. 
16 and 19, Chap. I. Furthermore, if there is damping, or an external 
force, in such a case, we may use the methods of the present chapter 
to discuss it. The difference between a general potential minimum 
and the case of the linear oscillator is that, in the general case, called 
the '^nonlinear oscillator,” the frequency of oscillation depends on the 
amplitude, and the motion, though periodic, is not sinusoidal. As a 
result of the dependence of frequency on amplitude, the resonance 
phenomenon with a nonlinear oscillator is quite different from the 
linear case. If an external force whose frequency equals that of the 
free oscillations of infinitesimal amplitude is impressed on a nonlinear 
oscillator, the oscillation will start to build up as in the linear case: 
but with increasing amplitude the natural frequency will change, 
the external force will no longer be in resonance with the velocity, the 
mean rate of working of the external force on the oscillator will fall 
off, and the amplitude will not build up as it would do with the linear 
oscillator. The problem of the nonlinear oscillator is an important 
one, but we shall not go into it in detail. Clearly in the conservative 
case it can be handled by the methods of Chap. I. If in addition there 
are nonconservative forces acting, which are small enough so that they 
do not change the energy greatly during a period, we can apply an 
analysis similar to Eq. (6.2), to find the rate of change of total energy, 
and thus obtain considerable qualitative information about the system, 
even without quantitative solutions. 

Problems 

1. Show directly that the solution Ai cos + 4.2 sin coi for the particle 
moving with simple harmonic motion can also be written 4o cos -f- <p). Find 
4o and <p as functions of Ai and A 2 , and vice versa. 

2. A pendulum 1 m long is held at an angle of 1° to the vertical, and released 
with an initial velocity of 5 cm/sec toward the position of equilibrium. Find the 
amplitude and phase of the resulting motion. 

3. A circuit contains resistance, inductance, and capacity, but there is no 
impressed emf. Solve the differential equation in series, and show by comparison 
of the first few terms that the series represents the function 

cos + 4.2 sin cat), 

where ca^ — I /LC — R^fAL^. 

4. In an oscillatory circuit, show that the phases of the charge and the current 
differ by 90°. 
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6 . A coil has a resistance of 0.7 ohm, inductance of 5 henrys. Until t — 0, 
no current is flowing in the coil. At that moment, a battery of 5 volts emf is con- 
nected to it. After 5 sec, the battery is short-circuited and the current in the coil 
allowed to die down. Compute the current as a function of the time, drawing a 
curve to represent it. 

6 . A coil having L = 10 henrys, R = 1 ohm, has no current flowing in it 
until t = 0. Then it has an applied voltage increasing linearly with the time, 
from zero at i = 0 to 1 volt at i = 1 sec. After i — 1, the emf remains equal to 
1 volt. By series methods find the current at any time, and plot the curve. 

7. A coil of resistance 2 ohms, inductance 10 millihenrys, is connected to a 
condenser of capacity 10 mf. At i = 0, the condenser is charged to a potential 
of 100 volts, and no current is flowing. Find the charge on the condenser at any 
later time, and also the current flowing. What are the period and logarithmic 
decrement of the circuit? Wfliat would the resistance have to be, leaving induct- 
ance and capacity the same, such that the system would be critically damped? 

8 . Prove that the displacement of a particle in damped oscillation is given by 


u 


taot 

'2Q 


(uo cos wo '\/l — 


j (vo/o3o) + (uo/2Q) . 

• t H ^ sm coo 


Vl - (1/2Q)2 


sji - t 


.2Q/ 


) 


where Wo, Vo are initial values of displacement and velocity. Pass to the case of 
critical damping, by letting 1 — (1/2Q)2 approach zero. Show that the resulting 
motion has one term of the form and prove directly that this satisfies 

the differential equation. 

9. Letting Q — draw curves for u as a function of <, representing the 
damped motion for the case where the initial velocity is zero but the initial dis- 
placement is not, and also for the case where the initial displacement is zero but 
the velocity is not. 

10. A pendulum is damped so that its amplitude falls to half its value in 1 min. 
Its actual period is 2 sec. Find the change in the period which there would be 
if the damping were not present. {Hint: Use power series expansion for fre- 
quency, treating l/Q as a small quantity.) 

11. A radio receiving station has a circuit tuned to a wave length of 500 m. 
It is desired to have the tuning sharp enough so that a frequency differing from 
this by 10,000 cycles /sec giv<\s only 1 per cent as much response as the natural 
frequency, for the same amplitude of signal. Work out reasonable values of 
resistance, inductance, and cjipacity to accomplish this. 

12. A tuning fork of i>itch C (256 vibrations per second) is so slightly damped 
that its amplitude after 10 sec is 10 per cent of the original amplitude. It is set 
into oscillation, first by another fork of the same pitch, then by one a semitone 
higher, both vibrating with the same amplitude. Find the ratio of amplitudes 
of forced motion in the two cas(!s. What will be the pitch of the forced vibration 
in the second case? 

13. The support of a simple pendulum moves horizontally back and forth 
with simple harmonic motion. Show that this sets the pendulum into forced 
motion, as if there were a force applied directly to the bob. Show that the motion 
has the following behavior: The pendulum pivots about a point not its point of 
support, but such that, if it were regally pivoted there, its natural period would be 
the actual period of the forced motion. Discuss the cases where the pivotal 
point is below the point of support ; above the point of siipport. Neglect transients. 
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14. A particle subject to a linear restoring force and a viscous damping is acted 
on by a periodic force whose frequency differs from the natural frequency by a 
small quantity. The particle starts from rest at ^ = 0, and builds up the motion. 
Discuss the whole problem, including initial conditions. Consider what happens 
in the limiting case when the frequency gets nearer and nearer the natural fre- 
quency, and the damping gets smaller and smaller. Compare with the results 
of Fig. 6, 

16. Show that for a particle subject to a linear restoring force and viscous 
damping the maximum amplitude occurs when the applied frequency is less than 
the natural frequency. Find this frequency. Show that maximum energy is 
attained when the applied frequency equals the natural frequency. What are 
the maximum amplitude and maximum energy? 

16. The motion of an anharmonic undamped oscillator is described by 




where a is a small quantity. Solve this equation by successive approximations, 
expanding w in a power series in powers of a. 

17. If the oscillator in Prob. 16 is acted on by a force A cos pt + B cos qt^ show 
that the steady-state solution contains terms of frequencies 2p, 2q, q A- Vi q — Vi 
2q A- Vi 2^ — V, etc. Note that superposition does not hold for the equation 
above. These new frequencies are called ‘'combination tones.'' 

18. Show that in general a linear homogeneous differential equation of the nth 
order with constant coefficients has n independent exponential solutions of the 
sort we have considered. 

19. Show that if we have n independent solutions of an nthorder differential 
equation, then an arbitrary linear combination of these solutions, containing n 
coefficients, is a general solution of the equation. 

20. A particle can move along a straight line and is attracted toward two 
points on the line with forces proportional to the distances of the particle from the 
centers of attraction. Find the motion, showing that it is simple harmonic, and 
obtain a formula for the period. 

21. Two masses mi and are connected by a spring. When nii is held fixed, 
m 2 oscillates with a frequency /. Find the frequency of linear oscillations when 
m 2 is held fixed and when both particles are free to move. 

22. A linear oscillator of mass m, natural frequency wo, and of finite Q, initially 
at rest, is acted on by an external force F{t) which is zero until t = 0, has a con- 
stant value Fa from t = 0 to t = T, and is zero after t = T. Find the motion 
of the oscillator for all values of t. 

23. Solve Prob. 22 if the external force is given by F(t) — Fa sin (ooit — 8) for 
all values of t greater than zero, and zero before t = 0. Discuss the dependence 
of the solution on the initial phase lag 5. 

24. Solve Prob. 22 for the case where the external force is given by F(i) = Fa sin ut, 
0 < t < T, and zero otherwise. 
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In the preceding two chapters we have been considering the motion 
of a particle along a line; mathematically, we have had one differential 
equation, determining the one dependent variable, the coordinate, as 
a function of the time. We have found that the energy is conserved 
if the force depends only on position, not on velocity or time, and 
that in that case we can always solve the problem of the motion 
explicitly. Even if there are nonconservative forces, depending 
on velocity and time, we can solve the problem in which the forces 
are linear functions of displacement and velocity. That problem was 
that of the linear oscillator, the case of elastic vibrations, or of Hooke’s 
law, and forms one of the two perhaps most celebrated problems of 
mechanics. The other, which led Newton to his original formulation 
of the laws of motion, is the problem of planetary motion, the motion 
of a particle (in this case a planet) around a center of attraction exert- 
ing a force inversely proportional to the square of the distance of the 
particle from the center (gravitational force). It is an example of 
motion in several dimensions, and it introduces some fundamentally 
new features. In the first place, when the motion occurs in two or 
more dimensions, it is not necessarily true that a force that depends 
only on position is conservative; our first problem will be to find what 
additional conditions are imposed on a force, in order that it be 
conservative. Secondly, the energy integral by itself is not enough 
to permit a complete solution of a conservative problem. There is, 
in fact, no general way of getting a solution of a dynamical problem 
of motion in several dimensions. In some cases, there are additional 
integrals of the equations of motion; that is, additional quantities 
which, like the energy, remain constant during the motion. We shall 
find that the case of planetary motion has such an integral: the 
ang\ilar momentum. When we have as many such integrals as there 
are dimensions, \ve can solve the problem, but in general such integrals 


do not exist. 

We sliall now proceed to consider the general problem ot the 
dynamics of a particle in two or three dimensions, and the conditions 
for a conservative force. Then we shall consider motion in a central 
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field, as a special example of such motion. We shall handle that 
problem by elementary methods; but in the next chapter we shall go 
over the same problem by more powerful methods, the methods of 
generalized coordinates and Lagrange’s equations, mathematical tools 
that often greatly simplify the solution of problems in several 
dimensions. 

1. The Dynamics of Motion in Two or Three Dimensions. — A 

particle in three dimensions requires three quantities to measure its 
position; the simplest way to set up these three quantities is to use 
rectangular coordinates, x, y, and z. We may, if we choose, regard 
these three coordinates as being the components of a vector r, pointing 
out from the origin to the position of the particle. Similarly the 
velocity is a vector, whose components along the x, y, and z axes are 

dx dy dz 

and the acceleration is a vector with components 

__ dv^ _ d^x _ d^ _ dV _ ^ _ d^z 

~ dt dt^^ dt df^’ dt dt^ 


The momentum is a vector, defined by the equation momentum = mv, 
and the force F is a vector with components Fy, Fz. Then Newton’s 
second law becomes a vector equation, whose components are 


d 

'dt 


{mvx) 



d 

It 


{mvy) 



^ (mz>.) = i?., (1.1) 


or, if the mass m is constant, 
d‘^x 


max — m 


dF 


may = = F 


Vy 


d^z ^ 

mag — m -^-r, — Fz- 
dF 


( 1 . 2 ) 


If the force components are functions of the position, velocity, and 
time, as in Chap. I, we have in (1.2) three simultaneous differential 
equations for x, y, and z, as functions of time. In general, each of 
the equations will contain all three variables (for each component 
of force will ordinarily depend on x, y, and z, as well as three compo- 
nents of velocity), so that the mathematical problem of solving 
(1.2) is in general formidable. Much of the rest of this book will be 
devoted to ways of handling these simultaneous equations. 

We can obtain one general result in this case, as in the one-dimen- 
sional case. This is the theorem, first proved in Eq. (2.3), Chap. I, 
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that the work done on a particle in a certain displacement equals the 
increase of kinetic energy in that displacement. We proceed as in 
the one-dimensional case. We take the first of the three Eqs. (1.2), 
multiply by dx/dt, and integrate with respect to tj from time U to t, 
proceeding as in the derivation of (2.3), Chap. I. Then we find 


1 
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•nvin 
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nivlo 



dx 

dt 


dt. 


( 1 . 3 ) 


We must look more critically at this equation, however, before accept- 
ing it. The forc^e component F*, we remember, depends in general 
on X, ;?/, z, dx/dt, dy/dt, dz/dt, and t. We cannot evaluate the integral 
on the right side of (1.3) unless we know x, y, z, dx/dt, dy/dt, dz/dt as 
functions of time; that is, unless we know the complete details of the 
motion. We assume that we know these details, in setting up Eq. 
(1.3). Proceeding similarly with the y and z components, and adding, 
we liave 


}4m{vl + vl + ^-1) - + vl, ■+- t>,%) 


r (P. V. + Fy Vy + I<\ V.) dt. 

JU 


We may express tins ef|uation in shorter form by using vector notation 
(the reader who is not familiar with vector methods will find a brief 
account of t.he n(‘C(‘ssary relations in Appendix IV). We have 

't 


~ 3'^w?’o “ f^F'V dt. 


( 1 . 4 ) 


Then, as in one dimension, we dcdinc jirrw- as the kinetic energy, 
F • V as the ra,l(^ of working of the force, so that (1.4) states that the 
total work donci l)y the; force on the pai'ticle, from time to to t, equals 
tlu^ incr(‘ase of kinetic, ('iKU'gy during that time interval. As with 
the one-dinu^nsional cas(‘, the work done (!an be rewritten in the form 

Work done = J'(Ax dx + Fy dy + Fz dz) = /F • ds, (1.5) 

wliore ds is l.h<’; vendor disphuaunent, wliose components are dx, dy, dz. 
In (1.5), r(‘m(‘mb<M-ing that tlie force depends on position, velocity, 
and time, in the genei*a.l (;ase, we cannot cari’y out the integration 
unh'ss w<'. know the c()mj)lete details ot the motion, so that at each 
instant of time: along t,he: i)a,tii we know how to find the force. 

Since- the work-(‘n(‘rgy relation ol (1.4) demands that the complete 
d(;tails of tlie motion Ix^ known, it is clear that it cannot be useful in 
the gc'neral case in solving for the motion. It is useful only if it 
leads to tlie conservat ion of evnergy, and we surely cannot expec.t con- 
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servation, by analogy with the one-dimensional case, if the force 
depends on the velocity or on the time explicitly. Therefore we shall 
now consider the special case in which the force depends only on the 
position, and shall inquire in what cases that results in conservation 
of energy. 

2. The Conservation of Energy in Two and Three Dimensions. — 

If Fx, Fy, Fz depend on x, y, and z, but not on the velocity or time, the 
integral (1.5), representing the work done, becomes a line integral. 
That is, we can compute it if we know the line, or path, along which 
the^ motion occurs, without knowing the time at which the particle 
reached each point of the path in its motion. To compute it, using 
the vector form of (1.6), we proceed as follows: We divide the path 
into small intervals ds; we compute the force acting on the particle 
in each of those intervals, which we can do since the force depends 
only on the position; we take the component of force in the direction 
of ds, and multiply by the magnitude of ds (in other words, we find 
F • ds) ; finally, we sum over all elements ds of the path. Thus the 
work done, (1.5), depends in this case on the path, as well as on 
the initial point Xq, yo, and the final point x, y, z, between which the 
motion occurs. We shall now ask under what conditions we can get 
conservation of energy. 

In Chap. I, Eqs. (2.4) to (2.6), the essential step in deriving the 
conservation of energy, beyond what we have already established in 
Eq. (1.4) or (1.5), was Eq. (2.4): 

V{x) - V{xo) = - Fdx. 

J^O 

This allowed us to write the work done as the difference between the 
potential energies at the initial and final points, and when inserted 
in the work-energy equation, which in our present case is (1.4), it 
allowed us to define a total energy that stayed constant. The same 
situation holds in the present case: if we can write the work done, 
JF • ds of (1.5), as the difference between the potential energies at 
the two end points of our path, or can write 

V{x,y,z) - V(xo,yo,^o) = ~ F • ds, (2.1) 

y X02/OZO 

then we can insert this relation in (1.4), with the result 

+ V{x,y,z) = Y^mvl -f V{xo,y^,z,) = E, (2.2) 

where, as in Chap. 1, E is the total energy, and stays constant during 
the motion. The difference between the present case and the previous 
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one is that, before, we could always write the work done as the differ- 
ence of potential energies, provided that the force was a function of 
position only. Here, on the contrary, it is only in an exceptional 
case that the relation (2.1) is correct. For we see what it means: 
the line integral of F • ds, from the starting point to the final 

point xyZj must depend only on these end points of the path, and be 
independent of tlie particular path along which we travel from the 
initial to the final point. 

Let us first show, by simple examples, that in some cases the line 
integral of the force times the displacement is independent of path, 
and in other equally simple cases it is not. We consider the two cs^es 
of two-dimensional motion, 

(a) Fx = Fy 0, 

ih) F. = ?/, Fy = 0. (2.3) 


In case (a), the work done is / x dx — ~ ^o)j ^ quantity 

depending only on the end points of the path, so that a potential 
energy function can be immediately set up. In case (5), however, 

tlie work done is / y dx. This is the formula for the area under 

the curve connecting the point xoyo and the point xy in the xy plane. 
Obviously this area can be anything we please, depending on the 
particular curve chosen to connect these two points. Hence in case 
(6) no potential energy function can be set up. In these two cases it 
is easy to see whether there is conservation of energy or not, and to 
set up the potential energy when there is, but in the general case it is 
not so simple. We shall therefore consider next the general problem 
of setting up a test to show in any particular case whether the force is 
conservative or not. 

We shall first find a necessary condition for a force to be conserva- 
tive, by assuming that a potential energy function Y exists, and show- 
ing tliat. this leads to a necessary relation among the force components 
Fy, and F,. Let us find the work done in the small displacement 
of c.omponents dx, dy, dz. By (2.1), we have 

V{x + dx,y + dy,z -fi dz) - V{x,y,z) = -{Fxdx H- Fydy F^dz). 


On the otlier liand, V)y the fundamental theorem of partial differentia- 
tion, tliis can be rewritten 


V(x 4- dx,y 4- dy,z + dz) - V{x,y,z) 
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Equating, we have 


F. 


dx' 


Fy 


dy’ 


F,= - 


dV 

dz 


(2.4) 


In vector language, the vector of components dV fdx, dV/dy, dV/dz, 
is called the “gradient” of V, abbreviated grad V, so that we have 


F == ~ grad V. 


(2.5) 


Now we may differentiate the first of Eqs. (2.4) with respect to y, 
the second with respect to X] noting that a second partial derivative 
with respect to two variables is independent of the order of differentia- 
tion, we have 

dy dy dx dx dy dx v • ; 

Proceeding similarly with the other pairs of variables, we obtain the 
three conditions 


^ = 0 
dy dz 


dFx dF i 

dz dx 


dx 


3F 

= 0. (2.7) 

dy 


These equations may also be expressed in vector language, for the 
three quantities of (2.7) are the three components of the vector defined 
as the curl of F. Thus we have 


curl F = 0 (2.8) 

as a necessary condition for the existence of a potential function. This 
results from the vector relation that the curl of any gradient is zero, 
a relation that we have proved in (2.6) and (2.7), since we made no 
assumption in (2.5) beyond that of letting F be the gradient of a 
scalar quantity. 

Equation (2.7) or (2.8) forms a simple test for the existence of a 
potential function, if we are given the components of force. Applying 
to the two examples of (2.3), we find at once that case (a) has a force 
whose curl is zero, and case (6) does not, so that our previous con- 
clusion is verified regarding these two cases. The test is simple 
to apply in any case, and is a very valuable and important one. Before 
we leave it, we should point out that it is not only a necessary condi- 
tion for the existence of a potential energy, but also a sufficient 
condition. We prove this from Stokes’s theorem, discussed in Appen- 
dix IV. Stokes’s theorem can be stated in words in the following way ; 
Suppose we have a closed path, and a vector function such as F, and 
that we find the line integral JF • ds around the complete path, from 
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a starting point back to the same starting point. Assume also that 
we have some surface in space, arbitrary except that its bounding 
edge is formed by the closed path just mentioned. We divide up this 
surface into small elements of area, at each element find the component 
of curl F normal to the element, multiply this normal component of 
curl F by the element of area, and integrate over the surface, forming 
the surface integral of the normal component of curl F. Then Stokes’s 
theorem states that the line integral of the tangential component of 
F around the path, JF • ds, taken in a path in the counterclockwise 
sense about the surface, equals the surface integral of the normal 
component of curl F, over the arbitrary surface spanning the path. 

We can apply this theorem in the following way in our present case : 

We wish to prove that, if curl F = 0, the line integral F • ds 

from XoVaZQ to xyz is independent of the path. Let us consider two 
paths a and h leading from Xq^/oZo to xyz. The difference between 
the line integrals along the paths a and h connecting xqijqZq and xyz 
is evidently the integral around the complete path, from .'Co^/o^o to 
xyz along a, and back again along 6; for reversing the direction of a 
line integral merely changes the sign of the integral. Thus we wish 
to prove that the line integral of F • ds around the complete path is 
zero. But, since by hypothesis curl F = 0, Stokes’s theorem tells us 
that this line integral is zero, and our result is proved. 

Since the vanishing of curl F is a sufficient as well as a necessary 
condition for the existence of a potential energy function, we can 
now loroceed in the following way to find the potential energy in any 
particular ca,se: First, if we are given F as a function of x, y, and z, 
we compute curl F, and see if it is zero. If it is, then we know that 

the line integral r"'" F • ds is independent of the path used in 

Jxoyozo 

traveling from xo'y^Zo to xyz. Then we may use (2.1) to find 
Vix,y,z) — F(.ro,7/o,2()), by integrating F • ds along any arbitrary path 
from ;r()?/() 2 o to xyz. Naturally we use the path along which the 
matliemalit-al |)roblcm of compxiting the integral is the simplest. We 
may l)e sure that we should have found the same answer by using any 
other pa,th. This then gives a complete solution to the problem of 
setting u|) tlu^ potential energy, once the force is known. It of 
(M>urse defines only the difference of potential energy between two 
points; tins is always the case in the determination of potential 
energy. Wi^ may Jilways choose the value of potential energy at a 
liarticnilar i)oint x^yoZi) at will, making whatever choice seems con- 
venient. A similar arbitrary constant will enter into the total energy 
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E, in (2.2), but it will always cancel out when we make practical use of 
the energy method, for we always take the difference between the 
potential energy at two points, or else use the difference E V. 

Before leaving the problem of potential energy functions and 
conservative fields, we shall describe graphical methods of plotting 
them which are very useful in visualizing the situation. If a potential 
energy function exists, we may draw surfaces (in three dimensions) 
or curves (in two dimensions) on which the potential energy is con- 



Fio. 7. — Equipotentials and lines of force for an attracting and a repelling center. 

stant. These are called '^equipotentials.” For instance, in case 
(a), Eq. (2.3), the equipotentials are the lines x = constant; in the 
case of a central field, in which the potential depends on the distance 
from an attracting center, they are concentric spherical surfaces with 
centers at the centers of attraction. We may also draw lines that 
at every point are in the direction ot the force vector through that 
point; these are called "lines of force.” Such lines of foice and 
equipotentials are familiar, for instance, from the case of electrostatic 
forces. 

In Fig. 7, we show equipotentials and lines of force for a simple 
two-dimensional problem of one attracting and one repelling center of 
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force, which is similar to the magnetic problem of lines of force around 
a bar magnet. We note that the equip otentials and lines of force 
intersect at light angles. This is a general relationship, which can 
be proved very easily. By definition, no work can be done in a dis- 
placement from one point to another of the same equipotential. Thus 
the force can have no component along the direction of any displace- 
ment lying on the equipotential; hence it must be at right angles to 
the equipotential. This provides a simple graphical way of sketching 
in the lines of force when the equipotentials are known, or vice versa. 
More than this, the method of the potential allows us to compute forces 
in many cases more conveniently than by direct calculation. In a 
number of types of problems, such as gravitational, electrostatic, and 
magnetostatic problems, the potential energy of a particle at a given 
point can be written as the sum of the potential energies of interaction 
between the particle and a number of point masses, or charges, or 
poles, each of which contributes a term to the potential energy depend- 
ing only on the distance. This potential energy can then be easily 
calculated. After finding the total potential energy, we take its 
gradient to find the force. This is simpler than the method of directly 
computing the force; for in that method, we find the force of attraction 
or repulsion exerted by each of the attracting or repelling centers of 
force, and must then find the vector sum of these forces. It is generally 
more trouble mathematically to find this vector sum, than to add the 
potential energies, which are scalars, and then to take the gradient of 


the resulting function. ^ ^ . x- i 

In problems of motion in two and three dimensions, the potential 

can often be used to discuss the nature of the motion qualitatively, 
much as we have done for one-dimensional motion in Chap. I, Sec. 3. 
Thus for two-dimensional motion, we may plot the potential energy 
V a,s a func.tion of the coordinates x and y. We imagine a ball to 
roll on the resulting surface; its motion gives an approximate picture 
of tlie ac‘.tual motion of the particle. Thus, if the potential energy 
surface has a minimum, a bowl-shaped depression, the ball can 
oscillate in its neighborhood, showing that there are stable orbits 
near potential minima. On the other hand, if the ball has too much 
energy, it can climb over the potential maximum between one depres- 
sion and another, as one can climb over a mountain pass from one 
valley to another. Using such pictures, and drawing on our mtuitive 
knowledge of the rolling of balls, we can get much insight in o e 
orbits of two-dimensional problems; but likewise we 
yince ourselves that the problem is vastly more complicated tha 
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for 0116 d.ini6iisioii. TIig rGason fundamentally is that, instead of 
having the velocity at a given point uniquely determined by the energy, 
except for the question of whether it moves in the positive or negative 
direction, as it is in one dimension, we find in the two-dimensional 
problem that the direction of the velocity at a given point is not 
determined by the energy at all, but only its magnitude. Thus we 
can have an infinite variety of orbits, and except in the very simplest 
case the discussion of these orbits is exceedingly difficult. 

3. Motion of a Particle in a Central* Field. — In the preceding 
section, we have seen that not all force fields in which the force is a 
function of position only are conservative. We found a simple test 
to tell whether any given force field is conservative, however, and 
set up a method for finding the potential energy from the force, if it 
is conservative. For a conservative force, we have shown that the 
law of conservation of energy holds, as in the one-dimensional problem. 
But we have mentioned that we cannot take the further step that was 
possible in the one-dimensional case, and derive a general method of 
solution of the equations of motion, based on the energy integral. 
We shall now consider the special case of central motion, in which we 
can get an explicit solution; by studying it, we shall see why the 
method we use there cannot be applied in the general case, and shall 
get an insight into the difficulties of the general problem. We shall 
handle this problem in the present chapter by very elementary 
methods, postponing until the next chapter a more general discussion. 

By a central field we mean a force field in which the force always 
points directly toward or away from a central point, which we may 
choose to be the origin, and furthermore in which the magnitude of 
the force depends only on the distance from the central point. In 
this case we can easily prove by elementary methods tliat the force is 
conservative. Let the magnitude of the force be F(r), where r is the 
distance from the center to the point in question. Consider the 
quantity F • ds, which we must sum to find the work done along an 
arbitrary path. We may find this by multiplying the magnitude of the 
force by the component of ds along the force. Since the force is along 
r, this component of ds is simply dr, the change in r. Thus (2.1) 
becomes 

V{x,y,z) — F(vo,2/o,2o) = — j^^F(r)dr. (3.1) 

where the integral obviously depends only on the values of r at the 
initial and final points. As a result, the potential energy can be 
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F{t) = 


dr 


If we remember that r = s/ , so that 

^ dr _ y dr _ z 

dx T dy r dz r 

we may find the components of F, using (2.4), in the form 


(3.2) 




Pv =lP(r), 



(3,3) 


Equation (3.3) expresses a general central force in terms of its compo- 
nents. It is a simple exercise to verify the fact that this force has a 
curl equal to zero, by substituting in (2.7), and using (3.2). 

There are a number of very familiar and important examples of 
central forces in physics. Most famous is the gravitational attraction 
between two spherical masses, which can be shown to act as if each 
mass were concentrated at its center, and to result in an attractive 
force proportional to the product ot the masses, and inversely pro- 
portional to the stiuare of the distance between. That is, if M and m 
are the two masses, r tlie distance between, we have 




M rn 

~ 7 


(3.4) 


where ^ is called tlie gravitational constant. Its value in the cgs 
system is ().G58 X 10“*^; tliat is, if M and m are in grams, r in centi- 
meters, F{r) will come out in dynes. In the mks system, the constant 
is ().()58 X 10“^^; we shall not have occasion to use it in the English 
system. With the force given by (3.4), the potential energy may be 


written 


y(r) = 


Mm 

T 77' 


As we have mentioned before, we could add any arbitrary constant to 
this value; our choice is dictated by convenience, and amounts to 
choosing the potential energy to be zero at infinity. 

A second famous example of central forces is the attraction or 
repulsion lietween r><>int charges in electrostatics. Coulomb’s law 
stat.es t.lnit two point charges, of magnitude q and q’ , repel each other 


with a force 


P{r) 



(3.5) 
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if q and q' are expressed in electrostatic units, r in centimeters, and 
F in d 5 mes, or with a force 

where 

60 = 8.85 X 10~^^ farads per meter, 

where q and q' are expressed in coulombs, r in meters, and F in newtons. 
We note that, if q and q' are of opposite sign, the force will be negative, 
representing an attraction instead of a repulsion. The potential 
energy for the Coulomb law is 

V(r) = Sf ( 3 . 7 ) 

for cgs units as in (3.5), and 

i 

for mks units as in (3.6). 

Another simple and familiar central force is an attraction to the 
origin, proportional to the distance from it: 

F(r) — — ar, y(r) = 3^ar^. 

The components of force in this case are 

F* = —ax, Fy = —ay, Fz = —az, 

so that the equations of motion (1.2) break up into three separate 
equations, one involving x, the next y, the last z only, which can be 
solved independently, each leading to simple harmonic motion as in 
the preceding chapter. This is the case of the three-dimensional 
linear oscillator. 

More generally, we notice that all the examples we have mentioned 
are special cases of the general formula 

F(r) = constant r", (3.9)- 

where n is an integer, with a potential energy 

V(r) = — constant — ; — 

n -f- 1 

which holds except when n = —1. The gravitational and Coulomb 
cases correspond to n = — 2, the three-dimensional linear oscillator to 
n = 1. The cases for other values of n are of less physical interest, 
but they are sometimes encountered. Fortunately the method of 
solution that we shall now describe holds quite generally, not merely 
for any value of n in (3.9), but for any arbitrary central force. 
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The first point to notice about motion under a central force is 
that the motion takes place in a plane. Suppose the motion starts 
with a certain initial velocity Vo (a vector) at time io- A plane is 
determined by the radius vector ro, of components Xq, yo, Zq, and by the 
velocity Vo, and the motion never leaves this plane. To see this, we 
notice that at to there is no force perpendicular to the plane. Thus 
there is no component of acceleration perpendicular to it, so that the 
velocity remains in the plane. Carrying on from instant to instant, 
the same plane will be determined at any later instant by radius vector 
and velocity vector, and this plane will remain permanently the plane 
of the orbit. Thus we may take x and y axes in this plane, and the 
problem becomes a two-dimensional one. 

Considering central motion in a plane, we know from elementary 
mechanics that the problem is greatly simplified if we introduce 
polar coordinates, with the origin at the center of attraction. Kine- 
matically we describe the particle by the polar coordinates r, S, defined 
in terms of x and y by the relations 

X = r cos 9, y = r sin 9. (3.10) 

The components of velocity and acceleration, denoting time deriva- 
tives by a single dot and second time derivatives by a double dot, are 

X — f cos 6 — r9 sin 9, y = t sin 9 r& cos 9 

X = f cos 9 — 2fd sin 9 — cos 9 — r9 sin 6 

y ~ f sin 9 ■+- 2f^ cos 9 — sin B 4- t9 cos 6 (3.11) 

We next find components of velocity and acceleration, not in the xy 
coordinates, but along the directions of increasing r and of increasing 
9. Calling these Vr, vo^ «r, o>o, we have 

Vr == X cos (9 4-?/ sin 9 — f 

Vo — —X sin 9 -h y cos 9 — r6 

(ir == X cos 0 -f ?/ sin 9 = f — 

cio — — X sin 9 y cos 9 = 2r^ 4~ (3.12) 

To make connections with elementary work, we remember that the 
angular velocity is defined by 

00 = 6 

and the angular acceleration by 

« = 

Then the component of velocity in the direction of increasing 9 is 
rco. The component of acceleration along r includes not only r, 
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generally called the “radial acceleration,” but also the term 


■rco 


2 _ 




the centripetal acceleration, or the acceleration toward the origin 
that results from uniform motion in a circle of radius r. The accelera- 
tion along the direction of increasing 6 includes not only the term 
roc, but also the term 2fB, which is usually not computed in elementary 
treatments, but which may be called the “Coriolis acceleration,” 
since the force associated with it is called the “Coriolis force.” 

For a general force, with components Fr, Fe along the directions 
of increasing r and 6, the equations of motion become 


m 


dV 

If 


{deV 

- U j = 


F. 


rj 


d^d dr dd 


Fe. (3.13) 


The second of these equations may be rewritten in the form 


d f 2 

dt dt) ~ 


rFt 


(3.14) 


The quantity nir'^{dd/dt) is called the “angular momentum,” mr^ 
the “moment of inertia,” rFe the “moment” of the force F, or the 
“torque.” Thus, if the angular momentum is called 'p, the moment 
of inertia I, and the torque M, we have 


P 


1 02 , 


dp 

~dt 


= M. 


(3.15) 


In the general case, r and 6 are mixed up inextricably in the equations 
of motion (3.13) and (3.14), and we are no nearer a solution in polar 
coordinates than we were in rectangular coordinates. For a central 
force, however, the torque M is zero, so that (3.15) states that the 
angular momentum is constant. That is, this forms an integral of the 
motion, just as the energy does. This allows us to carry out a com- 
plete solution of the problem. 

To make use of the constancy of angular momentum in the central 
field problem, we write 6 in terms of r and p. We have 


2 dd dd 

= -dt 


p 


mr^ 


(3.16) 


We can then use this in the first equation of (3.13), which becomes 


m 


dV 

dF 


F(r) + ^ 


mr* 


(3.17) 



Sec. 3] 


MOTION IN TWO AND THREE DIMENSIONS 


57 


That is, we have reduced the problem to a one-dimensional one of 
motion along r; the apparent force, however, is not merely F{r), but 
there is an additional force tending to increase r, inversely proportional 
to r®, resulting from the rotation. This is the centrifugal force, a 
fictitious force that must be added in the radial problem to make it 
formally like a one-dimensional problem. 

Having reduced our problem to a one-dimensional one, we can 
use the method of conservation of energy to get a complete solution. 
We can set up an effective potential energy, V'{r), given by 

y'(,.) = F(r) + (3.18) 


whose negative derivative with respect to r gives the apparent force 
on the right side of (3.17). We can then proceed just as in Chap. 1, 
Eq. (2.8), and find the solution for time as a function of r: 


i - /o 



dr 


(3.19) 


From Eq. (3.19), we can find r as a function of time, in terms of three 
arbitrary constants: the energy E, the angular momentum p, and the 
value of radius ro when time is to. Having found r as a function of 
time, we can use (3.1G) to get d as a function of time, by a single 
integration, introducing one additional arbitrary constant, the value 
00 when t = U. These four constants are the proper number for our 
problem, which contains two second order differential equations, each 
of which requires two arbitrary constants. If we are given our 
initial conditions l)y tlic statement tliat the positions and velocities 
have specified values at i ~ to, we can determine the energy and 
angular momentum from tlu^se initial conditions. The angular 
momentum can be found directly from (3.16), and the energy from 
the equation 


E — 2 Vq) + V (r) 


g ($}) + 5 (^) + 


(3.20) 


It is interesting and significant to note from these formulas that 
the extra term p^l 2 ni 7 '‘^ which must be added to V (r) to get the eftective 
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potential energy V'{r) is just the kinetic energy associated 

with the rotational motion. The fact that this contributes the 
centrifugal force term to the equation of radial motion is a result 
of the fact that, when the angular momentum remains constant, this 
term in the kinetic energy depends on r, so that it acts in a sense like 
a potential energy. 

4. The Inverse Square Law. — If two particles attract each other 
according to the inverse square law, the center of mass of the system 
remains fixed, and either one may be considered as attracted to this 
center of mass with a force varying inversely as the square of the 
distance from the particle to the center of mass. Familiar examples 
are a planet attracted by the sun, and an electron (according to 
classical mechanics) attracted by a positive nucleus. A, particle 
moving according to such a force obeys Kepler’s laws: first, the 
particle travels in an ellipse or hyperbola, or their special cases a 
circle or parabola, with the attracting center at one of the foci; 
secondly, the radius vector from the center to the particle sweeps 
out equal areas in equal times; thirdly, for the elliptical orbits, 
which result in periodic motions, the squares of the periods of rotation 
are proportional to the cubes of the major axes of the orbits. In 
the present section we shall prove these results, and show how they 
fit in with our general treatment of the central field problem. 

We begin by considering a few simple properties of the conic 
sections, the ellipse and hyperbola (and their limiting cases the 
circle and parabola). In Fig. 8 we show an ellipse and a hyperbola. 
The fundamental geometrical definition of the ellipse states that 
the sum of the distances from the two foci to any point on the 
ellipse is a constant, which we shall call 2a. A little reflection will show 
that the major axis, or longest diameter, of the ellipse, must equal 
2a, so that a is the semimajor axis. The distance between foci is 
called 2a€, where e, which must clearly be less than unity, is called 
the ‘^eccentricity.” If the eccentricity is zero, the ellipse degenerates 
to a circle; if it is unity, and simultaneously the major axis becomes 
infinite, the ellipse becomes a parabola. Let us find the equation of 
the ellipse in polar coordinates, the right-hand focus being the origin. 
If r is the distance from the origin to a point of the ellipse, r' the 
distance from the other focus to the same point, then by the law of 
cosines we have 


r' = -s/ 4- (2a€)^ -4- 2r(2a€) cos 6. 


Writing the equation of the ellipse in the form r -fi r' = 2a, sciuaring 
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and canceling terms, we have 

^ a(l - ^') ■ (4.1) 

1 + € COS 0 

Similarly we consider the hyperbola. Here the difference between 
the distances of any point of the curve to the two foci is const-ant. 
As before, we call the constant 2a, and see that it equals the shortest 



distance between the two branches of the hyperbola. Again we ea,ll 
the distance between foci 2a€, where now the eccentricity e is gr(‘a.t(‘r 
than unity. The equation of the hyperbola is r' — r = 2a (for th(^ 
right-hand branch), and, proceeding as before, tliis becomes 

a(^ - 1 ) ^ 

1 — 6 cos 0 


r 


(4.2) 
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We note that, since « is greater than unity for the hyperbola, the 
denominator can become zero, and r infinite, for two values of 9, 
the asymptotes. On the other hand, in the equation (4.1) for the 
ellipse, the denominator never becomes zero, and r always stays 
finite. 

We shall now prove Kepler’s first law, that the orbit of a particle 
moving according to the inverse square law is a conic section. For 
definiteness, we assume that the particle is a mass m, moving under 
the gravitational attraction of a mass M which is so large that it can 
he assumed to remain fixed at the origin (as, for instance, the sun). 
Then Eq. (3.17) becomes 


m 


d^r 

dt^ 


mM , 

‘T 1 1 


Also from (3.16) we have 

dd _ p 
dt 


(4.3) 

(4.4) 


We now wish to derive the equation of the orbit, the relation between 
r and 0, eliminating the time, to show that this equation takes the 
form (4.1) or (4.2). This is most easily done by making the substitu- 
tion u = 1/r. Making this substitution, we have 

^ _ 1 du dd p du 

dt dd dt m dd 

— = — 2. ^ ^ f pV 2 

dt^ m dd^ dt ~ \m/ dd^ 

Substituting into (4.3), we have 


d^u 

dd"^ 


“h u 


TnMM 
V 


(4.5) 


Equation (4.5) is of a familiar type; if 9 were the time instead of the 
angle, it would be the equation for simple harmonic motion, with a 
constant impressed force. Its general solution may be written in the 
form 


1 7n^]\d[ 

'll = - = j 4- A cos (6> - do). (4.6) 

We may now compare the solution (4.6) with Eqs. (4.1) and 
(4.2) for the ellipse and hyperbola. Clearly they are of the same 
form. If we choose the orientation of the orbit so that 9 a = 0, then by 
comparison we see that A is related to the eccentricity by the relation 
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Then we have 


A = + 




m^M 


a 


P‘ 


7mW|€2 


(4.7) 

(4.8) 


With this assumption, (4.6) then becomes equivalent to (4.1) or 
(4.2), depending on whether € is less than or greater than unity, so 
that we have proved Kepler^s first law. 

Next we consider Kepler’s second law, that the area swept out 
by the radius vector is proportional to the time. This is a direct 
consequence of (4.4), and holds for any central motion in which the 
angular momentum is conserved, not merely for motion under the 
inverse square law. In time dt, the radius vector will sweep out a 
small triangle of altitude r, base r dd, in consequence of the increase 
of d. This triangle has an area dd. Thus the rate of sweeping 
out of area is 

(area) ^ 1 ^ ^ V .. 

dt 2 dt 2m ^ ^ 


and is constant, on account of the constancy of angular momentum p. 

We may now use Kepler’s second law to give a derivation of his 
third law, relating the period of rotation to the major axis of the 
ellipse, in the elliptical case. Integrating (4.9) about a complete 
period, we have 

O VJ 

Pc!ri{j(i 7’ = (area). (4.10) 

We may find the area of the elliptical orbit from the semimajor 
axis a and the semi minor axis b. We have found the former in (4.8). 
To find b, we note froin Fig. 8 that the quantities ae, b, and a form 
the two legs and the hyi^otenuse of a right triangle, so that 

b — a -s/i — 

The area of an ellipse is TvaJ). Thus, substituting in (4.10), we have 



Thus we verify Kepler’s third law that the square of the period of 
rotation is i)roportional to tlu^ cube of the major axis of the orbit, 
independent of tlie minor- axis, and also independent of the mass of 
the particle. We note that, as the major axis becomes infinite, the 
period also becomes infinite; naturally the hyperbolic orbits all 
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pquire infinite time for the particle to traverse them, so that there 
is nothing equivalent to Kepler^ s third law for them. 

5. The Energy Method for the Inverse Square Law. — We have so 
far based our solution of the problem of motion under the inverse 
square law on the equation of motion, (4.3). W^e may also proceed 



by use of the energy method, as in Eqs. (3.18) to (3.20). The enertrv 
from (3.18) and (3.20), is " ’ 


E 



H- 




2m 


— y 


mM 

r 


(5.1) 


Before using this to discuss the motion, let us compute the energy 
in terms of the properties of the orbit, using the methods of Sec. 4. 
Since the energy remains constant during the motion, we may com- 
pute E at any instant, and the convenient time at which to make 
the calculation is the time at which dr/dt = 0, or at the maximum 
or minimum value of r. From (4.6) and (4.7) we have 


1 __ m^M .. , . 

~ T -~2 (1 ± e ), 

f min, max // 

where the 4- sign gives the minimum r, the — 


(5.2) 

sign the maximum. 
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Substituting these values in (5.1), we find 


^ ~ ■■2p2 



(5.3) 


That is, the energy is positive for the hyperbolic orbits, negative for 
the elliptical orbits. Using (4.8), we can rewrite this 


E = 


+ T 


mM 


(5.4) 


where the + sign is used for hyperbolic, the — for elliptical, orbits. 
From (4.11) and (5.4) we see the interesting facts that all elliptic 
orbits of the same major axis have the same energy, and also the same 
period. We may combine the formulas into the expression 



(5.5) 


To discuss the motion qualitatively, using the energy integral, 
we may plot the effective potential energy 


Tr// N V 

u (r) = o o — T — 
2mr^ r 


(5.6) 


as in Fig. 9. We see that this effective potential energy has a mini- 
mum, at a value of r given by 

mM _ ^ 

nvr^ r'^ ’ ^ 

which comes about when the attractive force is balanced by the centrif- 
ugal force. The corresponding value of V'{r) is easily seen to be 
— ymM/2r. If the energy has this value, the motion is in a circular 
orbit. We note that in this orbit the potential energy is —ymM/r, 
and the term p^/2mr^, which in this case is the complete kinetic 
energy, since the term in {dr/dty is zero, is ymM/2r. Thus in the 
case of the circular orbit, the kinetic energy is minus half the potential 
energy, so that the total energy is half the potential energy. It can 
be proved, by methods more advanced than we are employing at 
the moment, that this result is true for the elliptical orbits as well, 
if we state it in terms of time averages: the average kinetic energy 
is half the negative of the average potential energy, or the negative 
of the total energy. This is a general result for inverse square forces; 
an analogous result holds for other central forces. 

For energies between the energy of the circular orbit, and zero, 
it is clear from Fig. 9 that a line of constant energy intersects the curve 
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of V'ir) twice, so that the motion takes place between two values of r, 
given by (5.2), where e in (5.2) can be found by solving (5.3) for € 
as a function of E. These orbits are the elliptical orbits. On the 
other hand, for positive energies; it is obvious from Fig. 9 that the 
orbit is not periodic, but rather that the particle comes in from infinity 
to a minimum distance, reverses, and recedes to infinity again. This 
is the description, in terms of r, of the hyperbolic orbits. 

We may use the method of energy in the familiar way to find 
r, and also 6, as functions of time. For r, we have 



'\/{2/m'){E -h {ymM /r) — /2mr‘^)\ 

This can be integrated, though we shall not carry it through; it is 
essentially the same problem taken up in Probs. 16, 17, and 18 of 
Chap. I. If we integrate from Train to Tmox. of (5.2), we shall have 
half the period, and we find easily that the period is given by (5.5), 
which we have already found by another method. Also we can find 
6. From (3.16) we may write 

dt = — dd. 

V 

We write r in terms of 6, from (4.1). This expression can be integrated 
to give i as a function of 6, and here as before we can find the period, 
by carrying out the integral from 0 = 0 to 27r, again with the same 
result as before. 

We have now given a fairly complete discussion of the motion 
of a particle under the action of the inverse square law. One obvious 
example of this theory is the motion of the planets, comets, and other 
bodies around the sun, for which the theory was originally devised. 
The planets move in elliptical orbits of slight eccentricity, almost 
circular. Some of the comets move in much more eccentric elliptical 
orbits, and occasional objects enter the solar system from outside, 
in hyperbolic orbits. 

A second example is found in atomic structure, where the hydrogen 
atom consists of a light body, an electron, moving under the electro- 
static inverse square attraction about a heavy nucleus. Atoms are 
really governed by wave mechanics, not by Newtonian mechanics. 
Nevertheless there are such widespread analogies between the two 
theories that a thorough knowledge of planetary motion has been 
of the greatest value in working out the explanation of atomic struc- 
ture. There can be hyperbolic as well as elliptical orbits in such 
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problems- Our analysis is only slightly changed if the inverse square 
law is repulsive, rather than attractive, as would be the case with 
the repulsion between two like electric charges. In this case, the 
energy term in 1/r, in (5.6), will be positive, so that the effective 
potential energy will have no minimum, but will always be greater 
than the value zero which it has at infinity. Thus there are no 
periodic orbits in this case, only hyperbolic orbits. This problem 
is met when the nuclei of atoms are bombarded with heavy positively 
charged particles, as alpha particles. Rutherford’s experiments, 
which verified the existence of atomic nuclei, consisted of a study 
of the scattering of alpha particles by atoms, and the distribution 
in angle of the scattered particles. The calculation was made by 
the methods of the present chapter, and the excellent agreement 
between experiment and theory allowed him to draw the definite con- 
clusion that the atoms contained nuclei repelling according to the 
inverse square law, and allowed him further to estimate the nuclear 
charges rather accurately. These calculations of course were made 
using Newtonian mechanics; it is an interesting fact that for this 
particular problem wave mechanics gives just the same formula as 
classical mechanics, so that the agreement with experiment is not 
destroyed. 

In addition to the inverse square law, we can of course use the 
energy method for discussing other cases of central motion. Only 
two other cases of central motion are easy to discuss analytically. 
First there is the case of a restoring force proportional to the displace- 
ment, which we have already mentioned. Then there is the rather 
remarkable case of a force inversely proportional to the cube of the 
distance, in which, as for instance we see from (3.17), the restoring 
force term has the same dependence on r as the centrifugal force term. 
If there is no external force at all, (3.17) of course tells us that during 
the motion r decreases from infinity, goes to a minimum distance, and 
then increases to infinity again; for the motion is uniform motion in a 
straight line, and r is the distance from a point on this line to the 
origin. In the case of the inverse cube force, we have just the same 
variation of r with time, only the effective force on the right side of 
(3.17) is not related in the normal way to the angular momentum, 
so that the angle must be calculated somewhat differently in (3.16). 

Aside from these two cases of the force proportional to r, and 
inversely as r®, we must resort to the energy method to get a discussion 
of the motion. By that method we can get immediate answers to 
questions as to whether the motion is periodic or not, and over what 
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ranges of energy. One case in which the energy method has been 
particularly important is the problem of atoms with many electrons, 
in wave mechanics. The electrons group themselves about the nucleus 
so as to give essentially a central field, when we average over time. 
In discussing the motion of an electron in such a field, in wave mechan- 
ics, we find that the first step is to carry through a similar discussion 
of motion by the energy method using classical mechanics; the wave 
mechanical solution is based on this classical solution. It thus comes 
about that, in the development of atomic theory, at the hands of Bohr, 
Sommerfeld, Hartree, and others, the study of central motion has 
been a constant and valuable guide. 

Problems 

1. Let Fx — y, Fy = —x,Fz— 0. Prove that this vector field represents a 
force tangent to circles about the origin in the xy plane. Compute /F - ds around 
such a circle. Find the curl of the force, and discuss the question as to whether it 
is a conservative field or not. 

2. In ithe gravitational field of a mass w, the potential is given by —ym/r, 

•where r is the distance from the mass, given by -H z‘^, if the mass is 

at the origin. Obtain the components of the force vector by direct differentiation. 
Find the curl of the force, and show that it is zero. 

3. Find which ones of the following forces are derival>le froir» potentials, and 
describe the physical nature of the force fields. Set up the potential in cases 
■where that can be done: 


(a) 

= Ji , 

a;2 -b y'^ 

^ V ^2 _l_ 

F, = 0. 

(b) 

F - Jl- , 

F - - .'C 

F, = 0. 

"V x^ -|- 


(c) 

Fx = xf(r), 

Fy = ym, 

F. = zf{r), 


where /(r) is an arbitrary function of the distance from the origin. 

(d) Fx = Fy = f-z{y), Fe — fiiiz). 

4. Taking the potential field from Proh. 2, find fhe line integral J'F • ds 
around a square of arbitrary size in the xy plane, with tlie origin at. it.s center. 
Show by direct calculation that the integral always vanislies. Do the same for a 
path made uio as follows: tlic part of the square of side 2a, made of lim's at x = —a, 
y — which lies at negative values of x, and the part of the (■;ir<',le of radius 

a, center at the origin, which joins onto and completes the figure for positive a:’s. 

6 . A particle of mass m, is attracted to a cent.cr l)y a force —yniM/r^. Find 
the necessary relation between <;nergy and angular momentum for perihelion and 
aphelion distances to be etjual, so that the orbit is circular. ( 'het-k thi.s relation 
by elementary discussion, balancing the centrifugal force in the circular motion 
against the attraction. 

6. A particle in an inverse square field e.xecnites an elliptical motion with the 
center of attractioix as a focus. Find the period of this motion, by considering 
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the radial motion and using the energy integral, and show that the result agrees 
with that found in Eq. (5.5). 

7. Suppose a particle of mass m, charge e, collides with a very heavy particle 
that has charge e', so that it repels with a potential energy ee'/^Treor, using mks 
units. The first particle is moving with a velocity vq at a great distance, and is 
aimed so that, if it continued in a straight line, it would pass by the center of 
repulsion at a minimum distance R. Note that this determines the angular 
momentum. Using the energy method, find the perihelion distance as a function 
of R and the velocity of the particle. 

8. Discuss in detail the motion of the particle in Prob. 7, showing that it will 
be deflected so that after the collision the line of travel will make an angle <p with 

the initial direction, where tan -- = Such deflections are observed in 

47r€oWZ7QjR 

collisions between alpha particles and atomic nuclei, in Rutherford’s scattering 
experiments. 

Suggestions: The particle executes a hyperbolic orbit, and the desired angle 
is the angle between the asymptotes. Now the equation of a hyperbola is given 
in (4.2), and the asymptotes come when the denominator is zero, giving the angle 
of the asymptotes in terms of We need then only determine e in terms of 
energy and angular momentum. 

9. A two-dimensional linear oscillator is attracted to a center by a force 
proportional to the distance, or E® = —ax, Fy = —ay. Solve in rectangular 
coordinates, separating variables, showing that x and y execute independent 
simple harmonic vibrations with the same freqxiency. Prove that the resulting 
orbit is an ellipse, with its center at the center of attraction. 

10. Taking the solution of Prob. 9 in rectangular coordinates, find the angular 
momentum vector by ordinary vector formulas from the displacement and velocity, 
and prove by direct computation that it remains constant. Find the angular 
momentum as a function of the dimensions of the elliptical orbit, and show its 
connection with the area of the orbit. 

11. Set up the problem of the two-dimensional linear oscillator, as in Prob. 9, 
using polar coordinates. Separate variables, solve the radial problem by the 
energy method, compute the period in this way, and show that it is in agreement 
with the period as found in Prob. 9. 

12. Suppose in a two-dimensional oscillator that the force constants along 
the two axes are only slightly different from each other. Prove that the orbit 
resembles an ellipse, of slowly changing shape and size. [Hint: Show that 
X = A cos {oit — a), y = B cos (ojt — jS), where A, B, oc, and j9, are constants, 
is the equation of the ellipse. Then show that the equation of the path of the 
oscillator can be written in this form, if oc and /? are slowly changing functions of 
time.] 

13. A particle moving in two dimensions is attracted by two centers, of the 
same strength, attracting with a force proportional to the inverse square of the 
distance. Compute and plot a number of equipotentials, showing that for some 
energies the motion must be entirely confined to the region around one or the 
other center, while for larger energies it can surround both centers. 

„ 14. A particle moves in three dimensions under the action of a force of attrac- 
tion to a center, depending only on the distance. Set up the problem in spherical 
coordinates. Show that the variables can be separated. Show that energy. 
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total angular momentum, and the component of angular momentum along the 
axis of coordinates, all remain fixed. Using the obvious fact that the motion 
occurs in a plane and is just like the two-dimensional central motion in that plane, 
show that the periods of the motions in 6 and <p are the same. 

16. A particle moves in a plane under the action of a nonconservative force 
Fx = 0, = f{x). Show that the orbit is given by the solution of the equation 


+ A/(a:) — 0, where A is a constant. 


Discuss the motion in detail when f{x) is 


a linear function of x. 

16. If a planet moving in a circular orbit were suddenly stopped, find how long 
it would take for it to fall into the sun in terms of its original period. 

17. The eccentricity of the earth’s orbit around the sun is Ko- For how 
many days of the year is the distance from sun to earth greater than the semimajor 
axis of the orbit? What are the times of describing the two halves of the orbit, 
bounded by the laUis rectum passing through the sun (that is, the straight line 
perpendicular to the major axis passing through the sun) ? 

18. A particle performs circular motion in a central field. It is then slightly 
displaced from the circular orbit. Show that r oscillat(;s about the value charac- 
teristic of the circular orbit, in a stable oscillation, only if — (r/f) {df /dr) < 3, 
where /(r) is the force as a function of r, and where the quantity is to be computed 
at the radius of the circular orbit. 

19. A particle moves in the xy plane. Find expressions for the x and y com- 
ponents of acceleration if the xy axes rotate with constant angular velocity w about 
the z axis. 

20. In a magnetic field B, a charge e experiences a force equal to e{y X B), 
where v is the velocity vector. An electron moves in an electric field whose 
potential depends only on the distance from the z axis, arid in a uniform magnetic 
field pointing along the z axis. Set up the equations of motion in a cylindrical 
coordinate system rotating with a constant angular velocity co about the z axis. 
Find the angular velocity co for which the Coriolis acccdin-ation vanislu's, and show 
that to the first order in the magnetic field the motion of the electron in this 
rotating system is determined by the electric field alone, but that there is a fictitious 
potential energy term proportional to the square of the magnetii; field and to the 
square of r. The angular frequency that is found in this way is called the ‘‘Larmor 
frequency.” 

21. A particle of mass m slides on the inside of a vertical circular track of 
radius r, the coefficient of friction being ix. If it starts fi-om rc'st, a,t the end of a 
horizontal diameter, how high will it rise on the opposit(i side of llie track? 

22. Discuss the motion of a projectile in air, assuming a vis(a)UH resistance 
proportional to the speed of the projectile, 

23. Show that for an elliptical orbit of small eccerntrieity e, the radius vector 
from sun to planet sweeps out an angle 6 in time i, given very nearly by 


d 


‘Zirt 

Ir 


-j~ 26 sin 



where T is the period of the motion. 



CHAPTER lY 

LAGRANGE’S AND HAMILTON’S EQUATIONS 


In the preceding chapter we took up the problem of motion in a 
central field, and we found that it is natural to introduce polar coordi- 
nates on account of the symmetry of the problem. This is a simple 
example of a very common situation, in which the use of coordinates 
other than rectangular is highly desirable. In Sec. 3 of that chapter 
we carried out a transformation of the equations of motion from 
rectangular to polar coordinates and such a transformation can always 
be carried out, in an analogous way. There is an easier way to make 
the transformation, however, and that is by the method worked out 
by the eighteenth century mathematician Lagrange. Lagrange’s 
equations allow us to set up Newton’s equations of motion rather 
easily in terms of any generalized coordinates; that is, in terms of 
any set of variables capable of describing the positions of all the 
particles in the system. They contribute nothing new in a physical 
sense, for they are based on Newton’s equations; but they are a 
valuable addition to the mathematical technique of dealing with 
mechanical problems. They are useful not only in setting up problems 
of motion of particles in various coordinate systems, but also for 
problems involving constraints. As an example, we may have a 
particle sliding down an inclined plane. If we look at the problem 
in a general sense, it takes two coordinates, the horizontal and vertical 
displacements, to describe the motion of the particle. However, there 
is a condition of constraint: the particle must move on the surface 
of the plane. Lagrange’s method allows us at once to set up an 
equation of motion for the single remaining coordinate, which may, 
for instance, be taken as the distance measured along the surface of 
the plane. We shall find many illustrations of the usefulness of 
Lagrange’s equations in later chapters. 

1. Derivation of Lagrange’s Equations. — As a first step in the 
derivation of Lagrange’s equations, we must describe the generalized 
coordinates in terms of which we wish to express the equations of 
motion. We start with rectangular coordinates. For generality, we 
assume that our mechanical system may consist of several particles, 
each with its own x, y, and z coordinates. Thus to describe the 
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system we need three times as many coordinates as there are particles. 
To simplify notation, let ns call these coordinates xx, x^, . . . 
where rci, would be the a:, y, and 2 of the first particle, a- 4 , a-s, and xe 

of the second, and so on, n equaling three times the number of particles. 
We now wish to express the equations of motion, not in terms of 
xi . . . but in terms of n other quantities, <Zi . . . which are 
functions of the x’s. These q’s are the generalized coordinates. For 
example, in our case of planetary motion, whei e we had one particle 
moving in a plane, so that we needed only x and y to desc^iibe it (x 
and y being then Xi and x^, in our present notation), the two quantities 
gi and ga would be r and 6, the polar coordinates. 

In some problems, certain constraints exist, limiting the motion 
of the particles. For instance, a bead may be constrained to slide 
along a curved wire. In such cases, certain relations between the 
Xi’s are imposed by the constraints, as in our example, where the 
Xi’s must be related by the equations describing the shape of the wire. 
In such a case, fewer than n generalized coordinates are required to 
describe the system. For instance, in our cxn,mi)le, we need only 
one coordinate, the distance measured along the wire from a fixed 
point to the bead. The number of generalized coordinates required 
to determine the system completely, in a problem involving constraints, 
is called the number of degrees of freedom” of tlie system. A 
problem involving constraints may be brought into our gt'neral frame- 
work by choosing the generalized coordinates in siudi a, way that the 
constraints are expressed by stating that certain ones of tli(‘ generalized 
coordinates are constant. For instance, if a l>ead is constrained to 
move on a circular wire, we choose polar coordinates wit.li center at 
the center of the circle, and can express the con strand, by the eciuation 
r = constant, so that we are left with just one degree of freedom, 
described by the generalized coordinate 0. 

We shall now write the functional relationshi{> l)etw(‘en the x’s 
and g’s in the form 


Xi = Xi(g] 


gn) : 


n. 


where by Xi(gi . . . qn) we mean some definite' function of the g’s, 
and where for the present we take no explicit, account of the con- 
straints. The corresponding equations in (duq). Ill weie Eqs. 
(3.10), X = r cos d, y = r sin 0. As in Cfiuip. HI, we shall want 
expressions for the velocity components Xi in terms of the g’s and g's. 
Remembering that the g’s are functions of time, the general equations 
of which (3.11) of Chap. ITT are a special case are 
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Xi = 



dXj 

dqj 




( 1 * 1 ) 


These express the x’s as linear functions of the g’s, the coefficients 
dXi/dqf being functions of the coordinates- We shall shortly want 
to use the partial derivative of Xi with respect to qj, keeping the q’s, 
and the other g’s, constant. From (1.1) it is 


dxi _ 


( 1 . 2 ) 


In terms of the a;’s, we may write Newton’s equations of motion in the 
form 


d 

dt 


(miXi) = TtiiXi — Fi, 


(1.3) 


where mi is the mass associated with the coordinate Xi (that is, for 
i ~ 1, 2, 3, Wi would be the mass of the first particle, for i = 4, 5, 6 
the mass of the second particle, and so on), and Fi is the component 
of force associated with this same coordinate. We now wish to write 
these equations in terms of the g’s and g’s. 

It turns out to be a simplification if we introduce at the outset 
the idea of kinetic energy, momentum, and work done. Let the 
kinetic energy be T. It is defined as usual by the equation 

2’ = 2 (1.4) 

i 

Using (1.1), we may express T in terms of the g’s; it becomes a quad- 
ratic expression in the g’s, the coefficients depending on the g’s. 
We note that dT/dXi — miXi, the component of momentum associated 
with the d.h coordinate. There is a corresponding relation in terms of 
the generalized coordinates. In (1.4), assumihg the XiS expressed 
in terms of the g^’s and gi’s by use of Eq. (1.1), we define a generalized 
momentum associated with the coordinate qi by the equation 


dT 

dqi 


Vi. 


(1.5) 


For instance, in polar coordinates, as in the last chapter, we can 
find the kinetic energy directly, without considering the rectangular 
coordinates. There are two components of velocity: along r, the 
velocity component is f, and along d it is r^, or roo, where co is the 
angular velocity. Thus the kinetic energy is T = -T 
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The radial momentum is dT/dr = mf, as we should expect, and the 
momentum associated with 6 is which by Eq. (3.16) of Chap. Ill 
is the angular momentum. 

The work done by the forces Fi, in a small displacement, is 



( 1 . 6 ) 


We can express this in terms of the g’s as follows: it is 
= y iT, || dqt = ^ Q, dq,; Qi = ^ 


E, 


dXi 

dqj 


(1.7) 


Since the work done is the product of a Qj with a displacement dq,, 
we call the Q/s the generalized forces associated with the generalized 
coordinates g,-. In polar coordinates, if Fr is the component of force 
along r, and M is the moment of the force about the axis, the work done 
is Fr dr M dd; hence Fr and M are the generalized forces associated 
with r and 6, respectively. As we see by our illustration of polar 
coordinates, we can generally find the expressions for kinetic energy, 
momentum, and generalized forces, in terms of generalized coordinates, 
without writing down explicitly the transformations from rectangular 
to genei'alized coordinates. 

We are now ready to find the form that Newton’s equations (1.3) 
take in generalized coordinates. Let us compute the time rate of 
change of the generalized momentum p*, as defined in (1.5), and see 
what relation this has to the generalized force. We have 


dT V - V • 

dqi jL/ ^ ' dqi 4 / ' ' dqi 

3 3 

where we have used (1.2). Taking the time derivative, this gives 

h V' / dXj . d dXj\ 

! = + (1-8) 


dpi 

dt 


Since dxj/dqi is a function of the g’s, which in turn are functions of 
time, we have 

d dXj _ d'^Xj . 


Substituting in (1.8), 

dpi 

dt 


dt dqi 4v dqi 

k 




' ' ' / 7 

i .. dXj . d^Xj 

J jk 


(1.9) 
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Using (1.3) and (1.7), the first term on the right of (1.9) is the gener- 
alized force Qi. The second term remains, however, and can be put 
in a simple form. Let us compute dT/dqi, This is 


dT 

dqi 



rrijXj 


dXj 

dqi 



where we have used (1.1). But this is just the last term of (1.9), 
so that we have 


dpi 

dt 


Qi +• 


dqi 


( 1 . 10 ) 


which holds in consequence of Newton’s law, and hence is the generali- 
zation of the equation of motion that holds in generalized coordinates. 
The terms dT/dqi are fictitious forces that appear because of the 
curvature of the generalized coordinates. For instance, in polar 
coordinates, where T — {m/2)(r^ -H we have dT/dr = mrS^, 

the centrifugal force, so that Eq. (1.10) for r becomes equivalent to 
Eq. (3.13) of Chap. Ill; and dTJdd — 0, so that there is no fictitious 
force connected with the angle, and the torque equals the time rate of 
change of angular momentum, as shown in Eq. (3.14) of Chap. III. 

In Eq. (1.10), taken with the definition (1.5) of the generalized 
momentum, we have a general formulation of the equations of motion 
in any coordinates. To use this, we must express the kinetic energy 
in terms of the generalized cooi'dinates and velocity components. 
Then we may rewrite the equation in the form 



where Qi is the generalized force, so defined that the work done in 
a small displacement is Qi dqi. This equation takes a simple form 
if the forces Qi are derivable from a potential function. In this case, 
the work done by the forces Qi in a small displacement is by definition 
— dV, where V is the potential function. Thus in this case 


so that (1.11) becomes 



( 1 . 12 ) 

(1.13) 


That is, in this case, the time rate of change of generalized momentum 
equals the negative derivative with respect to Qi of an effective poten- 
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tial energy, equal to V — where T is to be expressed in terms of 
coordinates and velocities. Thus, in the case of central motion, 
(1.13) for r becomes 


mf = 


dr 


V(r) 


m 




This leads to the equation of motion (3.13) of Chap. III. 

Lagrange introduced a function L, generally called the “Lagrangian 
function,” and defined by the equation 


L T -V (1.14) 

where T is to be expressed in terms of the coordinates and velocities, 
V in terms of the coordinates. In terms of L, remembering that V is 
independent of the velocities, we may rewrite (1.13) in the form 



The equations (1.15) are in the form called “Lagrange’s equations.” 
They hold, as we see from their derivation, for external forces derivable 
from a potential function. If the forces are not so derivable, we may 
use Eq. (1.11) instead. If part of the forces are derivable from a 
potential function F, and part (as, for example, frictional forces) are 
not, we may define the Lagrangian function by (1 .14) from the poten- 
tial function F, and may call the remaining forces, not derivable from a 
potential, Then the corresponding equations are 


dt 



dqi 



(1.16) 


In terms of the Lagrangian function (1.14), we may rewrite the defini- 
tion (1.5) of the momenta in the form 


dZ/ 


Pi. 


(1.17) 


2. Hamilton’s Equations. — Hamilton, who followed Lagrange by a 
number of years, expressed the equations of motion in a different 
form that makes more explicit use of the momenta, and is more 
convenient for some purposes. Hamilton introduced a so-called 
“Hamiltonian function” //, defined by the equation 


H = 



- L. 


( 2 . 1 ) 
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In this expression, the pi’s are to be computed from (1.17). They 
are functions of coordinates and velocities, so that H would be a 
function of coordinates and velocities, as it is written. However, 
the next step in setting up Hamilton’s equations is to use (1.5), or 
(1.17), to express the velocity components in terms of the momenta, 
and hence to express H in terms of coordinates and momenta. Thus 
let us take our case of polar coordinates. We have already seen in 
this case that pr = mf, pe = mr^6. Then f == Pr/'^^, 0 ~ po/mr'^, and 


H = Pr 


\mj ^ \mrV 2 L\^/ \mrV J 


+ V 


jEI. -l - _i_ y 
2m ^ 2mr2 ^ ' 


That is, since pl/2m + p%/2mr^ is the kinetic energy, expressed in 
terms of the momenta, we have in this case H — T V. We can 
easily show that this relation holds in a very general case. For using 
(1.4), (1.1), the kinetic energy is 



dxi dxi . . 
mi — ~ q^Qh, 


a quadratic function of the velocity components. If we differentiate 
with respect to one of the velocity components, to get the correspond- 
ing momentum, we note that we get terms both from differentiating 
the first factor when j happens to equal the index in question, 
and also from differentiating the second qjc, when k equals the index 
in question. Thus we have 


( 57 ’ dXi dXi . 

= = / mi — — qj. 

dqs dqj dq^ 

ij 

Multiplying by qa, and summing over s, we have at once 


from which 



( 2 . 2 ) 

(2.3) 


or the Hamiltonian function equals the total energy, exp)ressed as a 
function of coordinates and momenta. 

Having set up the Hamiltonian function by (2.1), and having 
expressed it in terms of the coordinates and momenta, we next com- 
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pute dH/dqi. We have 




VAiiVhyqk) — L[qj{pk,qk), qi\. 


Thus, remembering that the variables are the 39 ’s and g’s, 


dH __ dqj 'O dLf dqj _ dL 

dqi ~ dqi Z/ dqi dqi dqi 

j 3 


By (1.17), the first two terms cancel, so that by (1.15) we have 


dt dqi 


(2.4) 


That is, when expressed in the Hamiltonian form, in terms of the 
coordinates and momenta, the Hamiltonian function, or total energy, 
forms the effective potential energy function, so that, if there is a 
term like p'^/2mr‘^ of Eq. (3.18), Chap. HI, in the kinetic energy, 
which depends on the coordinates, this leads to an effective force 
like the centrifugal force, as we saw in Eq. (3.17), Chap. HI. We may 
also compute OH /dpi. We have 


dH . , V dg,- V dl/ dg,- 

dpi Zv dpi 2^ dqj dpi 

3 3 

The last two terms cancel as a result of (1.17), leaving 


dqi _ dll 
dt dpi 


(2.5) 


Equations (2.4) and (2.5) are called “Hamilton's equations." We see 
that (2.4) is equivalent to Lagrange's equation (1.15), and ( 2 . 5 ) is 
equivalent to the definition (1.17) of momenta in terms of the 
Lagrangian function. In a case in which there is an external force 
Qi not derivable from a potential, as in (1.16), we see immediately 
that (2.4) is to be rewritten in the form 


dpi 

dt 


dqi 


+ Ql 


( 2 . 6 ) 


Since H represents the total energy, according to ( 2 . 3 ), we should 
be able to prove the law of conservation of energy very simply from 
it, and this is actually the case. Let us find dH/dl, remembering that 
H is explicitly a function of the gi's and pi's. We have 
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dt \^<li dt dpi dt ) 

i 

Using Hamilton's equations (2.5) and (2.6), this becomes 
dt l_<9gi dpi dpi \ dqi 





showing that, if the forces are derivable from a potential function, 
so that Qi = 0, the energy is conserved; and, if there are forces Qi not 
derivable from a potential, the time rate of change of energy is the rate 
of working of these forces Qi. 

The Hamiltonian function in the case of a conservative force 
provides a very simple way of setting up the energy integral: it is 
simply H(gi, Pi) = E = constant. This is a convenient way to express 
the energy integral if some of the momenta remain constant, in 
which case it is more convenient to express the kinetic energy in 
terms of them than in terms of the velocities. An example was seen 
in Eqs, (3.18) and (3.19) of the preceding chapter, in the problem 
of central motion, where the angular momentum stays constant, and 
it was convenient to set up an effective potential energy in which 
one term was the kinetic energy of angular motion, expressed in terms 
of the angular momentum. We now see that this was simply part of 
the Hamiltonian function, so that we understand why this term in the 
kinetic energy acted like part of an effective potential energy. 

For actual solution of mechanical problems, Hamilton’s equations 
are generally not any more convenient than Lagrange’s equations, 
though as we have just seen it is often convenient to introduce the 
momenta, and hence to use essentially the Hamiltonian form. The 
great importance of the Hamiltonian methods comes in the insight 
they give into branches of mechanics more advanced than those we 
shall take up in this volume. 

Two very important developments of mechanics are based entirely 
on Hamilton’s equations: statistical mechanics, and wave mechanics. 
Wave mechanics in its structure shows a remarkable similarity to 
some of Hamilton’s ideas. Hamilton was led to his equations by 
analogies between the propagation of a wave of light and the motion 
of material particles. That was a hundred years ago ; and it was only 
recently that Schrodinger found that this analogy was not merely a 
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mathematical device, as Hamilton had thought, but that it expressed 
a deep and underlying physical similarity between the two phenomena, 
as a result of which there really is a wave motion associated with 
the motion of any particle. It is only natural for this reason that the 
Hamiltonian methods in mechanics, to which Hamilton was led by his 
deep physical insight, have proved the most valuable methods in 
the most recent developments of mechanics. Furthermore, it now 
appears that wave mechanics has certain essential statistical features: 
it is not able to predict with certainty the motion of a particle, but 
only to state which motions are more probable, which less probable. 
In this respect it shows an analogy that is fundamental, not merely 
superficial, with statistical mechanics, the branch of mechanics that 
treats the statistical motion of great groups of particles, as the atoms 
and molecules of matter, and that draws conclusions regarding their 
average behavior, and the thermodynamic properties that follow from 
them. It is natural to find in this connection that statistical mechanics 
is based almost of necessity on Hamiltonian methods, a fact that was 
recogni25ed in the latter half of the nineteenth century by Boltzmann 
and Gibbs. Considering these applications of Hamiltonian methods, 
it seems that the proper place to develop them in detail, in the present 
state of mechanical theory, is in connection with a treatment of the 
related subjects of wave mechanics and statistical mechanics, and 
not in connection with classical mechanics. We shall therefore not 
find further use for them in this volume. 

3. The Uses of Generalized Coordinates and Lagrange’s Equations. 
The only reason for introducing generalized coordinates, and using 
Lagrange’s equations, in any mechanical problem, is to make it easier 
to solve. One sort of case in which the method is useful was illus- 
trated in the problem of central motion, in the preceding chapter. 
By using polar coordinates, we found that the equations for r and 6 
could be separated from each other, and solved completely, whereas if 
we had used rectangular coordinates the two coordinates x and y would 
have been inextricably mixed up in the two simultaneous equations of 
motion, and we should not have been able to find a solution. Such a 
use is often called ‘^separation of variables.” W^e shall meet another 
example in the next section, where we take up the problem of the 
spherical pendulum. In all such cases, Lagrange’s equations form 
the easiest way of getting the equations of motion in the appropriate 
generalized coordinates. 

We must not get the idea, however, that the only use of Lagrange’s 
equations is in introducing curvilinear coordinates in problems of 
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the dynamics of particles. We have already mentioned the usefulness 
of these methods in problems involving constraints. For example, 
one may have a particle sliding on an inclined surface, or a bead 
sliding along a frictionless wire, or a particle constrained to move on 
the surface of a sphere or other surface, as the bob of a spherical 
pendulum must move in a sphere. Then we may often satisfy the 
conditions of constraint by suitable choice of the generalized coordi- 
nates. Thus, with the spherical pendulum, we may take spherical 
polar coordinates, r, 6, (p. We may then arbitrarily set r constant, 
equal to R, the radius of the sphere, and write Lagrange’s equations 
for e and <p. To justify this, we note that the component of the 
external and centrifugal force normal to the sphere will be exactly 
balanced by the reaction of the constraint, a force normal to the 
sphere, just as the weight of a body resting on a table is exactly 
balanced by the upward push of the table. That is, considering 
Lagrange’s equation in the form (1.11), if qi is a generalized coordinate 
normal to the surface in which the body is constrained to move, a 
normal force Qi will automatically be set up so that the equation will 
be satisfied by the value qi = 0. 

As examples of problems involving constraints, we may go further 
than particles constrained to move along fixed paths, and may con- 
sider, for instance, an Atwood’s machine, two weights hung by a 
string over a pulley. This can be described very easily by a single 
generalized coordinate. In the general problem of coupled systems, 
and in fact in all problems of interaction of different particles or 
systems, Lagrange’s method is very useful, as we shall see. One 
particularly important application will be found in Chap. VI, the 
motion of rigid bodies. A rigid body consists of a great many particles 
(really the molecules) held together by constraints that allow the 
body to rotate as a whole, but not to change its shape or size. Its 
position and orientation in space can then be described completely 
by six generalized coordinates, three fixing the position of its center 
of gravity, three the orientation about the center of gravity. We shall 
find it easy to set up the equations of motion by Lagrangian methods. 

4 . The Spherical Pendulum. — The spherical pendulum, which we 
have just mentioned, is an interesting example of the use of Lagrange’s 
equations, and also of the general methods of solving mechanical 
problems. By a spherical pendulum we mean a mass m, so small in its 
dimensions that it can be considered a point mass, suspended from 
a fixed point by a weightless string, or better a weightless rod, of 
length R. It is more general than the ordinary pendulum, in that 
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it is not confined to move in a plane, but the weight can move to any 
point of a spherical surface of radius R. Thus it can, as a special 
case, execute plane motion, like an ordinary pendulum, passing through 
the bottom point of the sphere; but it can also rotate about that 
bottom point, execute approximately elliptical paths, and caiTy out 
quite a variety of motions, and our general solution will include all of 
these. 

Let us describe the position of the mass by using spherical polar 

coordinates, as shown in Fig. 10. 
On account of the constraint im- 
posed by the fixed length of the 
rod, the coordinate r will always 
be constant, equal to R, so that we 
need use only two coordinates in 
Lagrange's equations, 6 and tp. We 
are now directed first to compute 
the kinetic energy T, in terms of 
6 and ^ and their time derivatives 
The component of velocity in the 
direction of increasing ^ is R6. In 
the direction of increasing (p, the radius vector for rotation is R sin (9, 
so that the component of velocity is R sin d <p. Thus we have 



T = + R2 sin20 <p^). 


Next we must find the potential energy. If g is the acceleration of 
gravity (980.6 cm/sec^, or 9.806 m/sec^, or 32.174 ft/sec'^, as we saw 
in Sec. 5, Chap. I), the potential energy may be written 

V = mgR cos d 


or mgh, where h is the height above a fixed plane, the plane passing 
through the origin. Thus the Lagrangian function L is 

Jj = y^m{R^d'^ H- R‘^ sin‘^0 <p^) — m,gR cos d. 

We then have for the momenta 


P9 




dl 

mR'^d, Vv — — '^R^ sin“0 <p. 

d<p 


(4.1) 


Lagrange’s equation for 6 is then 

j- (mR^d) — ~ = 0, mR'^B — mR^ sin 6 cos d <p^ — mgR sin 0 = 0 

dl OB 

(4.2) 



81 


Sec. 4] LAGRANGE'S AND HAMILTON'S EQUATIONS 


and for <p 

^ (mR2 siii='9 .?) - 0, ^ = 0- (4-3) 

From (4.3) we see that p^, the component of angular momentum along 
the vertical axis, in Fig. 10, is independent of time. This is a result 
of the fact that the torque, considered as a vector, has no component 
along this axis, a fact that will be clearer after the discussion of the 
next chapter, in which we shall show that the torque, a vector, equals 
the time rate of change of angular momentum, also a vector. 

We may now use the constancy of p^, as we used the constancy 
of angular momentum in the central field problem, to carry out a 
solution of our problem. Writing <p in terms of p^, (4.2) becomes 

sin e. (4.4) 


This is an equation for 0 alone, so that the problem is reduced to a 
problem of one degree of freedom. It is not, however, an elementary 
differential equation whose solution we can work out, so that we are 
forced to the method of energy to get information about the solution. 
The Hamiltonian function is 


H 


Vo 




vl 


2m, 2mR^ sin^ d 


+ mgR cos 6 = E. 


(4.5) 


Thus the effective potential energy for motion of 6 consists of the 
last two terms of (4.5), 


V' = 




2niR‘^ sin‘^ 6 


+ mgR cos 0. 


(4.6) 


In Fig. 11 we plot values of V'lmgR, for a series of values of the 
parameter p%/2m^gR^, where 


V' 


mgR 2nihjR^ sin^ 0 


Vi 


+ cos 6. 


(4.7) 


We see that, when p^ — 0, the effective potential (4.7) stays 
finite everywhere, having a maximum at 0 = 0 (the top of the sphere) 
and a minimum at 0 == tt (the bottom). This is the case for the 
ordinary pendulum. For a small energy there is oscillation, approxi- 
mately simple harmonic for small amplitudes, about the bottom of 
the sphere. For larger energies the amplitude increases, and as the 
potential energy curve departs more and more widely from the 
parabola that approximates it for 6 = 'r, the motion departs more and 
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more from simple harmonic. Finally, for energies great enough to 
carry the particle over the maximum of potential energy at 0 = 0, the 
motion becomes a rotational one, with larger velocities at the bottom 
of the path, smaller at the top. The solution for 6 as a function of t in 
this case involves elliptic functions. 



Fig. 11. — Effective potential V /mgR of spherical pendulum, as function of angle 6, 

for various values of 

For different from zero, the character of the motion becomes 
quite different. The effective potential energy in this case becomes 
infinite at both 0 = 0 and tt, so that the motion never reaches those 
two points. There is a single minimum of V\ and the motion of 0 
takes the form of an oscillation about this minimum. For a value 
of E as given by the minimum for a given p^, 6 stays constant, and 
we have the case of the conical pendulum. For slightly larger energy, 
there is an oscillation of small amplitude in ff, while of course at 
the same time (p is increasing almost uniformly with the time, as we 
see from (4.1), combined with the fact that 0 stays almost constant 
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in this case. For considerably higher energy, the amplitude of oscilla- 
tion gets larger and larger, so that the pendulum swings nearer to the 
top and bottom position of the sphere, but never reaches these points. 

The general solution is too difficult to work out analytically, but 
we can discuss the small oscillations about the conical pendulum 
solution, and the method we use in doing this is one that can often 
be applied in similar problems. To do this, we approximate a curve 
of y' as a function of 6, in Fig. 11, 
by a parabola that fits it at its 
minimum. The parabola corre- 
sponds to a linear restoring force 
or simple harmonic motion, which 
we have if the amplitude of oscil- 
lation is sufficiently small. 

Equally well we may consider 
the effective force, the right side 
of (4.4), which of course is the 
negative derivative of the effec- 
tive potential (4.6) . This effective 
force is zero at the minimum of 
the effective potential, or at the 
angle of rotation of the conical pendulum, and to get the simple har- 
monic approximation we expand the effective force in Taylor’s series 
about this point, and use only the linear term. Setting the effective 
force equal to zero, we have 

(4,8) 

cos 00 m.gR^ ' 

In Fig. 12 we show the function — sin^ 0o/cos 0o as a function of do. 
It is positive only between 00 = x/2 and tt, so that the angle of tlie 
conical pendulum must lie in the lower half of the sphere. Figure 12 
shows that, as increases, the pendulum rises more and more into 
the horizontal plane 0 = 7r/2. Solving for cp from (4.1), (4.8) gives 
the angular velocity of rotation of the conical pendulum as 



si 11. 

Fia. 12. — Function as func- 

cos Oo 

tion of 6o, giving value of p^^/m^(/R^ for 
which angle of conical penduiuni is 0o. 


<P 




(4.9) 


This is what we should find from an elementary discussion. Figure 13 
shows the forces acting on the mass as it rotates. These forces con- 
sist of a tension T acting upward toward the point of support, and 
the gravitational force mg acting down. The resultant of these must 
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be a force m<p‘^ times the radius of the circle in which the mass rotates, 
pointing inward toward the vertical axis, since this is the force neces- 
sary to produce the centripetal acceleration. Letting = x — 0o, 
and drawing the force triangles, we then have 


mg tan Bq = m<p^R sin 6q, 


• 9 

<P 


g 


R cos 6n 


g 


(4.10) 


R{— cos Bq)' 

agreeing with (4.9). 

Next we find the restoring force if the pendulum is displaced slightly 
from the angle in which it rotates as a conical pendulum. Differ- 
entiating the force on the right side 
of (4.4) with respect to B, and set- 
ting B — Bo, we find the Taylor’s 
expansion 

Effective force = 

-j- 3 cos^ Bo 



mgR 


”) 


(« - «o) 


PiQ. 13. — Forces on spherical pendulum, 
with an angular frequency 


cos Bo 

Thus the equation of motion (4.4) 
becomes 

6 = 

i- ( (Q _ fi \ . . . 

Remembering that cos Bo is neg- 
ative, this is the equation of a 
simple harmonic oscillation in B, 





■T 3 cos’"^ 0o\ 
— cos Bo ) 


It is interesting to find the ratio of the angular frequency of oscillation 
in B, to the angular velocity of rotation in tp. This is 


= Vl + 3 cos^ Bo. (4.11) 

We note that this goes from unity when 0o = 7 r /2 to two when Bo = tt. 
The reason for this becomes clear when we consider the actual nature 
of the orbits, as shown in Fig. 14. 

In Fig. 14(a) we show the case of a small oscillation, in which Bo 
is nearly x , so that the pendulum is almost at the bottom of the sphere. 
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In this case, cos do is almost equal to —1. The motion is almost 
simple harmonic, as with a two-dimensional linear oscillator, in which 
both rectangular coordinates x and y oscillate with simple harmonic 



Fig. 14.- — Orbits of siihoiical pcii<luluin, rnappod looking up at south pole of sphere, 
(a) Small orbit around south polo, cj}/<p — 2; (h) orbit around equator, 03/ <p =1; (c) 
intermediate case, co/<^ = 

motion. Two such simple harmonic motions at right angles to each 
other combine into an elliptical motion, as we can see at once if 

X — A cos co/, y = B sin co^, 

in which case 

j _ 1 

A2 B2 

giving the equation of an ellipse of semiaxes A and B. Since x and 
y would both execute periodic motion like a si mple pendulum, we 
should have the angular frequency cp equal to s/g/R, as for a simple 
pendulum. This would give also the angular frequency of rotation 
in the elliptical orbit. Now in Fig. 14a, the orbit is approximately 
an ellipse. The angular frequency of rotation is given by (4 .9), which 
reduces to the value -y/g/R for the case Bq — tt. Looking at the figure. 
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we see that, for such an elliptical motion, with the center at the origin, 
the radius (in our case measured by — K sin B) oscillates twice from 
its minimum to its maximum value and back again in one complete 
period of the motion. That is, the frequency of the motion in 6 
should be twice that of the frequency in (p, as we have found from 
(4.11). 

The other limiting case is shown in Fig. 146. Here is equal to 
7r/2. In that case, as we see from Fig. 12, and hence (p, must be 
infinite. That is, the pendulum is rotating so fast that the gravita- 
tional force is quite negligible compared with the centrifugal effects. 
Then the motion must be in a great circle on the sphere. If this great 
circle is tilted with respect to the equator, the orbit will be as in Fig. 
146, the orbit lying at greater 6 than tv/2 on one side of the orbit, 
smaller 6 on the other side, so that d oscillates once from its maxi- 
mum to its minimum in one complete period of the motion, again as 
we have found from (4.11). Finally we may consider an intermediate 
case, as in Fig. 14c. Here by (4.11) the periods of motion in cp and 6 
are different, so that the motion is doubly periodic, rather than being 
periodic as in the two limiting cases. The resulting motion is simply 
an oscillation of 6, of frequency between once and twice the frequency 
of the conical motion, superposed on the motion of the conical 
pendulum. 

From this solution that we have found for small oscillations, com- 
bined with the general result of the energy method, as brought out 
in Fig. 11, we can get a very good idea of the complete motion of the 
spherical pendulum. This is an excellent example of the way in w^hich, 
without using advanced mathematical methods, it is often possible 
to go a long way toward solving a rather involved mechanical problem, 
by the use of Lagrange's equations and the method of the energy. 
In particular, in many problems we can investigate the behavior 
of small oscillations about steady motions, such as the conical pendu- 
lum case in the present problem. A more complicated, but similar, 
problem will come up next, when we treat the motion of a symmetrical 
top. We shall find that its steady precession corresponds to the 
conical pendulum, and that it is also capable of oscillation about this 
steady state, the oscillations being called nutation." Even in that 
quite complicated case, we can get a good deal of analytical informa- 
tion, without being able to get the complete solution of the problem. 

Problems 

An Atwood s machin6 is built as follows! A string of length 1,\ passes over a 
light fixed pulley^ supporting a mass mi on one end and a pulley of mass m 2 (negli- 
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gible moment of inertia) on the other. Over this second pulley passes a string 
of length h supporting a mass m 3 on one end and on the other, where m 3 ^ mi. 
Set up Lagrange’s equations of motion for this system, using two appropriate 
generalized coordinates. From these show that the mass mi remains in equi- 
librium if 

, , (nii — mzY 

mi — m 2 -i- niz -H mi — 

ms -h mi 

2. A particle slides on the inside of a smooth paraboloid of revolution whose 
axis is vertical. Use the distance from the axis, r, and the azimuth 6 as generalized 
coordinates. Find the equations of motion. Find the angular momentum neces- 
sary for the particle to move in a hoi’izontal circle. If the latter motion is disturbed 
slightly, show that the particle will perform small oscillations about this circular 
path, and find the period of these oscillations. 

3. Set up the problem of a spherical pendulum subject to gravity, and to a 
resisting force proportional to the velocity and opposite in direction. Derive 
the Lagrangian and Hamiltonian equations, showing that the damping forces give 
extra terms in the equations proportional to the momenta. Show that these 
equations in general cannot be separated. Derive a solution, however, for the 
special case in which the instantaneous motion would be a rotation about the 
lowest point of the sphere if damping were absent. Assume small damping, so 
that the actual motion is a gradual spiraling in toward the lowest point. 

4. A particle moves under the action of gravity on the inner surface of a 
smooth inverted cone of angle 2a. Using the angle about the symmetry axis of 
the cone and the distance along the cone, measured from the vertex, as generalized 
coordinates, set up the Lagrangian function for this motion, and obtain the differ- 
ential equations of motion. Under what conditions can circular motion in a 
horizontal plane occur? Discuss the stability of such motion. 

6 . A homogeneous solid right circular cone of mass M , half angle a, and slant 
height L rolls without slipping on an inclined plane of angle l3 with the horizontal. 
Using the angle 6 between the contact line of the cone and plane and the line of 
steepest slope on the plane, set up the Lagrangian function for the motion. Find 
the equations of motion and the period of small oscillations. 

6. The force on a particle of charge e, moving with a velocity v in an electric 

field E and magnetic induction B, is given by F = c[E -1- (v X B)], where e is 
expressed in coulombs, E in volts per meter, B in webera per square meter 
(1 weber/sq m = 10“^ gausses), and where inks units are used. The term in E 
corresponds to the ordinary electrostatic force, that in B to the ordinary motor 
law, in which the force on a circuit is proportional to the current (here ev) and 
to the field, and at right angles to both. The electric field and magnetic induction 
can be expressed in terms of a scalar potential <p, and a vector potential A, by the 
equations E = — grad — Okdt, B = curl A. Show that the equations of motion 
of such a particle of mass m can be expressed in terms of Lagrange’s equations, 
with the Lagrangian function L — + e(v • A) — e<p, noting that 

dA _ dA , dA dx , dA dy , dA dz 

7. For the particle of Prob. 6 , set up the momentum and the Hamiltonian 
function. Show that the momenta do not equal mass times velocity, and that 
the Hamiltonian does not have the form p^/ 2 m 
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8 . In the relativity theory, the equations of motion of a particle are different 
from what they are in classical mechanics, though they reduce to the same thing 
for small velocities. In particular, the mass of a particle increases with velocity. 
If a particle has a mass m© when at rest, its mass at speed v is given by 

mo 

m = — - 1 
■\/l — 

where c is the velocity of light; reducing to mo in the limit v/c = 0, but becoming 
infinite when the particle moves with the speed of light. 

Show that the equatio ns of mot ion are correctly given /rom the Lagrangian 
function L — moc®(l -^/l — v^/c^) + e(v ‘A) — e<p, if the forces are as in 
Prob. 6. 

9. For the case of Prob. 8, derive the momenta, and the Hamiltonian function. 
Setting the Hamiltonian function equal to T -J- V, where T is the kinetic energy, 
F = is the potential energy, find the value of T, and show that the Lagrangian 
function is not equal to T - V, as is natural from the fact that the kinetic energy 
is not a homogeneous quadratic function of the velocities. Taking the kinetic 
energy, expand in power series in the quantity v/c, showing that for low speeds 
the kinetic energy approaches its ordinary classical value. 

10. Using the Hamiltonian function found in Prob, 9, show that it satisfies the 
equation 

(H — e<pY — c®(p — eA)2 = myC'* 

where p is the momentum. This equation forms the basis of much of the treat- 
ment of relativistic quantum mechanics. 

11 . Consider the motion of an electron in an axially symmetric magnetic field 
that changes with time (the betatron). Using cylindrical coordinates, r, 6 , z, 
with s the symmetry axis, the magnetic induction B can be obtained by B = curl a[ 
where Ag = A 0 {r,z,t), Ar — As = 0. The Lagrangian function is as given in 
Prob. 8, with <p = 0 . Set up the equations of motion for the electron. From 
these show that circular motion of radius ro is possible, provided that the rate of 
change of magnetic flux linking the circle is twice the area of the circle times the 
z component of the rate of change of magnetic induction at the orbit. Assuming 
a linear increase of magnetic induction with time, compute the period of the 
motion, and show that it tends to a limiting value ^ttVo/c as time increases. 

Investigate the stability of the circular motion with respect to vertical, radial, 
and angular motion if the magnetic field in the neighborhood of the equilibrium 
orbit is given by Bz = B(ro/r)^ and the magnetic field changes quasistatically 
with time, so that we can neglect curl B. To do this set r = ro p, 6 — oj i', 
and treat p, z, and ^ as small quantities whose squares and products may be 
neglected.^ co is the angular velocity in the equilibrium orbit. Show that com- 
plete stability can occur only if 0 < n < 1, and prove that for stable motion the 
sum of the squares of the radial and vertical oscillation frequencies equals the 
square of the unperturbed rotation, frequency. 



CHAPTER V 

THE MOTION OF RIGID BODIES 

All the familiar objects to which we can apply the methods of 
mechanics are extended bodies, of finite size, rather than the particles 
of which we have been speaking in the preceding chapters. In most 
cases these objects are at least approximately rigid bodies; that 
is, they do not change their shape or size as they move in space. 
For that reason, a study of the motion of rigid bodies, or more generally 
of extended bodies of any sort, is necessary if we are to apply mechanics 
to familiar problems. An extended body may be considered to be a 
collection of particles, for example, the atoms or molecules of which 
it is composed, held together by certain forces, as interatomic or 
intermolecular forces. To handle such a problem completely would 
be extremely complicated, for there would be three times as many 
generalized coordinates as there were particles. We have seen 
in the preceding chapter, however, that the method of generalized 
coordinates allows us to neglect all those coordinates which remain 
constant during the motion, on account of constraints. If our body 
is rigid, all distances between particles remain fixed; only six variables 
really can change during the motion, three coordinates fixing the 
position of the body in space, and three fixing the orientation. We 
shall find in this chapter how to set up these six variables and to find 
the equations governing their motion. 

As a first step, we shall prove several theorems describing the 
motion of any system of particles, of which a rigid body is a specialized 
example. These theorems are based on Newton’s third law, stating 
that the action and reaction concerned in the interatomic or inter- 
molecular forces are equal and opposite. They are simple and familiar 
theorems: tlie total force acting on a system of particles equals the 
time rate of change of the total momentum of the system, which in 
turn equals the mass of the whole system, times the acceleration of 
the center of mass; the total moment of force, or torque, acting on a 
system of particles, computed about any fixed point, ecpials the time 
rate of change of total angular momentum of the system; likewise 
the total moment of force computed about the center of mass, which 
in general is moving, equals the time rate of change of total angular 
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momentum computed about the center of mass. By means of these 
theorems, we can separate translational and rotational motion of any 
system of particles, can reduce the translational part to a form similar 
to the mechanics of a particle, and can lay the foundations for a study 
of the rotational motion of rigid bodies. We shall now carry out proofs 
of these theorems, and then shall pass on to their applications. 

1. Mechanics of a System of Particles. — ^Let us assume a number of 
particles, the ^th particle having a mass na, and coordinates Xi, 2/i, 
Zi, with respect to some coordinate system fixed in space. (It will 
be more convenient in this chapter to use Xi, yi, Zi for the three coordi- 
nates of a particle, rather than to set up coordinates all denoted by 
Xi, as in the preceding chapter.) We shall wish to use vector notation 
to simplify our calculation. Let us then define the vector r^, with 
components Xi, yi, Zi, representing the vector position of the fth 
particle. We remind the reader again that vector relations are dis- 
cussed in Appendix IV, for the benefit of those not familiar with 
vector analysis. In terms of vector language, the velocity of the fth 
particle is h* with components Xi, yi, Zi, and the acceleration is ri, 
with components Xi, y^, Zi. We shall assume that the force acting 
on the fth particle is the sum of two parts. First, there will be a 
vector force h, exerted by actions external to the system of particles. 
Such a force might arise from gravitation, electric or magnetic forces 
from outside the system, or other such external influence. Second, 
there will be forces h,-, exerted on the ^'th particle by the jtli particle. 
These would be the interatomic or intermolecular forces of which we 
have already spoken. We shall have to make only one assumption 
about these forces: that they obey Newton’s third law. As a result 
of that law’', since h,- is the force exerted on the ^th particle by the y th , 
and fji is the force exerted on the yth by the ith, we must have 


f ij f yi* (1.1) 



where the summation excludes the case j = i, since that would cor- 
respond to the force of the ith particle on itself, which w^ould have 
no meaning. 


Newton’s second law for the fth particle, written in vector form, 
is then 



( 1 . 2 ) 
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Let us add the equations for all particles of the system, 
have 


dr^ 



niiXi — 


i i j 


U 




Then we 
(1.3) 


We now note that, in the double sum of Lj, in (1.3), the term for which 
i takes on some particular value, and j another value, will be equal 
and opposite to the term for which i takes on the second value, j 
the first, on account of (1.1). Thus the double sum vanishes. 

We now introduce several definitions. The total mass of the 

system will be called m: m = ^ m^. The coordinates of the center 

i 

of mass will be described by a vector R, where 


R = 



(1.4) 


Finally, the total external force F acting on the system is F = 


Then (1.3) becomes 


m 


d^R 

d^2 


= F. 



(1.5) 


This is the first of the theorems we wished to prove: the total force 
acting on a system of particles equals the total mass times the accelera- 
tion of the center of mass. In other words, the center of mass obeys 
the same equation of motion that we should have for a particle of 
mass m, acted on by force F. It is really this theorem which makes 
the dynamics of particles, about which we have so far been speaking, 
a problem of vital importance to mechanics, not just a mathematical 
abstraction relating to point masses that do not really exist. An 
object of complicated shape thrown in the air will execute complicated 
gyrations; but its center of mass (if we may neglect air resistance) 
will follow a parabolic path, just like the ideal particle of elementary 
dynamics. The center of mass of a planet attracted by the sun will 
move like a particle, following just the orbits that we discussed in 
Chap. III. Even the center of mass of the whole solar system will 
move like a particle, and if we can assume that there is no net force 
acting on the solar system as a whole, it will move with uniform motion 
in a straight line. 
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Next we wish to consider the angular momentum of a particle, 
and the moment of a force, about a fixed point. By definition, the 
moment of the force F,-, about the origin of coordinates, is Mi, given 
by Mi = Ti X Fi, or the vector product of r* and Fi. That is, the 
magnitude of the moment equals the magnitude of the force Fi, times 
the component of ri at right angles to Fi (the lever arm), or alter- 
natively the component of force perpendicular to the radius vector, 
times the radius vector. The direction of the vector Mi is at right 
angles to the force and the lever arm; that is, it is the axis about 
which the moment would tend to produce rotation. Similarly the 
moment of momentum of the particle, or the angular momentum, is 
defined by angular momentum = r* X (mifi). It is equal in magni- 
tude to the mass times the velocity times the lever arm ; or to the mass 
times the radius vector out to the particle times the component of 
velocity at right angles to the radius vector. The direction of the 
angular momentum vector is at right angles to the velocity and to the 
radius vector. To get the sign of the moment and angular momentum 
vectors clearly in mind, we may consider the simple case in which the 
particle is located on the x axis, the force along the y direction; then 
the moment of the force is along z. Similarly if the particle is on 
the X axis, moving in the y direction, the angular momentum is along z. 

We may now prove that the moment of the force acting on a 
particle equals the time rate of change of its angular momentum. 
That is, we shall prove 

M,- = X Fi = ^ (ri X rriAi)- (1.6) 

Carrying out the differentiation on the right, we have 

r* X Fi = Ti X mifi + ri X mifi. (1.7) 

Remembering that the vector product of any vector with itself is 
zero, the first term on the right of (1.7) vanishes, leaving an equation 
that is just the vector product of ri and Newton’s second law (1.2). 
Thus we prove our theorem (1.6). Examples of (1.6) are of course 
familiar. The simplest example we have met so far is in central 
motion, where Eq. (3.14) of Chap. Ill expressed the form that the 
theorem takes for plane motion, where both moment of force and 
angular momentum are vectors perpendicular to the plane, and where 
only their magnitude needs to be considered. In that case, r dd/dt was 
the component of velocity at right angles to the radius vector, so that 
the angular momentum had magnitude mr{r dd/dt), and Fq was the 
component of force at right angles to the radius vector, so that rFo 
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was the torque. In Chap. IV, Sec. 4, dealing with the spherical 
pendulum, we found a case where torque and angular momentum were 
vectors. The quantity pe of Eq. (4.1), Chap. IV, is the component 
of angular momentum along a horizontal direction, and the vertical 
component of angular momentum. The torque had no vertical compo- 
nent; hence p^ was independent of time, as in Eq. (4.3), Chap. IV. 
There was, however, a horizontal component of torque, so that p^ 
changed with time, as in Eq. (4.2), Chap. IV. That particular 
problem, as far as the horizontal component of angular momentum 
and of torque is concerned, is not so simple as it seems, in that the 
direction of the component pe is not constant, but depends on the 
position of the particle, so that we cannot apply analysis to it as if it 
were a component in a fixed direction. The really interesting cases 
in which we treat the angular momentum and torque as vectors will 
come when we consider gyroscopic motion a little later. 

In (1.6) we have proved that the moment of the force acting 
on a particle equals the time rate of change of its angular momentum. 
We may now prove that the total moment of all the external forces 
acting on a system of particles equals the time rate of change of total 
angular momentum. This holds only if the internal forces are 
central; that is, if the force fi,*, exerted by the jth particle on the ^th, 
acts along the line connecting the two particles. Let us add Eqs. 
(1.6), writing F< in terms of the internal and external forces by (1.2). 
Then, if the total moment of forces is M, we have 


M 


^ ^ X ^ X 

i i ij 

2 '' 


d 

dt 


X rriiCi 


( 1 . 8 ) 


In the summation over i and j of r* X Uj, each pair ij of particles 
appears in two terms, which in consequence of (1.1) may be written 
(r» — r,) X f< 3 . But the vector r* — r,- is the vector from the ith 
to the ^'th particle, which for central forces is in the same direction 
as L,-, so that the vector product vanishes. Thus (1.8) states that 
the moment of the external forces equals the time rate of change of 
the total angular momentum of the system. This theorem holds, as 
does (1.6), when the angular momentum and the torque are computed 
with respect to any fixed origin of coordinates ; the angular momentum 
and torque of course depend on the point about which they are 
computed. 
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We have a theorem' like (1.8), not only about any fixed center 
of rotation, but also about one particular moving center: the center 
of mass. Let us prove that the moment of all external forces, taken 
about the center of mass, equals the time rate of change of angular 
momentum, also computed about the center of mass. The angular 
momentum computed about the center of mass is 

2 (r*- — R) X mi{ii — R) == ^ (r» X m^i — R X — it X WiR 

i i 

4- R X Wt-R) = 2 X rriiTi — R X mR, (1.9) 

% 

where the last step results from the definition (1.4) of center of mass 
Similarly the torque about the center of mass is 

2 (ri - R) X fi = y r.- X fj - R X F. (1.10) 

i i 

We can now prove, by the same method used to prove (1.6), that 

R X F = (R X mR). 

Subtracting this from (1.8), assuming as before that the forces 
are central forces, and using (1.9) and (1,10), we then have our result 

^ {n - X f.- = ^ y (u - R) X mi(r, - R), (l.H) 

^ i 

or the torque about the center of mass equals the time rate of change 
of angular momentum about the center of mass. Incidentally, 
Eq. (1.9) provides a useful result in itself: the angular momentum 
of a system of particles about any arbitrary fixed point equals the 
angular momentum about the center of mass, plus the angular momeu- 
tum of a particle whose mass is the mass of the system, located at 
the center of mass, with respect to the arbitrary fixed point. 

2. The Rotation of a Rigid Body. — A rigid body is a special type of 
system of particles, so that the theorems of the preceding section 
apply to it: the center of mass moves like a particle whose mass is 
the mass of the body, acted on by the total external force exerted 
3n the body , and the total torque exerted on the body equals the time 
rate of change of its angular momentum, both being regarded as 
sectors, where torque and angular momentum are computed either 
about an arbitrary fixed point, or about the center of mass. As a 
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corollary, of course we have the familiar relations governing the 
statics of a rigid body: for equilibrium, the net force, and the net torque 
or moment about any arbitrary point, must be zero. Since the torque 
is a vector, this means that the moments of the external forces about 
three mutually perpendicular axes passing through the arbitrary point 
must all vanish. The results of these theorems are familiar from 
elementary courses on physics. 

Our task in the present section is to consider the rotation of a 
rigid body. Two cases may be conveniently considered together. 
First, we may have a freely moving rigid body. Then we have seen 
that its center of mass moves like a particle under the action of the 
external forces, and that the body rotates around the center of mass 
under the action of the external torques. In that case, we take the 
origin to be at the center of mass, and apply Eq. (1.11), stating 
that the torque acting about the center of mass equals the time rate 
of change of angular momentum about that point. The other case is 
that of a rigid body constrained by being pivoted at a fixed point, 
as the pivot of a top, or the center of a gyroscope. In that case 
we choose the fixed point as the origin, and apply (1.8), again stating 
that the torque acting about the origin equals the time rate of change 
of angular momentum about that point. Since the dynamical 
equations are the same in each case, our treatment can be the same 
for both. 

If a body is pivoted at the origin, there must be an instantaneous 
axis of rotation, passing through the origin. Let us define an angular 
velocity vector 6> as a vector passing through the origin along the 
axis of rotation, whose magnitude equals the magnitude of the angular 
velocity. For a body whose axis of rotation is fixed, as a wheel 
rotating on an axle, the angular velocity vector will keep a fixed direc- 
tion, changing only its magnitude, but in the general case the direction 
as well as the magnitude of the angular velocity can change with 
time. In terms of the angular velocity vector, we can easily write 
the linear velocity ii of the -ith particle. It is equal in magnitude to 
the product of the angular velocity, and the perpendicular distance 
from the axis of rotation out to the particle, and is in a direction at 
right angles to the plane determined by the axis of rotation, and the 
vector position of the particle. That is, we have 

fi = <0 X Ti. (2.1) 

In Eq. (2.1) we not only determine the magnitude and direction of the 
velocity correctly, but we also assume the sense of the angular velocity 
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vector. For instance, if the angular velocity is along the z axis, 
the radius vector to th.e particle along the x axis, then the velocity 
is along the y axis. 

In terms of the assumption (2.1) for the velocities of the various 
points of the body, we can compute the angular momentum, as it occurs 
in (1.8). Let the angular momentum vector be denoted by p. Then 
we have 

p = ^ r» X X Xi). (2.2) 


Let us expand the quantity on the right side of (2.2) in terms of its 
components. For the a; component, for example, we have 





— Zi(0O^Xi — 


= ^ 4 - ~ 2 miXiyiOjy 

^ i 

— Ixx^x “f~ I xyOiy "4“ I xz^z 
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and similarly 

"Pv ~ lyx^x 4 ~ lyy^y 4 “ lyz^J^z 
Pz = IzxOlx 4 “ Izy^y 4 “ 1 sz<Jiz 

where 


(2.3) 


(2.4) 


Ixx = 
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% 

(2.5) 


The nine quantities Ia,x, Ixy, . . . Izz form the components of the 
moment of inertia. A quantity with nine components, and i.wo sub- 
scripts, of this sort, is known as a “tensor,” and the parti(uila,r ease we 
have here, in which /«& = Aa, where a and b are any two of tlie indices 
X, y, z, is called a “symmetric tensor.” We may write lOqs. (2.3) and 
(2.4) in symbolic form 


— 



a,b = x, y, z. 


(2.C,) 


The summation on the right is called a “tensor prodiud. ” of the tensor 
I and the vector to, and results in the vector p. The simple proptudies 
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of tensors are described in Appendix V. The diagonal components 
I XX, lyy, tensor I are often called the “moments of inertia,” 

and the nondiagonal components . — lyx, lyz ~ Izy, Izx — Ixz 

are called the “products of inertia” (sometimes their negatives are 
called the products of inertia). It is evident that the components 
Ixx, ^yy, moments of inertia, in the ordinary elementary 

sense, computed about the rr, z axes. 

The kinetic energy of the rotating body can be written easily in 
terms of the angular velocity vector and the moment of inertia tensor. 
Using (2.1) for the velocity of a particle, the kinetic energy is 

^ 2 rniil = M ^ m<(<o X rt)^. (2.7) 

i i 

Expanding in terms of rectangular components, and using (2.5), we 
find easily that 

r = K 2 (2-8) 

a, 6 

where a and b are separately to take on the values x, y, z in the summa- 
tion. We notice that 

^ PaCOa = 2 T = p • <0, (2.9) 

a 

an equation that has a close analogy to Eq. (2.2) of Chap. IV. We 
notice that (2.7) can be given an elementary meaning. The magnitude 
of the vector product 6> X r* in that equation equals the magnitude 
of o, times the perpendicular distance from the axis of rotation to 
the particle. Thus the kinetic energy is half the product of the 
square of the magnitude of the angular velocity, and the sum over 
all particles of the product of their masses by the squares of the 
perpendicular distances from the axis of rotation. This summation 
is the moment of inertia as calculated in elementary physics. It 
is easily seen fi-om (2.9) to be p • co/l^l'-^, or the component of angular 
momentum along the axis of rotation, divided by the magnitude of the 
angular velocity, so that it is the quantity by which we must multiply 
the angular velocity to get the component of angular momentum along 
the axis. However, we note that in general the angular momentum is 
not in the direction of the axis of rotation. Thus if co* == coy = 0, 
so that the angular velocity is along the s axis, we see from (2.(>) 
that all three components of p are different from zero, unless the 
products of inertia vanish. This possibility, of having a component 
of angular momentum at right angles to the axis of rotation, is not 
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ordinarily considered in elementary treatments, and we shall discuss 
its significance in the next section. 

3. Principal Axes of Inertia.- — We have just mentioned that it is 
generally true that the angular momentum has a component at right 
angles to the axis of rotation. This has a very simple physical 
meaning. Let us consider a very elementary sort of rigid body, two 
equal weights on the ends of a weightless rod, rotating as indicated 
in Fig. 15. The axis of rotation is vertical in Fig. 15. However, 
the angular momentum is at right angles to the rod, since it is at 
right angles to the vector velocity, and to the radius vector out 
to the particles. A little reflection will show, in fact, that the instan- 
taneous velocity of the particles 
is not enough in this simple case 
to define the axis of rotation; it 
might just as well be along the 
direction of the angular momen- 
tum vector. This is a special 
case resulting from the extreme 
simplicity of our example, how- 
ever. Now, if the angular mo- 
mentum is not along the axis of 
rotation, this means that the 
angular momentum vector will 
be carried around a cone as the 
body rotates, and that therefore 
it will be varying with time, and 
that a torque must be exerted to 
keep the body rotating about the 
vertical axis. We can easily find this torque. The time rate of change 
of the angular momentum vector, in Fig. 15, is the vector in the direction 
in which the tip of the angular momentum vector is moving, or at 
right angles to the plane of angular velocity and angular momentum, 
and equal to the magnitude of the angular velocity, times the projec- 
tion of the angular momentum perpendicular to the axis of rotation. 
That is, it is 

p = CO X p, (3.1) 

an equation that shows a perfect analogy to (2.1), giving the linear 
velocity. The torque necessary to keep the body rotating about 
the vertical axis must then be in this same direction. It is physically 
clear why this torque must be applied. Centrifugal effects would 
tend to make the two weights of Fig. 15 fly out so that the rod con- 


Axis of rotation 



Fig. 16. — Rotating rod carrying weights. 
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necting them would be at right angles to the axis of rotation, and the 
torque is just such as to counteract this tendency. This would 
be felt in a simple physical way, if the body were constrained to 
rotate about its axis of rotation by means of bearings: there would 
be a sideways thrust on the bearings. Let us consider this question 
of the thrust on bearings a little more closely. 

If a piece of rotating machinery is constrained by bearings to 
rotate around a given axis, the machine will be unbalanced statically 
if its center of mass is not located on the axis of rotation. This can 
be tested easily if its axis is horizontal: the machine will come to rest 
with its center of mass directly below the axis, and will oscillate about 
this position like a pendulum. Even if the center of mass is on the 
axis, however, so that the machine is balanced statically, it will still 
not necessarily be balanced dynamically, in the sense that it will not 
exert thrust on its bearings, for as we have just seen the angular 
momentum in general has a component at right angles to the axis 
of rotation. A symmetrical body, such as a wheel rotating about its 
axle, will be balanced dynamically, however. We can see this easily 
from Eqs. (2.3) and (2.4), or (2.6). Thus for simplicity let the angular 
velocity be along the x axis, so that py — p^. = IzxOix- If we 

have dynamic balance, the angular momentum must be along the x 
axis, or /yx == Izx = 0. But this will be the case, as we can see from 

(2.5), for in computing the products of inertia, as == 

a mass with a certain value of Xi and tji will be balanced by symmetry by 
another mass with the same Xi but a yi that is the negative of the 
preceding value. All the elements of mass of the body can be balanced 
off in this way, and the products of inertia will be zero. 

We can readily see that, in a symmetrical body such as a rectangular 
prism, there must be three separate axes along which the body can 
rotate with dynamical balance; in that case, the three axes passing 
through the center of the body, perpendicular to the three pairs of 
faces. These axes are called the '' principal axes of inertia ; if they are 
chosen as the coordinate axes, the products of inertia all vanish. 

We shall now prove a very general and important theorem: any 
rigid body pivoted about any ix)int, has three principal axes of inertia, 
in terms of which the products of inertia vanish. If the pivot is at 
the center of mass, tlu’; body will be in dynamic l)alance if it is rotated 
about any one of these three principal axes. The practical importance 
of this theorem is obvious; it means that any statically balanced 
object can be dynamically balanced, and that to achieve dynamic 


-I 
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balance, we need only find its principal axes, and use any one of 
these three axes as the axis of rotation. Our problem is now not 
merely to prove the existence of these principal axes, but to set 
up a procedure for finding them, in case the body is unsymmetrical, 
so that it is not intuitively obvious how to set them up. 

The property of a principal axis is that, if the body rotates around 
such an axis, the angular momentum is in the same direction as the 
angular velocity. Thus if <0 is an angular velocity along one of the 
principal axes, p the corresponding angular momentum vector, we 
must have 

P = /o) (3.2) 

where / is a scalar, equal to the moment of inertia about the principal 
axis. If p*, py, p^ are the components of p, oo*, cuy, of w, then by 
combination of (2.6) and (3.2) we may write 


P® I xj^x I I xy^y I I xz^z 

'Py I lyx^x I ^ yy^y I lyz^z 

Pz I zx^x ~ 1 ~ Izy^y I zz^z 

or 

XX I')^x “4“ I xy(^v H“ I xz^z ~ 0 

lyx^x H“ (.^vy I^^y “f~ lyz^J^z ~ 0 

Izx^x Izyf^y “h {I zz — I)ois = 0. (3.3) 

Equations (3.3) are three simultaneous algebraic linear homogeneous 
equations for the three unknowns co^;, coy, co^. As shown in Appendix V, 
these equations in general have no solutions other than co* = 0, 
coy = 0, coz = 0. The reason is that there are really only two inde- 
pendent unknowns. We can, for instance, divide each equation by 
oja,, and then we have three equations for wy/coa: and coz/w*. Two equa- 
tions, however, would suffice to determine these two unknowns, which 
fix the direction but not the magnitude of the angular velocity, and 
which thus fix the direction of the principal axis; the third equation 
is superfluous, and unless it is consistent with the other two, no solu- 
tions are possible, except of course the obvious solution, zero. 

In Appendix V we show that the condition that the three equations 
(3.3) be compatible with each other, so that they have solutions 
different from zero, is that the determinant of their coefficients should 
vanish : 


I XX - I 

lyx 

Izx 


I xy 

lyy - I 



L 

I 

L 


yz 


- I 



(3.4) 
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If we expand this determinant, it is a cubic equation for I. Thus, 
since a cubic equation has three roots, there are three values of I 
for which we can solve Eqs. (3.3). Using any one of these three 
values, we can at once solve the first two of Eqs. (3.3) for coy/co* 
and coa/dOx, determining thus the direction of the appropriate principal 
axes, and we can be sure that the third of Eqs. (3.3) will automatically 
be satisfied by these values. We thus determine three principal 
axes, one from each of the three values of I determined from (3.4). 
It is proved in Appendix V that these three axes are at right angles to 
each other. If we choose, we may label them the X\, x^, and x^ axes. 
Then in terms of the principal axes the relations between angular 
momentum and angular velocity are 

Pi = /iCOi 

Pa = 

Pz — Izf^Zj (3.5) 

where Ji, 1 2 , Iz are the three values of I found by solving (3.4). Equa- 
tions (3.5) are the special form that (2.6) takes on when the products 
of inertia are zero. Thus we have shown how to set up principal axes 
of inertia, and to compute the principal moments of inertia, the 
components of moment of inertia along the principal axes. In terms 
of the principal axes, the kinetic energy takes on a very simple form: 
from (2.8) it is 

T = -h Tzc^l). (3.6) 

4. Equations of Motion of a Rigid Body. — In elementary physics, 
the analogy between translational and rotational motion is often 
stressed. In translational motion in one dimension, the force equals 
the time rate of change of the momentum, or the mass times the 
acceleration. Similarly, if a rigid body is rotating on an axle, which, 
for instance, is along the x axis, the component of torque along the x 
axis equals the time rate of change of x component of angular momen- 
tum, or equals Ixx, the moment of inertia about the x axis, times the 
time rate of change of angular velocity, or the angular acceleration. 
In each case, the velocity can be written as the time rate of change 
of a coordinate; in the translational case this coordinate is the distance 
through which the body has traveled, and in the case of rotation about a 
fixed axis it is the angle of rotation about the axis. The law that the 
force equals the mass times acceleration, or that torque ecjuals moment 
of inertia times angular acceleration, then becomes a second order 
differential equation for coordinates as a function of time, which can 
be solved by the methods of Chap. I, including the method of the 
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energy. So far, the analogy between translational and rotational 
motion is complete. 

When we come to three-dimensional motion, at first sight it would 
seem that the analogy still holds. We have shown, in the present 
chapter, that the torque, regarded as a vector, equals the time rate 
of change of angular momentum, also a vector, just as the vector 
force equals the time rate of change of the vector momentum in trans- 
lational motion- Here, unfortunately, however, the analogy ends, 
and it is a result of the breakdown of the analogy that the motion of 
rigid bodies is a much more complicated subject than the translational 
motion of a particle. There are two aspects to the breakdown of the 
analogy, which we shall now go into. 

First is the relation (2.6) between angular momentum and angular 
velocity. An essential part of the ordinary treatment of translational 
motion is that the momentum equals a constant, the mass, times the 
velocity. With rotational motion, however, the angular momentum 
is the tensor product of a tensor, the moment of inertia, and the angular 
velocity vector. Not only is the tensor product a more complicated 
concept than the product of a constant, or scalar, like the mass, with, a 
vector; more important is the fact that the moment of inertia tensor 
itself is not a constant. For from (2.5) we have seen the definition of 
the moment of inertia, and it depends on the positions of the various 
particles of the body. As the body rotates, the components of 
the tensor change, so that in finding the time rate of change of angular 
momentum, we must consider the time rate of change of the 
as well as of the angular velocity. This situation does not come 
up in the rotation of a body about a fixed axis, for in that case the 
component of moment of inertia about that fixed axis, which is 
the only one concerned in the equation of motion, remains constant. 
But in the general case, where the lah^ are functions of time, we 
simply cannot set up any method of treatment analogous to the transla- 
tional case. 

In addition to this difiiculty, there is another equally serious break- 
down in the analogy between rotational and translational motion. 
In translational motion, or in rotation about a fixed axis, there are 
®i-^^pl6 coordinates, whose time derivatives give the velocities. In 
three-dimensional rotation, however, there are no such coordinates. 
In particular, it is impossible to set up three angles, whose time deriva- 
tives are coa, oiy, and co*, respectively. This seems like a surprising 
fact, when it is first encountered. We might suppose, for instance, 
that the angle of rotation about the x axis was the coordinate to 
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associate with and similarly for coy and co*. But we cannot do this, 
for finite rotations about the axes do not act like vectors, though 
infinitesimal rotations, such as those we encounter in setting up the 
angular velocities, do act like vectors. 

We can see this by a simple example. Certainly if finite rotations 
about the axes acted like vectors, we should get the same final answer 
if we first rotated through a fixed angle about the x axis, then through a 
fixed angle about y, or if we rotated first about y, then about x] this 
is inherent in the definition of vector addition. But let us see what 



i’lG. 16. — Diagram to illustrate fiuit© rotations. 


happens. For simplicity, we take our angle of rotation to be 90°. 
We then first rotate through 90° about x, so that the y axis rotates to 
the previous direction of the z axis, and z rotates into —y. This 
situation is shown in Fig. 16, where (a) shows the original axes, (6) 
the rotated axes, denoted by x'j y'j z\ Next we rotate through 90° 
about the y axis, rotating the z axis (whose place is now taken by the 
y' axis) into the original position of the x axis. Thus, as we see in (c), 
the final situation after the two rotations is that the original y axis 
has been rotated into the position of the original x axis, the original 
z axis is along ~y, and the original x axis is along —z. Next consider 
the reverse order, first rotating around the y axis. As shown in (d), 
the rotated z axis, or z' ^ is in the direction of the original x axis, while the 
rotated x axis x' is along —z. Next we rotate about the x axis, 
resulting, as in (c), in a situation where the rotated x axis .r" is along 
2 /, the rotated y axis y" is along 2 , and the rotated z axis z'’ is along x, 
a completely different situation from (c). This simple example should 
convince one that finite rotations of this sort cannot be used as coordi- 
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nates. If there are no coordinates to go with the angular velocity 
components coj,, ooy, co*, or the angular momentum components 
Vvj Vzj we certainly cannot use methods analogous to those used for 
translation. 

Two possibilities are open to us, in solving the general problem 
of the motion of a rigid body. One is to introduce coordinates that 
suflS.ce to describe the position of the body, and to proceed by the 
Lagrangian method to set up and solve the equations of motion, with- 
out use of our relations between torque and time rate of change of 
angular momentum. That is the method that will be used in the 
next chapter. We introduce certain angles, called “Euler’s angles,” 
which have none of the symmetry of rectangular coordinates, but 
which can be used to solve the problem. The equations of motion that 
we get can be handled, much as were the equations for the spherical 
pendulum in the preceding chapter, and we shall get a satisfactory 
treatment of gyroscopic motion in that way. The results are con- 
sistent with our theorems about torque and angular momentum, as 
we shall show, but we do not make direct use of those theorems. These 
methods are practical and powerful, but not elegant. 

The other approach is to get as far as we can by direct application 
of the theorems of this chapter ; we shall now describe what can be done 
in this way. The mere statement that the torque equals the time rate 
of change of angular momentum can often give considerable informa- 
tion. Thus, for instance, a body acted on by no torques must have a 
constant angular momentum, constant both in magnitude and in 
orientation in space. This by no means implies a constant angular 
velocity vector, however; for we have seen that the relation between 
angular velocity and angular momentum involves the moment of 
inertia tensor, which is continually changing. We shall actually 
find in the next chapter that a body on which no torques are exerted 
carries out a complicated processional motion. One simplification 
we have not taken advantage of, however, so far, is the use of the 
principal axes as coordinates. In terms of the principal axes, the 
moment of inertia tensor has a simple form, and furthermore it is 
independent of time. We shall show that, by expressing the equations 
of motion in principal axes, we can get a simple and symmetrical set 
of equations, which have considerable usefulness. 

The principal axes, of course, are moving; in fact, since they are 
rigidly attached to the body, they are rotating with an instantaneous 
angular velocity <o. If we express the angular momentum in terms of 
its components with respect to the principal axes, or the quantities 
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Pi, pUf Ps time rate of change of this angular 

momentum will have two terms. First there will be the time rate of 
change with respect to principal axes, and secondly there will be the 
rate at which the angular momentum would change on account of the 
rotation of the axes, if its components in principal axes remained 
constant. This time rate of change is simply o X p, as in Eq. (3.1). 
Using (3.5), and denoting the components of the external torque with 
respect to the principal axes by Mi, M 2 , Ms, we have for the equations 
of motion 


Ml == Il0>l H“ (<»> X p)l = Il^l + (/s — J?^2)w3COij 

M2 — H“ (<«> X p )2 = J2CO2 {I I — Is')(jOiOOs 

Ms — Is^Z •+-(<»> X p)3 = / 3 CO 3 + {Iz — Jl)c02Wi. (4.1) 

The equations (4,1) are called “Euler’s equations.” They serve, 

as we see, to determine the time rate of change of the angular velocity 
vector in terms of principal axes, if we know the torque in terms of 
principal axes. Then from (3.5) we can find the angular momentum 
vector in principal axes. That is, we can find how the body moves 
with respect to the angular momentum vector, so that if we can also 
find directly how the angular momentum vector moves in space, we can 
derive fairly complete information about the motion of the body from 
Euler’s equations. They do not form, however, a really convenient 
way to attack a problem in the motion of rigid bodies, and we shall 
not give any examples of their use until the next chapter. There, 
where we shall solve problems by direct solution of the equations of 
motion in terms of Euler’s angles, we shall show that the solutions 
so derived satisfy Euler’s equations, and shall understand their 
interpretation and physical significance. 


Problems 

1. Prove that, if a body is pivoted about a fixed axis of rotation making direc- 
tion cosines X, v with the coordinate axes, the moment of inertia I for rotation 
about that axis, equal to the summation of the masses of all volume elements, 
times the squares of the perpendicular distances of the elements from the axis, is 
equal to \Hxx + fj-^lvv + v'^Izz + 2\ixlxv + ^fivlyz + ^vXlzx- 

2 . Find the principal moments of inertia of a solid homogeneous right circular 
cone of density p, altit.mlc /?,, and vertex angle 2a, pivoted about its apex, using 
spherical coordinatx-s. What are the principal axes? Find the moment of inertia 
of the cone about its slant height. 

3 . A thin piece of metal of mass 80 g has the cross section shown in Fig. 17. 
Find the moment and products of inertia for the axes Ox and Oy. Through what 
angles must these axes be rotated to coincide with the principal axes? Suppose 
the body is rotating at a given instant about the Ox axis with an angular velocity 
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of 10 radians/sec. 
instant. 


Find the direction of the angular momentum vector at this 


1 cm 
A I I 


10 cm 






1 cm 

-7 cm. >• 

Fig. 17. 


4. A rigid body rotates freely about a principal axis. From the Euler equa- 
tions of motion show that this motion is stable in general when it is about an axis 
of largest or smallest moment of inertia, but unstable about the axis of intermediate 
moment of inertia. 

6 . A solid homogeneous sphere of radius r, at rest on the top of another fixed 
sphere of radius R, is displaced slightly and begins to roll. If the coefficient of 
friction between the two surfaces is m, find where slipping starts. Under what 
conditions will the rolling sphere leave the surface of the other before slipping 
starts? 

6. A hollow cylinder of inner radius 10 in. is held fixed with its axis horizontal, 
and a solid sphere of radius 3 in. rests inside it in equilibrium. The sphere is dis- 
placed in a plane perpendicular to the cylinder axis and, released from rest, rolls 
without slipping. Set up the potential and kinetic energy for the motion, and 
find the frequency of small oscillations. Discuss the change in period as a function 
of the amplitude of the motion. 

7. The ends of a uniform rod of length 2a can slide on the inside of a smooth 
circular vertical track of inner radius 6. Find the period of small oscillations of the 
rod about its equilibrium position. 

8 . A solid disk rotating about its horizontal axis with a rim speed of 32 ft /sec 
is placed on an inclined plane of base 12 ft and altitude 5 ft. The coefficient of 
friction between disk and plane is and the disk rotates so that it tends to roll 
up the plane. How far up the plane does the disk move? During what fraction 
of this distance does the disk roll without slipping? How much energy is dissi- 
pated during this motion? 



CHAPTER VI 

THE MOTION OF A SYMMETRICAL RIGID BODY 


In the preceding chapter we found a number of properties relating 
to the motion of rigid bodies. We have not, however, been able 
to solve any specific problems. We shall now take up a particular 
and important problem : the motion of a symmetrical rigid body. By 
this, we mean a body two of whose principal moments of inertia are 
equal to each other, as they would be for a body with rotational 
symmetry about an axis, such as a top. Many of the most important 
rigid-body motions are examples of this problem. The most obvious 
one is the gyroscope, a device with many practical applications. 
Another, less familiar example is that of the rotation of the earth 
about its axis. The earth is flattened at the poles, and thus is not 
a perfect sphere. Furthermore, it does not rotate precisely about 
its axis of figure, and the resulting motion shows interesting pre- 
cession. Still another, quite different example comes from atomic 
and molecular structure. An atom is a structure of electrons rotating 
about a nucleus. Although it is not strictly a rigid body, it acts like 
one in many respects, and furthermore acts in many cases like a sym- 
metrical body. Some symmetrical molecules also have rotations that 
follow the laws of motion of rigid bodies. All these cases can be 
handled by the methods we shall develop in this chapter. 

We have seen in Chap. V that the vector law that the torque 
acting on a body equals the time rate of change of its angular momen- 
tum is not so useful in practice as we should think at first sight, since 
there are no generalized coordinates of which the three rectangular 
components of angular momentum are the generalized momenta. 
Thus we must introduce less symmetrical coordinates, and we shall use 
the angles known as Euler’s angles. We shall follow through the 
details of the motion, as described in terms of Euler’s angles, and 

shall see how this motion is consistent with the laws of the preceding 
chapter. 

1. Euler’s Angles. — In Fig. 18 we show Euler’s angles. The axis 
of the top has its orientation specified by two angles d and <p, which 
are similar to the angles of a conventional set of spherical polar 
coordinates. One of the principal axes of inertia is along the axis 
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of the top, by definition. This will be called axis 3, and the moment 
of inertia along it will be Iz. The other two principal axes, 1 and 2, 
are shown in Fig. 18 . The plane perpendicular to axis 3 intersects 
the xy plane in a line called the “line of nodes."' The angle <p is 
the angle, in the xy plane, between the x axis and the line of nodes; the 
angle yp, which describes the rotation of the top around its own axis, 

is measured in the plane perpen- 
dicular to axis 3 , and is the angle 
between the line of nodes and axis 
1. We shall find it convenient to 
introduce a rotated set of rectan- 
gular axes y, as shown, ^ being 
along the line of nodes, 77 in the 
plane of axes 1 and 2 at right 
angles to and ^ coinciding with 
axis 3 . 

The axes as we have shown can 
be used for a nonsym metrical 
rigid body as well as for a symmetrical one; we should still have the 



y 


principal axes 1 , 2, 3 in the directions shown. For the symmetrical 
body, two simplificatioijs result. In the first place, the two principal 
moments of inertia I\ and Iz become equal to each other; we may call 
each one Ji. In the second place, it is no longer possible to fix uniquely 
the directions of axes 1 and 2. All that we can do is to say that they 
are two axes, perpendicular to each other, in the ^77 pla,ne. This is 
obvious without proof for a solid that is really a figure of revolution; 
there is no unique axis perpendicular to the axis of figure. For a solid 
that meiely has I\ and Iz equal to each other, and yet is not a figure 
of revolution, a more formal proof is perhaps worth while. In that 
case, we should like to show that any direction in the 1-2 plane has the 
piopeity of a principal axis, that the angidar velocity and tlie angular 
momentum are parallel. Let us consider Eq. (2. (5) of Chap. V: 


Va 



( 1 . 1 ) 


Consider an angular velocity in the 1-2 plane, with components coi, C02 
along axes 1 and 2, and with 033 = 0. Itemembering that I \ = 1 2, and 
that 1 , 2 , 3 are principal axes, (1.1) then gives p, == /icoi, p,, 
showing that the angular momentum is parallel to the angular velocity, 
so that the arbitrary direction in the 1-2 plane forms a principal axis! 

It is interesting to see the physical interpretation of the time rates 
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of change of the various angles, 6, ip, and First we assume that 
only ^ is different from zero, all other generalized velocities being 
zero. Then clearly the body is rotating about its axis 3, or axis of 
figure, if it is a symmetrical body. It has an angular velocity of xf/ 
in the ^ direction. Secondly, we assume that only (p is different from 
zero. The axis of the body is then tracing out a cone around the z axis. 
This type of motion is called “precession.'’ The angular velocity 
around the z axis is <p. Finally, we suppose that only 6 is different 
from zero. Then the inclination of the axis of figure with respect to 
the z axis is changing with time. If at the same time there is preces- 
sional motion, the resulting motion of the axis of figure is called 
“nutation.” This type of motion is similar to the general motion of 
the spherical pendulum, as decribed in Chap. IV, Sec. 4. A motion 
in which only 6 is different from zero is clearly a rotation with angular 
velocity 6 about the ^ axis. 

We have just seen that 6, <p, ip, represent angular velocities about 
the I, z, and f axes, respectively. The asymmetry of Euler’s angles 
is apparent from this: the three axes are not perpendicular to each 
other. We may, however, resolve (p along the rj and ^ axes: <p has a 
component <p sin 6 along the rj axis, <p cos 6 along the ^ axis. If we now 
superpose all three types of rotation, remembering that angular 
velocities add like vectors, we have 

coj = a.',j = <p sin d, cof — ip cp cos 6. (1.2) 

Furthermore, we may resolve along the axes 1, 2, 3: 

031 — 6 cos Ip <p sin 6 sin ip 

0)2 = —6 sin Ip cp sin 0 cos ip 

032 = iP -i- ip cos 6. (1.3) 

2. Lagrange’s Equations in Terms of Euler’s Angles. — To derive 
Lagrange’s equations, we first need to sot up the kinetic energy in 
terms of the coordinates and velocities. We may do this most con- 
veniently from Eq. (3.0) of Chap. Y, 

T = Piihcol + 12031 + 1^031) 

taken in connection with (1.3). Setting h = I 2 for the symmetrical 
solid, we have 

T = 34[/i(^" + sinH <p^) + IziP + <P cos 6)^. 

The generalized momenta are now the derivatives of T with respect 
to the generalized velocities. Thus we have 
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Pb = 
V<P = 


dd 

d<p 


- he 

= Ix sin^^ <p + Iz cos 0 ( 1 /' + <p cos 


p^ 


dyp 


= I z{}p “h (p COS 0). 


0) 


( 2 . 1 ) 


To get the significance of these results, it is interesting to rewrite 
in terms of the angular velocity components coj, co„ wf, of (1.2). We 
have 

Pe = /lojf 

p^ — Ixoiy, sin 0 + Jscof cos 6 

p^ = Jswf. (2.2) 

We may set up components pz, Pr,, Pt of the angular momentum vector 
in the n, T axes, using Eq. (1.1). We have 


P^ Pn 1 1^7]) P^ 

In terms of these, 

Pb == Pi, P^ = Pv sin 0 + cos 9, p^ = p^. (2.3) 

That is, referring to Tig. 18, pe, p^, and pp are, respectively, the 
components of the angular momentum vector along the z, and ^ 
directions, just as we found earlier that (p, and are the components 
of the angular velocity along these same axes. 

The next step in setting up Lagrange's equations is to find the 
meaning of the generalized forces associated with the angles 9, (p, 
The rate of working of the external forces on a rigid body is the product 
of the forces times the velocities of the various particles, or is 

dW/dt = - ii. Using Tt = to X r< from Eq. (2.1), Chap. V, this 

i 

is dW /dt — ^ fi • (o> X r*). Using the vector theorem 

i 

[A • (B X C)] = [B . (C X A)] = [C • (A X B)], 


proved in one of the problems of Appendix IV, this equals y X f,. 

- , % 

Using Eq. (1.8) Chap. V, ^ r< X ft = M, the moment of the external 

i 

forces. Thus we find that the rate of working of the external forces is 

dW 


M 


<0 


dt 


(2.4) 
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where M is the vector moment of the external forces, w is the vector 
angular velocity. Using (1.2) for the components of angular velocit]^ 
in terms of -> 7 , and f axes, and M^, M^, for components of the, 
moment of external forces in the same axes, we have 

dW = dd + sin 6 d(p + M^i^drp -h cos 6 d<p) 

= ilf j dQ + sin Q + cos 0) dip + d4' 

— Me dd “f“ M^tp dip -{- d'^j 

where 

Me = Mf, M^ = ikr, sin d M^ cos 0, = Mf, 

so that Me, M^, and are the generalized forces associated with 
d, ip, and i/', and are at the same time the components of the moment 
of external force along z, and t, respectively. In terms of them, 
we may if we choose find the components Mi, M 2 , M 3 of the moment 
along the principal axes. We have 


Me — Ml cos yp — Ml sin p 

M<p = {Ml sin + M 2 cos p) sin 6 + M 3 cos d 

M^ = Ms (2.5) 

from which M 1 , M 2 , M 3 can at once be found. 

We may now at once set up Lagrange’s equations. They are 


dpe 

dt 


hB = 


dT 

dd 


H- Me 


= hip'^ sin d cos d — Istp sin d{xp + ip cos d) -j- Mo 
d.n d 

~df ^ sin^e <p -1- I;i cos 6 {yp tp cos 0)] = M^ 

Uaiyp + <P cos 6)] = M^. 


( 2 . 6 ) 


These are at first sight rather complicated equations. They should, 
of course, be essentially equivalent to Euler’s equations, ( 4 . 1 ), of 
Chap. V, and they are. To prove this, we may start with Euler’s 
equations, which are expressed in terms of Mi, M 2 , M3, and wi, C 02 , C 03 ; 
express the angular velocities by (1.3), and the components of the 
moments by (2.5). Writing everything in terms of 0 , ip, and xp, then, 
we find that Lagrange’s equations ( 2 . 6 ) foilow as a consequence of 
Euler’s equations. This is a complicated way of deriving them, but 
it shows that Lagrange’s equations essentially express simply the 
fact that the torque equals the time rate of change of angular momen- 
tum. The only one of Euler’s equations that transforms simply is the 
one for axis 3. Since the body is symmetrical, and h = I 2 , Eq. ( 4 . 1 ) 
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of Chap. V states that — /3C03, which by (1.3), (2.5), is just the 
third equation of (2.6). Though Lagrange’s equations are at first 
sight complicated, we shall see by examples that they can lead to simple 
results in important special cases. 

3. The Free Motion of a Symmetrical Rigid Body. — The first 
example we shall take up is that of the motion of a symmetrical rigid 
body under the action of no torques. In that case, we may simplify 
the problem by choosing our axes properly at the outset. We know 
that, since no torques act on the body, its angular momentum is 
constant. Let the angular momentum then be along the z axis of our 
coordinates, and be a constant value p*. In this case we shall have 


Pj =0, Vv — Pz sin 6, Pf = pz cos d 

pe =0, Pp = Pz, p^i^ = Pz cos 6. (3.1) 


Since pe = I id, we see at once that 6 must be constant, or the angle 
between the axis of figure and the total angular momentum is constant. 
Lagrange’s equations (2.6) then become 

0 = ^ sin 6[Ii4> cos 6 — Is(\p + 4^ cos 0)] 

Pz = constant — h sin^^ 4> 1 3 cos 0(i^ -j- ^ cos 0) 

Pz cos 6 = constant = I&(}p + ^ cos 0). (3.2) 

It is convenient to express p^, and from (3.2), in terms of the 
angle 0, and the component of angular velocity about the axis of 
figure, which by (1.3) is 003 = ^ cos 6, and hence by (3.2) remains 

constant during the motion. From the third of Eqs. (3.2) we have 


Pz cos 9 = /3W3, 


(3.3) 


which is also obvious from (3.1), (2.2), and (1.2). 
(3.2) we have 


<P cos 9 


h 

h 


C03 


From the first of 


(3.4) 


which also follows from the second of (3.2) together with(3.3) . Finally 
we have 

Ip = as - V cos e = (3.5) 

i I 

Thus we find that ^ and <p are constants, and find their values. 

The physical nature of the motion may be seen from Fig. 19. For 
definiteness we show the case J3 > /i, which would be the case for 
an oblate spheroid, as for instance the rotating earth, which is flattened 
at the poles. The z axis is the axis of angular momentum, and the 



Sec. 3] THE MOTION OF A SYMMETRICAL RIGID BODY 


113 


^ axis the axis of figure. The angular velocity vector, as shown, lies 
in the plane of z and but is not in the same direction as the angular 
momentum. We may see this from the fundamental relationship 
that so that, since /s is greater than h, the 

angular momentum is more nearly parallel to the axis of figure than 
is the angular velocity. 

We show in Fig. 19 the way in which the angular velocity is made 
up of a vector <p along the z axis, given by (3.4), and a vector 4^ along 
the f axis, given by (3.5), and hence 
negative in the present case. The 
motion becomes easy to understand 
when we consider the two cones 
shown in Fig. 19. One of these 
cones is fixed in space, and has the 
z axis as its axis of symmetry, while 
the other is fixed in the body, and 
has the ^ axis as its axis of sym- 
metry; both cones pass through the 
axis of angular velocity. The mo- 
tion of the body may now be con- 
sidered to be a rolling of the body 
cone on the space cone. In such a 
rolling motion, the angular velocity 
vector will move around the space 
cone, rotating about the angular 
momentum vector. At the same 
time, with respect to the body, it will move around the body cone. 
The time required for the angular velocity to move once around the 
space cone is the period associated with the angular velocity <p; after 
one such period, the axis of figure will have returned to its original 
orientation in space. In this time, however, the body cone will have 
rolled around the space cone in such a way that the line of tangency 
of the two cones, which is the angular velocity vector, will have rotated 
a certain distance around the body cone. Thus in this time axes 1 
and 2 will have rotated with respect to axes ^ and 77 , and it is this 
rotation which is described by the angular velocity 4'. If i/' is small 
compared with <p, as it will be according to (3.4) and (3.5) if the body 
is almost symmetrical, this means that the body cone has a much wider 
aperture than the space cone, as shown in Fig. 19, so that it requires 
many periods of <p for the orientation of the angular velocity vector 
with respect to the body to describe the body cone. 


z 



for rotation of a j^ymmetrical rigid 
body. 
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If we consider the angular velocity vector with respect to coordi- 
nates fixed in the body, we see that it describes the body cone, with 
angular velocity To see this analytically, let us set up the 

components au, i 02 , «3 of angular velocity with respect to axes fixed in 
the body, from (1.3). We have 

coi = ^ sin 6 sin p/, oiz — 4> siii ^ cos p. (3.6) 

Since <p sin 0 is a constant, this means that coi and 002 are two com- 
ponents of a vector making an angle ■p with axis 2 , measured down 
toward axis 1 , so that this vector rotates with an angular velocity —p. 
This rotation is given immediately by Euler’s equations, (4.1) of 
Chap. V. For this case, those equations become 

+ ( 1 3 — /i)c02W3 = 0 

Il(j02 "h (1^1 — / 3 )cOiC 03 = 0 

/ 3 W 3 = 0. (3.7) 

On the other hand, taking the time rates of change of (3.6), we have 

COi = p03^, CO 2 = —pOil, 

which, taken with (3.5), leads at once to Euler’s equations ( 3 . 7 ). 
This is an illustration of the way in which Euler’s equations are con- 
sistent with Lagrange’s equations, but give much less information. 

The general motion of the freely rotating symmetric body is then 
as follows: it consists of a rotation about an axis that rotates rapidly 
in space about a cone, the space cone, whose axis is the fixed axis of 
total angular momentum; at the same time, the axis rotates more 
slowly with respect to the body, about a cone, the body cone, whose 
axis is the axis of figure. The inclination of the axis of figure to the 
fixed axis of angular momentum is constant. The motion is thus a 
type of processional motion of the axis of figure about the axis of 
angular momentum. Of course, it is evident that there is a special 
case in which the axis of angular momentum coincides with the axis of 
figure; then the axis of angular velocity is also along this direction, 
and the motion becomes a simple rotation about the axis of figure, as 
around an axle. Similarly there is a special case in which the rotation 
is about any axis in the 1-2 plane ; in any such case the axis of rotation 
is a principal axis, so that the angular velocity is parallel to the angular 
momentum, and stays fixed in space. For this case 6 ~ 7 r/ 2 , so that 
C 03 = 0, and, using (3.7), wi and cb 2 are zero, showing that the angular 
velocity vector, which is in the 1-2 plane, is fixed with respect to the 
body. 
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We have described the motion of the freely rotating symmetrical 
rigid body in the simplest possible way in terms of Euler’s angles: 
we have taken the constant direction of the angular momentum 
to be that of the z axis. This is by no means necessary, however; 
we could have taken the angular momentum in any direction. If we 
had done this, we should have a much more complicated solution, 
which we can describe, since we know the nature of the motion. Let 
us imagine Fig. 19 tipped at an angle. Then the axis of figure, instead 
of describing a cone with constant angle d, will describe a cone in space 
for which 6 will change with time. The orientation will come back to 
its original value periodically, the frequency of this motion being 
<p, so that 6 must oscillate between maximum and minimum values with 
this angular frequency. Simultaneously ^ and xj/ will execute much 
more complicated motions than when the angular momentum is along 
z. We shall see an example of this general situation in the next sec- 
tion, when we take up a more general case of motion, and treat the free 
rotation as a limiting case when the torque goes to zero. 

4. The Top Spinning under Gravity. — One of the most important 
types of rigid-body problem is that of the symmetrical body such as a 
top moving under the type of torque produced by gravity. Suppose 
the body is pivoted at a point on its axis of figure. Then gravity will 
exert a torque tending to make the top fall, or to increase 0, if the 
z axis is taken vertically upward. If the mass is m, acceleration 
of gravity is g, and the distance from the pivot to the center of mass 
is L, the gravitational torque will be 

Mo = rngL sin 0, = M,p — 0. (4.1) 

Lagrange’s equations are then 

Mo — I — I\<p^ sin 6 cos B -h I zip sin B{4> -b <p cos 6) 

0 = “ [Ti sin^^ <p 4- Is cos 6(^1/ -h (p cos 0)] 

0 = ^ ^ cos 0)]. (4.2) 


We may use the constancy of j)^ and to eliminate <p and x// from the 
first equation above. We then find 


I iB ~ AI 0 4 “ 


(y>v> ~ IN B) (Py cos 0 
1 1 sin® 0 



(4.3) 


In Eq. (4.3) we have reduced our problem to that of the motion of a 
single variable, 0, which we can handle as if we had a problem of the 
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motion of a particle in one dimension. Having found how 6 varies 
with time, we can then find <p and ^ from the equations 


. __ Py — cos 6 
^ h sin^ d 

• __ (p^ — p^ cos 6) cos 6 

^ _ /i sin^ e 


(4.4) 


which follow from (4.2), and which can be integrated directly once $ 
is known. 

First let us consider the case of no torque, so as to make connec- 
tions with the preceding section. In that case (4.3) becomes 


he = 


(p<f> ~ V'l' cos 6){p^ cos B — p^) 
1 1 sin3 d 


(4.5) 


The case of Sec. 3 was that in which p^p — p^ cos 6, as we see from 
(3.1), so that (4.5) leads at once to ^ = 0. As we mentioned at the 

end of the last section, however, we 
can handle the same problem with 
different orientations of the angular 
momentum vector, and (4.5) in- 
cludes this general case. To under- 
stand it, we must consider the 
function of 6 on the right side of 
(4.5). This function plays the part 
of a fictitious torque, arising from the 
coordinate system, producing an ac- 
celeration of 6. The general form 
of this torque is shown in Fig. 20. 
For 9 = 0, it approaches (p^ — 
Pi^)^/Ii sin^ $, or is positively infi- 
nite; and for 6 = tt, it approaches 
~(P-p + VfY/h sin® 9, or is nega- 
tively infinite. It is zero just once 
between, when one or the other of the two factors in the numerator 
becomes zero, and decreases monotonically over the whole range. The 
torque vanishes when 

cos 6 = — OT — ♦ (4.6) 

At this point there is equilibrium, and B can remain constant. 

Only one of these two conditions can be fulfilled with any prescribed 
values of p^ and since cos B must be less than unity. If the second 



Fig. 20. — Effective force acting 
to increase 0, for rigid body with no 
torque. 
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case holds, we have the situation taken up in Sec. 3, where the angular 
momentum is along the z axis. If the first holds, the angular momen- 
tum is along the axis of figure, so that the angular velocity is also in 
that direction, and remains independent of time, but the axes are 
set up so that the axis of figure is not along the z axis. These are the 
only two cases in which d can remain constant, even in the absence of 
torques. 

If we denote by Oq the value of 6 defined by (4.6), at which the 
right side of (4.5) vanishes, we can then expand the right side in power 
series in {6 — do). The expansion can be carried out straightfor- 
wardly, and the result is 

Ii6 = - ^ {e - 0o) if cos 00 

i 1 

hB = — ^ {d — do) if cos do 

J 1 

where we retain only the linear term of the expansion. That is, by 
(4.7), 6 can execute simple harmonic oscillations of small amplitude 
about do, with an angular frequency which is p^/Ii in the first case, 
p^/Ji in the second. We can now see by comparison with Sec. 3 
that this is just what we should expect. The first case is that in 
which the angular momentum is almost exactly along the axis of figure, 
so that the space and body cones both have very small angular aper- 
tures. If we were to set this motion up, as in Sec. 3, with the angular 
momentum vector along the z axis, we should have d nearly zero. 
Then, using (3.1), (3.3), and (3.4), we should have approximately 
<p = This would give the rate of precession of the axis of 

figure, and hence the angular frequency of oscillation of d in our 
present axes, in which d is inclined to the z axis. Since has the 
same meaning in both sets of coordinates, representing the component 
of angular momentum along the axis of figure, we justify our result 
in the first case. In the second case, the angular momentum is 
almost, but not quite, along the 2 : axis. In that case, again by (3.1), 
(3.3), and (3.4), we have approximately ip = p,p/I ij and this should 
be the angular frequency of oscillation of 6 in our present coordinates, 
in which the angular momentum is slightly inclined to the z axis, so 
that d oscillates with small amplitude with the same frequency as the 
rotation of the axis of figure. 

Now that we have considered the limiting case of no torque, in 
the general set of coordinates that lead to Itq. (4.3), we may go to the 
general case in which there is an external torque Mo, winch in par- 


= tt, (4.7-) 

Vf 
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ticular may have the value mgL sin 6 of (4.1). Adding this function 
to the fictitious force on the right side of (4.5), shown in Fig. 20, 
the resulting function still has the same general form: it is positively 
infinite for 0 = 0, negatively infinite for 6 — tt, and vanishes once 
between, but for a larger value of 6 than that given by (4.6), for given 
values of and Just as in the case with no torque, there is still a 
processional motion possible, in which B remains constant, at this par- 
ticular value for which the total apparent force is zero; for in that 
case, by (4.3), 6 = 0. Let us first consider the case of this precession. 
If B is constant, by (4.4), both ^ and a-i’© constant, so that the axis 

of figure precesses with uniform 
angular velocity <p about a cone 
making an angle $ with the ver- 
tical, while the top spins with 
angular velocity 4' about its axis. 
This is the conventional type of 
motion of a spinning top. 

There is a familiar elemen- 
tary treatment of the precession 
of a top, which we can easily 
adapt to give the exact solution 
for this case. The angular mo- 
mentum vector is in the plane 
of the axis of figure and the 
vertical axis, making a constant 
angle with the vertical, and 
processing about a cone with an angular velocity <p. The time rate 
of change of this vector is the torque Mo, which as w^e see from Fig. 21 
is a vector at right angles to the angular momentum. Thus in time 
dt the change of angular momentum is Me dt. If we take the hori- 
zontal component of angular momentum, we then see that d(p, the 
change in angle (p in time dt, must be the change of angular momentum, 
Medt, divided by the horizontal component of angular momentum; 
that is, <p equals Me divided by the horizontal component of angular 
momentum. In the elementary treatment, it is assumed that the 
angular momentum is along the axis of figure ; thus, if the total angular 
momentum vector has a magnitude p, the horizontal component is 
p sin 0, so that, using (4.1), 

• = _ rngL sin 0 _ ‘rr^L , 

^ p sin 0 p sin B ^ p k ■ ) 

That is, the rate of precession is inversely proportional to the angular 



torque for precessing motion of symmetrical 
rigid body. 
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momentum, and is independent of the inclination of the axis of figure 
to the vertical. This treatment is inaccurate only in that the total 
angular momentum vector is not exactly along the axis of figure. 
This is a result of the fact that the angular velocity consists of two 
parts; i/', an angular velocity along the axis of figure, whose angular 
momentum is along the axis of figure; but also the processional 
angular velocity <p along the vertical axis, involving angular momentum 
in other directions. It is only for a slow precession, in which <p can 
be neglected compared with yj/, that the elementary treatment is 
correct. 

To improve on this elementally treatment, we may use the notation 
of Fig. 18. Then the component of angular momentum in the plane 
perpendicular to the axis is pf sin 0 — p„ cos d. Using (2.3), this in 
turn is p^ sin 6 — (p^ •— p^ cos 6) cos 5/sin d. By (2.1), this is 
(p^ — I \<P cos 6) sin 6, so that, remembering that p^ is the angular 
momentum associated with the spin around the axis, we see that we 
have agreement with our previous value p sin 6, if <p is so small that 
it can be neglected. Taking the general case, however, we have in 
place of (4.8) 


— 


^ 

p^ sin 6 — (p^ — p^ cos d) cos 5/ sin 6 


(4.9) 


Writing (p — (p^ — p^t, cos 5)//i sin‘^ 5, which follows from (2.1), this 
equation becomes 


Mo 


(7><p — pyj' G){p^ — P y COS 6) 

1 1 sin*'* 6 


(4.10) 


which is just the form that (4.3) takes when 0 is independent of time, 
or for precessional motion. Thus that general case can be explained 
in terms of a simple geometrical discussion. The ordinary case of the 
top is the case of small or large p^, but our present discussion is 
perfectly general, and holds for any arbitrary values of the momenta 
and angidar velocities. 

Finally, not only can we have uniform precession, as in Fig. 21, 
and in Eq. (4.9) or (4.10), but also we can have an oscillation of 6 
about the angle at which precession occurs, as determined from (4.10). 
Referring to (4.3), we could in the general case find the value of 0 
for which the right side of (4.3), or the effective torque, is zero [this 
is the value of 0 determined by (4.10)], and then we could expand the 
effective torque in power series about this value, just as we did in (4.7) 
for the case of no external torque. The expansion is not so simple as 
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in that case, but nevertheless if we keep only the linear terna we shall 
still find that 6 is governed by the equation of simple harmonic motion 
so that 6 will still oscillate ^bout the fixed value given by (4.10). 
The general motion, combining an oscillation of 6 with a precession 
of the axis of figure, is called ‘‘nutation.” Here as before, when we 
have solved for 0 as a function of time, we can determine <p and \p 
by (4.4). Thus we have in effect a general solution of the problem 
of the top spinning under gravity, and a general description of its 
motion. 

Problems 

1. Discuss the motion of a symmetrical top under gravity by the energy 
method, showing that the effective potential energy can be written in the alterna- 
tive forms 


F' = mgL cos e + + pI - cos e) 

2/i sin2 0 

= mgL cos 0 + k / 


- 1 - 


iVi ~ Iz03Z cos 


2. A top is started spinning vertically, with no other motion, so that initially 

0=0, dd/dt = 0. Show that = /gwa, E = energy = -f mgL. Substi- 
tuting these expressions in the energy equation E = d- V', show that, if 

<az > 03', where (ca')^ = AmgLil 1/ 1 %) , the angle 6 must remain equal to zero, but 
that if W3 falls below oj', d will oscillate between 0 and the angle cos~i [ 2 (co 3 /aj ')2 _ i]. 
Experimentally, if a top is started as we have described, with cos ^ there will 
be a frictional torque decreasing cos, and as soon as the torque reduces cos below co', 
the top will begin to wobble. ’ 

3. For a nutation of small amplitude about the steady processional motion of a 
top, the angle 6 oscillates sinusoidally about the equilibrium angle. Find the 
frequency of the nutation, by expanding the potential V in power series in d — ^o, 
where 0o is the angle of steady precession with the same angular momentum! 
Retain only the constant and the term in (0 - 0o)2, and get the frequency by 
comparing with the corresponding expression for the linear oscillator. 

4. In Fig. 19, show that the tangent of the angle between co and the axis of 
figure is a/cos, and the tangent of the angle between the z axis and the f axis is 
{Ii/Iz){a/o}z), where a, cos represent the components of the angular velocity at 
right angles to and along the figure axis. Knowing from (3.5) that the time 
required for the axis of angular velocity to perform a complete rotation with 
respect to the body is r = (27r/co3)[/i/(/i — /s)], show that the time for it to 
perform a complete rotation in space is approximately ( 27 r/co 3 ) (/i/Zs), if the angles 
mentioned above are small. Hence show that for the earth the axis of angular 
velocity is not fixed, but rotates about a fixed direction approximately once a day. 

6. The earth is acted on by torques exerted by the sun and moon, and as a 
consequence its angular momentum processes about a fixed direction in space. 

is IS entirely separate from the effect of Fig. 19 and Prob. 4, which we now 
neglect. This precession has a period of 25,800 years, and carries the angular 
momentum about a cone of semivertical angle 23°27', so that the pole in succession 
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points to different parts of the heavens, resulting in the precession of the equinoxes, 
and in the fact that different stars act as pole star at different periods of history. 
Show that the motion can he represented by the rolling of a cone fixed in the 
earth, of diameter 21 in. at the north pole, on a cone of angle 23“27' fixed in the 

heavens, 

6. A system of electrons moving about a center of attraction has a certain 
angular momentum, equal to 2m(r X v), and also a magnetic moment, equal to 
Se(r X v), where c is the charge and n the mass of an electron. This magnetic 
effect results because the electrons in rotation act like little currents, which in 
turn have magnetic fields like bar magnets. An external magnetic induction B 
exerts a torque on the system, equal to the vector product of the magnetic moment 
and B. Show that, under the action of the field, the system of electrons processes 
with angular velocity cB/2)n about the direction of the field. This precession, 
which, as we see, is independent of the velocities of the electrons, is called “Larmor’s 

precession.” 



CHAPTER VII 

COUPLED SYSTEMS AND NORMAL COORDINATES 

In Chap. V we laid the foundation for discussing the mechanics 
of a system of particles, showing that the system as a whole moved 
in much the same way that a single particle would : its center of mass 
was governed by Newton's second law, the external force acting on the 
system as a whole equaling the time rate of change of the total momen- 
tum; and the external torque acting on the system as a whole equaled 
the time rate of change of the angular momentum. Now we shall 
take up the converse problem, the internal motions of the particles 
of the system. A first and obvious example of the general problem 
is a solid body itself ; we may regard it as a collection of molecules or 
atoms, and may investigate the relative motions of the atoms. Some- 
what simpler would be the motions of the atoms in a molecule. The 
particles in these examples are held to positions of equilibrium by 
linear restoring forces, which, acting between the individual atoms, add 
together to make up the elastic forces that result in Hooke's law for a 
solid body. Our problem in this chapter will be to consider the gen- 
eral mechanical motion of a set of particles held together, or coupled, 
by linear restoring forces. 

Many other mechanical problems lead to the same mathematical 
problem. For example, on a larger scale, we may have rigid bodies, 
coupled together by ordinary springs. Ordinary elastic vibrations, 
then, involving several particles, come under our general problem. 
More generally, we shall find our methods underlying our later dis- 
cussions of the large-scale vibrations of elastic bodies such as strings, 
plates, and membranes. In musical instruments, such bodies are 
set into harmonic vibration as sources of sound, and the various over- 
tones in which they can vibrate are of just the sort that we shall 
come across in the present chapter. Our methods are important not 
only in mechanics, but in electricity as well. Just as a single resonant 
circuit has the same mathematical treatment as a single particle held 
by a linear restoring force, so a set of coupled circuits acts like a set 
of coupled oscillators. We shall set up this analogy, and show how 
our methods can be applied to circuit problems. At higher frequen- 
cies, where ordinary electric-circuit theory cannot be used, it is usual 
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to excite electromagnetic oscillations in cavity resonators, and the 
theory of these resonators again is similar to the theory of vibrations 
that we shall set up. We could name many other applications of the 
same methods, but this should be enough to show the widespread 
importance of the problem that we shall now treat in its most funda- 
mental form. 

We shall not, however, by any means be handling all problems 
of coupled particles. We limit ourselves explicitly to linear restoring 
forces, just as we did for the single particle in Chap. II. Thus we 
cannot include one of the most obvious examples of coupled systems, 
the solar system, with the planets held together by inverse square 
gravitational forces; or another equally obvious case, an atom, with 
the electrons likewise held by inverse square forces, and at the same 
time with the complication that 
their motion is governed by wave 
mechanics, rather than classical 
mechanics. Furthermore, even for 
the case of vibrations, it is often 
the case that for small oscillations 
the restoring force is proportional 
to the displacement, so that we can 
treat the problem, but for larger 
amplitudes the proportionality no 
longer holds. 

Thus our treatment is essentially one of small oscillations. We 
may get a simple illustration of this in the vibrations of the atoms of 
a solid. At ordinary temperatures, the atoms are in continuous 
oscillation; we refer to this motion as “temperature agitation.” The 
energy of a particle, proportional to the square of its amplitude, is 
proportional to the absolute temperature (provided that we can 
neglect the fact that the atomic motions really obey quantum mechan- 
ics, not classical mechanics) . This holds, however, only at low enough 
temperatures so that the amplitude of oscillation is small, and the 
restoring force is linear. At higher temperatures, the situation may be 
quite difterent. For instance, the potential energy curve for an atom 
may be as shown in Fig. 22, with a minimum (a) in the neighborhood 
of which the potential energy can be approximated by a parabola, or 
the restoring force l)y a constant times the displacement. So long 
as the amplitude is small, the atom will oscillate about this point 
with simple harmonic motion. At larger temperatures, and hence 
larger amplitudes, however, the atom can pass over the maximum (6) 



energy curve for an atonci with two 
potential minima. 
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and start oscillating around a quite different minimum (c). If then 
the amplitude again decreases, as by reducing the temperature again 
the atom may stay oscillating around (c). In this case the process of 
heating and subsequent cooling has brought about a permanent change 
in the system. A physical example of this might be the heat-treat- 
ment of a metal. Such phenomena clearly lie outside the range of our 
present theory, in which all restoring forces are assumed to be linear. 
It is well at the outset to recognize the limitations of our treatment. 

The problem of a single particle executing simple harmonic motion 
is of course simple, and we have discussed it completely in Chap. II. 
The present complication is that the forces acting in a collection of 
particles are not simply forces pushing a particle to a fixed position of 
equilibrium, but are rather forces of interaction between particles, as 
the elastic forces in a solid are really forces of short range between 
adjacent atoms or molecules. Thus, if a single particle starts oscillat- 
ing, it exerts forces on its neighbors and sets them going, and they in 
turn pass the motion along, so that in general all the particles of the 
system are taking part in the oscillation. This means a complicated 
situation; but fortunately there is a method of simplifying it, which 
will be the foundation of our treatment. It proves to be possible, in 
any system of particles held by linear restoring forces, to set up certain 
vibrations, called ‘^normal vibrations,” or “normal modes,” in which 
all particles oscillate, with prescribed amplitudes, but with the same 
frequency. There are a definite number of these normal modes 
possible, each with its own frequency, and each differing from the 
others in the way the particles vibrate. 

Perhaps the most familiar example of these normal modes is 
found in the vibrating string; each of the modes corresponds to one 
of the overtone vibrations of the string, in which the string takes the 
form of a sine curve, with an integral number of half wave lengths 
included in the length of the string. We can then prove that the most 
general motion of the system, provided that it is acted on by no 
external forces, is a superposition of vibrations in all these normal 
modes, each with its appropriate amplitude and phase. The possibility 
of superposing the vibrations, the so-called “principle of super- 
position,” is a result of the linear nature of the problem. Further- 
more, we can prove that, if external forces act on the particles of the 
system, in addition to the linear restoring forces, the individual normal 
modes act very much like individual oscillators; if the external forces 
vary sinusoidally with time, for example, there will be a resonance 
phenomenon at the resonant frequency of each of the normal modes. 
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Mathematically we can use the existence of the normal modes to 
carry out a transformation of coordinates, one for each of the normal 
modes. When we express Lagrange’s equations in terms of the normal 
coordinates, we find that we have a separation of variables : the equa- 
tion for each of the normal coordinates involves only that coordinate, 
and furthermore it has just the form of the equation for the oscillation 
of a single particle held by a linear restoring force, so that we can 
handle it by the methods of Chap. II. Thus the introduction of the 
normal coordinates provides a simple and complete solution of the 
problem of the coupled oscillations. Our problem then forms a very 
general and important one for which a complete solution is possible. 
We shall now proceed with the formulation of the problem, and show 
how to introduce normal coordinates, and to use them. 

1. The Equation of Motion of a Coupled System. — As in Chap. IV, 
Sec. 1, we shall assume that we have a system consisting of a number 
of particles, each with x, y, and z coordinates, and shall name the 
rectangular coordinates of the particles Xx, Xs, . . . Xn, where Xi, X 2 , X 3 
are the x, y, z coordinates of the first particle, xa, X 5 , xq of the second, 
and so on ; n is then three times the number of particles. Since we are 
assuming that the particles can be in equilibrium with particular 
values of the coordinates, it is a convenience to measure the displace- 
ment of each particle from its position of equilibrium. Thus there is 
a different origin in space for each set of x, y, 2 ’s; but when all the a:’s 
are zero, no forces act on any particle of the system. We may now 
consider the potential energy V as a function of the Xi’s, and see what 
conditions are imposed on it by our assumptions. 

We may expand the potential energy in a Taylor’s series in the 
a^i’s. Using the formula for a Taylor’s expansion of a function of 
several variables, we have 


U(a;., 


V (I + 


SO." 


-.iXi + 


( 1 . 1 ) 


== 1 -n 


Here Vo, V /^.Ti)o, (d'^V /dxi are values of V and of the derivatives 
for the case where all XiS are zero. Terms higher than the second 
are not written out explicitly in (1.1). The force acting on the 
coordinate Xi is then 

/,■. = _ - V .r.. . . . 0.21 

dXi \5.Tt/o ^ xdXidXj/o'^ 
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where in the last term of (1.2) we note that the present in the 
corresponding term of (1.1) drops out since in carrying out the differ- 
entiation of (1.1) we can have the i that appears in (1.2) equal to the 
index of either the first or the second factor x in (1.1). 

We may now apply our condition that no force acts on any particle 
when all the a:»’s are zero. That results immediately from (1.2) in 
the relation {SV/dxi)o — 0, or the potential energy has a minimum 
(or maximum) when all rrt's are zero. Since we wish to consider only 
stable oscillations, we must assume that the potential energy has a 
minimum, not a maximum, at this position. We may furthermore 
take the value "Fo of potential energy at the position of equilibrium to 
be zero. Then (1.1) and (1.2) simplify to the forms 


where 



(1.3) 


In these equations we have the general expression for potential energy 
for the small oscillations of any system of particles. We note that 
the force on the fth particle is a linear function not only of the dis- 
placement of that particle, but of the displacement of every other 
particle; the motion of any particle perturbs all other particles, and 
tends to make them oscillate. The quantities Aij measure the inter- 
action between the particles, and of course can be zero if two particles 
really exert no forces on each other. The Ai/s form a symmetric 
tensor, of the type discussed in Appendix V, and already encountered 
in Chap. V, in discussing the moments and products of inertia. The 
diagonal components An represent the force constants of the restoring 
force acting on a single particle, when that particle alone is displaced. 

The kinetic energy of the system of particles is of course 



where is appropriate to the coordinate Xi, as in Sec. 1, Chap. IV. 
The equations of motion, in the original coordinates, are then 
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We see at once that each of the equations (1.5) involves all n coordi- 
nates, so that we cannot proceed to a direct solution. It is to separate 
the variables, and obtain n equations each involving a single unknown,- 
that we introduce the normal coordinates. 

2. Normal Modes of Oscillation. — Our first step in discussing 
Eqs. (1.5) will be to prove that normal modes exist: modes of oscilla- 
tion in which all coordinates oscillate sinusoidally with a common 
frequency. To do this, we shall assume that .r* depends on time 
through a factor as in Chap. II. Then Xi will equal — so 

that (1.5) becomes 

^ xAijXj — miOi^Xi = 0 , i = 1 ‘ n. ( 2 . 1 ) 

3 

To make the situation a little clearer, let us write out the equations 
(2.1). They are 

(All — mito 2 ).Tl -t- A12X2 + • • • + AxnXr^ = 0 
A2i.ri + (A 22 — m2co^)x2 -f- • • • -f- AznXn = 0 


AnlXx -f" Ari2:r2 “h ‘ ' ■ “f" (A7in ') 7 lnO}^')Xn — 0. (2.2) 

These are n simultaneous algebraic linear homogeneous equations for 
the n unknowns .ri . . . Xn^ They are mathematically equivalent to 
the equations (3.3) of Chap. V which we met in introducing principal 
axes of inertia, and which we discuss in Appendix V. As before, the 
equations in general have no solutions except 

Xx = X 2 = • • • = Xn = 0, 


for they can determine only the (n — 1) ratios of XiS, not the absolute 
values of the Xi’s, and we have one equation too many to determine 
(n — 1) variables. As shown in Appendix V, the condition that the 
n equations (2.2) be compatible with each other is that the determinant 
of their coefficients should vanish: 


All — n?-io)“ 

A 12 * 


A 21 

A 22 ~ 

771203 ^ ' • ■ A2n 

Am 

An2 ■ 

A. fin TTlfiO) 


= 0 . 


(2.3) 


The determinantal equation (2.3) is an equation of the nth degree 
for 0 ) 2 , which will thus have n roots for co^. It can be proved that 
these roots are all real; this follows from the fact that A a = Aji. The 
corresponding values of o) will then be either real (if is positive) 
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or pure imaginary (if co^ is negative). If an to is real, then we have 
solutions corresponding to either or where these correspond 

to the positive and negative values of the square root, and co is chosen 
to be positive; this is the case of a simple harmonic oscillation, as in 
Chap. II. If an w is pure imaginary, equal to —joo', where «' is 
positive, then the two solutions will correspond to e‘^'* or These 

are the solutions of the problem of the motion of a particle repelled 
from a point by a force proportional to the displacement from that 
point, a problem that we did not consider in Chap. II, but that in 
general leads to motion in which the particle goes more and more 
rapidly away from the center of repulsion. We shall assume that 
we are dealing only with the oscillational case. 

Equation (2.3) is often called the “secular equation,” for the 
following reason: In celestial mechanics, one can calculate certain 
simple periodic orbits, and can prove that other orbits are possible in 
their neighborhood, corresponding to oscillations about the periodic 
orbits. The situation is similar to that which we met in discussing 
the spinning top, in which the nutational motion was an oscillation 
about the precessional motion. The problem of vibrations about the 
periodic orbits can be shown to lead to an equation like (2.3) for 
determining the frequencies of vibration. It can then happen that 
some of the co’s are real, others imaginary, as in this case. The real 
oj’s lead to periodic oscillations about the orbits; the orbits are then 
called “stable,” just as a point about which oscillations can occur is a 
point of stable equilibrium. Our case of nutation was a stable oscilla- 
tion. On the other hand, imaginary co’s lead to a departure from the 
original orbit which becomes greater and greater as time goes on, so 
that the particle never returns to the orbit. Such a continually 
increasing perturbation is called a “secular perturbation,” and the 
corresponding orbit is unstable. Equation (2.3), then, allows us to 
distinguish between stable and unstable orbits, or between periodic 
oscillations and secular perturbations, and for that reason is called the 
“secular equation.” 

We shall now assume that the secular equation (2.3) has been 
solved for o>^, and that the corresponding frequencies are real. The 
actual solution of (2.3) can be very difficult, and may have to be 
carried out numerically. We shall later work out the simple illus- 
tration of the case n = 2, in which (2.3) is a quadratic, and we can 
solve it immediately. We shall label the n roots coi, 0 ) 2 , . - • 
numbering the frequencies in any order we please, such as the order 
of increasing frequency, coi being the smallest. Then, substituting 
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any of the n frequencies in (2.2), we can solve for the ratios of the 
XiS. We shall get a different set of Xi^ for each frequency co,-; let 
us call the Xi associated with the ^th frequency Xij. We then have 
found as a possible solution of the problem. 

Xi — (2.4;) 

where Aj is an arbitrary amplitude factor. This, however, is not the 
general solution; for, because of the linear nature of the equations 
of motion (1-5), we can add solutions and still get a solution. That 
is, the general solution is 

“ X (2.5) 

3 

showing that the motion is a superposition of n simple harmonic 
oscillations. Of course, it should be understood that the real Xi is 
the real part of (2.5), and that the d/s can be complex numbers, 
determining both phase and amplitude as in Eq. (1.7), Chap. II. 
By a normal mode of oscillation we then mean the motion described in 
Eq. (2.4), in which all particles oscillate with the same frequencies, 
and amplitudes proportional to the Xi/s; Eq. (2.5) is then an expres- 
sion of the principle of superposition, showing that the general motion 
is a superposition of normal modes. Since there are n dj-’s, each with 
an amplitude and phase, we see from (2.5) that there are 2n arbitrary 
constants in our solution, so that we can satisfy an initial condition 
at t = 0, determining the initial amplitudes and velocities of the 
particles. 

There is an important theorem regarding the Xi/s, which is proved 
in Appendix V. This is contained in the statement 


n 

X miXifXik = 0 U j ^ k. (2.6) 


This is called the ‘^orthogonality condition,” for the following reason: 
Suppose we postulated an n-dimensional space, in which we could have 
n-dimensional vectors. Suppose then that -\/ m,- xa represented the 
ith component of a vector X;, and that nii xa, represented the ^th 
component of another vector X*. Then the scalar product of the 
vectors X, and X/^ would, by analogy with three dimensions, be 


X,- 


X. = £ 




(2.7) 
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Equation (2.6) then states that the scalar product of any two of the 
vectors X/ and X* is zero. This, however, is the statement that these 
vectors are at right angles, or orthogonal, to each other. We have 
already seen an example of the same situation in Chap. V, Sec. 3, where 
we were determining the principal axes of inertia by Eqs. (3.3) and 
(3.4) of that chapter. They were mathematically equivalent to 
our present problem, and we determined as a result of them three 
angular velocity vectors, whose directions were the three principal 
axes of inertia. We then used the result of Appendix V to show that 
these axes were at right angles to each other. Here our vector vdth n 
components \/mi xa, where i goes from 1 to n, is the analogue of the 
three-dimensional angular veldcity vector in the rigid-body problem. 

We have so far not given any way of determining the absolute 
magnitudes of the Xi/s; the solution of Eqs. (2.2) determines only 
their ratios. We may, however, use our vector analogy to lead to a 
reasonable choice of magnitudes. The vectors Xi . . . X„ form n 
orthogonal vectors in the n-dimensional space in which the com- 
ponents of X,- are \/mi Xij. If these vectors were of unit length, they 
could form the n unit vectors of a new set of coordinates, rotated with 
respect to the original ones. Let us then assume that the Xi/s are 
so chosen that the X,-’s do have unit length. That is, pursuing our 
analogy of (2.7), we wish the scalar product of one of the X,’s with 
itself to be unity, or 

1 = ^ rriiX^j. ( 2 . 8 ) 

i 

The condition (2.8) is generally called the ‘‘normalization condition.’' 
If it is satisfied, the are then uniquely determined, so that the 
amplitudes Aj of (2.4) are definite quantities. The orthogonality 
conditions (2.6) and normalization conditions (2.8) are often com- 
bined into one statement by the use of the symbol hi, sometimes 
called the “Kronecker symbol," from its introducer, defined by the 
relation 

hi = 1 if t == y 

= 0 \ii ^ j. (2.9) 

In terms of this symbol, the conditions are 





^ik‘ 


( 2 . 10 ) 


The orthogonality and normalization conditions (2.10) are of 
more than academic importance, for they allow us to determine the 
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amplitudes Aj in terms of arbitrary initial conditions, in a simple 
and direct way. Thus suppose we take care of the phase and ampli- 
tude part of Aj in (2.5) by writing A,- in terms of real and imaginary 
parts, as in Eq. (1.9), Chap. II. Then we have as the real solution 

^ Xij(Cj cos oijt Dj sin o^jt) 

3 

where the C/’s and D/’s are real constants. The displacement at i = 0 
is 

a:i(0) = ^ Cya:;,- (2.11) 

y 

and the velocity 

i:i(0) = ^ coiDiXij. (2.12) 

y 

If the initial displacements and velocities Xi(0) and iCt(O) are given 
as initial conditions, we then wish to solve (2.11) for the C/’s, (2.12) 
for the D/’s. Either set of equations is a set of n simultaneous linear 
equations, which of course can be solved straightforwardly, but the 
orthogonality conditions (2.10) furnish a simple way of going about 
the solution. Thus multiply each side of (2.11) by rriiXik, and sum 
over i. We have 


^ miXi(0)xi/c — ^ Cj-miXijXik 




2 C/ ^ niiXijXik = 2 Cjdjk 

3 i 3 

Ck 


(2.13) 


where we have used (2.9) and (2.10). Thus we have a direct solution 
for Ck, in terms of the ri(0)’s. In a similar way we can solve (2.12) 
for the Dfc’s. 

3. Normal Coordinates. — In Eq. (2.5) we have found a general 
solution of tlie problem of the free vibrations of our system of n degrees 
of freedom, determined by the n coordinates Xi. This is a superposi- 
tion of the n normal modes (2.4), with arbitrary amplitudes and 
phases. We may now use the insight into the problem which we have 
gained by discussing the normal modes, to set up n coordinates, called 
the '' normal coordinates,” in terms of which the equations of motion 
are separated, so that any one of the normal coordinates can be excited 
to oscillation independently of the others. The solution in terms of 
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normal coordinates gives us no new information as far as the problem 
of free vibration is concerned/ but it allows us to solve the problem of 
forced vibration in a simple and complete manner. 

We have introduced an n-dimensional space, in which the quanti- 
ties -s/ mi Xi, proportional to the various coordinates of the problem, 
are considered to be the rectangular coordinates of an n-dimensional 
point. The motiop of this point, which we may call the representa- 
tive point,^’ describes the complete motion of the system, for it deter- 
mines all the Xi’s as functions of time. The problem of coupled 
oscillation is, in fact, completely equivalent to the fictitious problem 
of the motion of a single particle in this n-dimensional space. The 
potential energy of this particle, given by (1.3), is a general quadratic 
function of the XiS. Thus it must be a generalization of a conic, and 
the case we have chosen, in which our oscillations are stable and all 
frequencies are real, is that in which the equipotential '' surfaces” in 
our n-dimensional space are generalized ellipsoids. These ellipsoidal 
energy surfaces will have a set of principal axes, just as an ellipse has 
principal axes at right angles to each other; and we shall now show 
that the n unit vectors X/ which we introduced in the last section are 
in fact unit vectors pointing along the n principal axes of the energy 
ellipsoid. To do this, let us set up a new set of axes, with the vectors 
X,- as unit vectors, and let us express the potential energy in terms of 
these new axes, showing then that the equation is that of an ellipsoid 
expressed in terms of its principal axes. 

Let the coordinates of the representative point, with respect to 


the new set of axes, be qj. 


That is, the vector 


^ qjXjy the vector sum 


j 

of the unit vectors X,, each multiplied by the appropriate g,-, is the 
vector displacement of the representative point. In this case, the com- 
ponent of that vector along the -v / rrii Xi axis must be simply 's/mi Xi. 
We can express this condition in the following form: 


2 qj V mi Xij, 


(3.1) 


since the component of X, along the Xi axis is y/'m^ x/;. We may solve 
very simply for qh by multiplying (3.1) by y/^ summing over i, 
and using (2.6). In this way we find the relations 


qk = 


2 miXiXik, 

i 





Xi 


( 3 . 2 ) 
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where the second equation of (3.2) is merely (3.1) rewritten. Now we 
shall write the potential energy (1.3) in terms of the g’s. It is 


F = H 

^ AijOL'iXj 



N* 

h \ 

II 





ijkl 


We note that (2.1) may be written 


(3.3) 



ijXji — miojfxa = 0 


where Xu, x.ji, are the x’s, corresponding to the ?th mode, and cof is 
the square of the corresponding frequency; for (2.1) referred to any 
one of the normal modes. Thus (3.3) may be rewritten 


V 


= H 2 

ikl 

Jch % 

= M 2 qkqm^ki 
H 


}-4 


(3.4) 


From (3.4), the equation of an equipotential surface V — constant, in 
the rotated axes in which the g’s are the coordinates, is the equation 
of an 7i-dimensional ellipsoid referred to its principal axes, just 
as the equation of an ellipsoid in three dimensions, with semiaxes 
a, b, c, along the x, y, z directions, is (jx/a)'^ + {y/h)^ + ~ 1. 

Thus we have verified our statement that the vectors X/ are vectors 
along the principal axes of the ellipsoid. 

We have not only verified our statement about the ellipsoid; we 
have also expressed the potential energy as a function of the quantities 
qic. These quantities may be used as generalized coordinates, for by 
(3.2) they suffice to determine the coordinates Xi of the problem; and 
they are in fact just the normal coordinates about which we have 
spoken. Let us now express Lagrange’s equations in terms of the 
normal coordinates, and show that they allow us to solve the equations 
of motion in a very simple way. To set up the Lagrangian function, 
we need not only the potential energy V of (3.4), but also the kinetic 
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energy, in terms of the velocities g*. We have at once, from (1.4), 


i 

= M ^ miqjX,3qkXik 


= M ^ Mk ^ maaXik = H ^ Mk^jk 

Jk i jk 

= M ^ 4k- 

Then, from (3.4) and (3.5), we have for the Ijagrangian function 

L = )4 2 (ql- c^M) 


(3.5) 


and Lagrange’s equation for the coordinate qj is 


(-) 

\siiJ 


4i + = 0. 


(3.6) 


The solution of (3.6) is immediately 


g,- = 


so that, using (3.2), the solution of the problem is 

^ 2 AjXijC-j^ (3.7) 

0 j 

in agreement with our previous solution (2.5). 

We have found the formal solution of our problem, and the mathe- 
matical relations of the normal coordinates j let us see if we can gain 
a better insight into their meaning. If just one of the normal coordi- 
nates, say thejth, is different from zero, then by (3.2) the coordinates 
Xi are all proportional to the quantities Xij, the displacements cor- 
responding to the. 7 th normal mode. Thus the excitation of one of the 
normal coordinates, without the others, is just equivalent to the excita- 
tion of a normal mode. The value of the normal coordinate measures 
the amplitude of that normal mode. It is clear then why a single 
normal coordinate has the simple equation of motion (3.6), represen t- 
ing simple harmonic oscillation with the appropriate frequency of the 
normal mode. ^Mathematically, the fact that the motions of the 
various normal coordinates are independent of each other, so that 
the equation (3.6) for the ^th normal coordinate involves only that 
coordinate, and the variables are separated, is a result of the fact 
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that the generalized force —dV/dq^ — — appropriate to the kth 
normal coordinate, from (3.4), is a constant times the value of that 
coordinate. In other words, when expressed in terms of the normal 
coordinates, the problem is no longer one of coupled oscillations, but 
is one of independent oscillations. It is what we should have found 
in the first place, in (1.3), if all the nondiagonal components of the 
tensor Aij had vanished, so that there would have been no coupling 
between oscillators. 

4. Example of Two Coupled Oscillators. — The simplest example of 
coupled oscillations comes for the case n = 2, where there are two 
oscillators. The secular equation (2.3) then becomes 

All — mico^ A 12 Q 

Ai 2 A22 — 


Expanding the determinant, this is 

(All — '?^1W^)(A22 — ?/220J^) — Afg = 0, 


a quadratic in co^, whose solution, with a little manipulation, can be 
put in the form 


co^ 


2\mi 7712 / ~ VL2\mi 7712 / 


2 

+ 


A 2 

__12_. 

mim2 


(4.1) 


Two values of are given by (4.1), corresponding to two normal 
modes. If A 12 is zero, so that there is really no coupling between 
the coordinates xi and 0 ^ 2 , (4.1) gives at once = An/mi or 
as it should. For a small value of A 12 , the two solutions of (4.1) 
differ from these values by small quantities proportional to A fa, as 
we could see by expanding the square root in (4.1) by binomial expan- 
sion. It is not hard to see, by considering this expansion, that one 
of the values of from (4.1) is greater than the larger of the two 
values All/ 'Ml or A2^/7rh2, and the other is less than the smaller of the 
two; that is, the interaction between the two oscillators, resulting 
from the term A 12 , pushes apart the two resonant frequencies. If 
A 12 is large enough, the value of given by the negative sign in front 
of the square root in (4.1) can be negative, and the frequency imag- 
inary, resulting in a secular perturbation of the type discussed in 
Sec. 2, but the positive sign will always give oscillatory motion. It is 
interesting to look at the special case in which the two frequencies 
are the same in the absence of interaction, or where An/mi = A 22 /^ 2 ; 
then the values of from (4.1) are An/ mi ± Ai 2 /-\/mim 2 , so that, 
even in this case, which is sometimes called the “case of degeneracy,’’ 
the two resonant frequencies will be different, the amount of separation 
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between them, depending on A 12 , measuring the interaction between 
the two oscillators. 

From Eq. (2.2) we can find the relations between xi and in the 
two normal modes. We may write the relations in either of the forms 


Xi 


(Ai2/mi)x2 _ (Ai2/ m2 ).Ti 

(Aii/mi) — ^ (A 22/^2) 0)2 


in which we are to insert one or the other value of o)^ from (4.1). 
The expressions (4.2) have a form that is easy to interpret. Con- 
sidering the first, we may consider that the second coordinate, oscillat- 
ing with a time dependence given by results in a sinusoidal force 
— A 12:^2 on the first coordinate. This force produces a forced motion 
of the first particle, as indicated by (4.2), the denominator being a 
resonance denominator of the usual form, as was seen, for instance, in 
Eq. (3.4), Chap. II. Similarly the second form of (4.2), Avhich must 
be equivalent to the first as a result of (4.1), indicates the forced 
motion of the second coordinate under the action of the first. We may 
notice one interesting special case. If the two resonant frequencies 
without the interaction A 12 were equal, that is, if An/^ai = A 22 /^ 2 , 
and if at the same time Wi = m 2 , then we find at once from (4.2) that 


Xl = ±.^2 


if 


O)' 


d 1 1 
ni 1 


A 12 

'///i 


(4.3) 


That is, in this case, the two coordinates oscillate with equal ampli- 
tudes, and either with the same or witli opi)<)site i)hase, in the two 
modes. 

The nature of the motion of two coupled oscillators is made easy 
to understand by plotting tlie path of the reprc'scuitative point, in a 
space in which \/7niXi and x-i are plotted .as (coordinates, as 

we have discussed earlier. Hucli a plot is sliown in Eig. 23. In the 
first place, we show an e(|uipotential line, given V)y the ecpiation 

3/2(Aiixf -I” 2Ai2.rijr2 A" Ao'i.r.J) ~ V (4.4) 


or the equation of an ellipse. IMie rotatccd axes, coincident witli 
the axes of the ellipse, are the ax(\s of the syslcun of normal coordinates; 
that is, the normal coordinates are the e,oordinat(\s of a rei)r('S(‘ntative 
point, referred to these rotated axes. In an ar])it,rn.ry oscillation, 
each of the normal coordinates oscillates with a. fix(Ml am})litude, and 
with one or the other of the two frecpieiudx'is (1.1), which in general 
are incommensurable with each (jtlier. ddie ri’isulting oscillation is 
shown in Fig. 23. An oscilhition of tliis type,, in which two coordinates 
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at right angles to each other oscillate sinusoidally with different 
frequencies, is called a ‘‘Lissajous figure.’’ The rectangle in the xxx^ 
plane in which the Lissajous figure is inscribed must touch the equi- 
potential, for if the particle happens to strike one corner of the rec- 
tangle, its kinetic energy is zero, so that its total energy is potential, 
and it is located on the equip otential; otherwise it has kinetic energy, 
and must lie within the equipotential. We may use the methods of 
energy, as in Chap. Ill, for discussing this problem qualitatively. 
Clearly the problem is the same as that of the vibration of a single 
particle in two dimensions, with a potential energy (4.4) ; we may then 
plot potential energy as a function of xi and xs, obtaining a bowl- 



shaped surface, and may discuss the motion by analogy with a ball 
rolling on this surface, as in Chap. Ill, Sec. 2. The resulting motion 
is that given in Fig. 23. 

5. Coupled Oscillators with External Forces and Damping. — Let 

us suppose that, in addition to the linear restoring foi-ces that we have 
already considered, the coordinate Xi is subject to an additional 
force /,, which may be a function of time, coordinates, or velocities. 
Then we may most conveniently handle the resulting forced motion in 
terms of the normal coordinates. We must first find the generalized 
force Pj associated with the jth normal coordinate. We remember, 
from Chap. IV, that we do this by setting up the work done, dW, in 

the form ^ F,- dq/. In our case, we have, using (3.2), 
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SO that 



(5.1) 


In terms of this generalized force, Lagrange’s equation (3.6) becomes 


g.- + = Ph (5.2) 

or an equation analogous to the forced motion of a linear oscillator 
according to Chap. II. Thus we can use all the methods learned 
in that chapter in discussing the motion of each of the normal coordi- 
nates. We notice from (5.1) that a force fi acting on one of the 
coordinates is effective in exciting a normal mode j in proportion 
to the amplitude which that coordinate would have in the ^th 
mode. Thus a force applied to a particle cannot excite a mode in 
which that particle does not oscillate, but will be very effective in 
exciting a mode in which it oscillates strongly. 

As a first example, suppose that the forces fi all vary sinusoidally 
with the time, according to the exponential where co is arbitrary. 
Then Fj will likewise vary according to this exponential, so that to 
solve (5.2) we assume that qj varies in the same way. Then, as in 
Chap. II, we find 



That is, in the response curve of Xi as a function of frec|uency, there 
will now be n separate resonance points, (;or responding to the fre- 
quencies coj of the normal modes, rather than just one resonance as 
with a single oscillator. 

Another example of an impressed force is a damping force, pro- 
portional to the velocity. Thus let there be a force —CiXi acting 
on the coordinate Xi, as a result of friction. Tlicn there will be a 
generalized force 






'Yj'kQk} 


CiXij qicXi/i 

i k 

where^T/A: == ^ CiXijXiu. 


(5.4) 
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If this force acts on the oscillators, we have instead of ( 5 . 2 ) 

g,- 4- == — ^ (5.5) 

k 


These equations have a simple solution, if only one overtone is excited, 
as for instance the ^th; for then all the g’s except g,- are zero, and ( 5 . 5 ) 
becomes merely 

Qj 4 'YnQi 4 ~ 0 , 

which is an equation for a damped oscillator, as in Eq. (2.8), Chap. II, 
from which we see that the Q of the resonance, which we may call 
Qj, is defined by 


On the other hand, if all the overtones are excited, Eq. ( 5 . 5 ) will 
not be separated, and we cannot get a general solution. There is a 
special case in which we do have separation: that in which the non- 
diagonal terms 7 ,-*, for j 9 ^ k, are zero. From the orthogonality rela- 
tion ( 2 . 10 ) we see that this is the case only if Ci is proportional to 
mi, for then the summation of (5.4) would have the properties of the 
orthogonality summation ( 2 . 10 ). Furthermore, in this case, the Ty/s 
of (5.6) would all be equal, or the Q's of the various overtones, would 
be proportional to the corresponding frequencies, which would lead to 
an equal rate of damping of all modes, as we see from Eq. (2.5), 
Chap. II. This is a special and unusual case, but nevertheless we shall 
see an example in the next chapter in which it is important. 

Finally let us consider the superposition of damping, as in ( 5 . 5 ), 
with a sinusoidal force, as in ( 5 . 2 ). We may then write the equations 
of motion 

qj 4 gy 4 wfgy = Fy - ^ (5.7) 

k 


If we neglect the summation on the right, and assume that the F/s 
are sinusoidal functions of time with frequency co, as before, we then 
have 


Qi = 

Xi = 


F- 


4 co^- 4 (i^^Wj/Qy) 

p X- 


I 


4 COy 4 


(5.8) 



140 


MECHANICS 


[Chap. VII 


as in Eq. (3.3), Chap. II. Thus the effect of the damping is to intro- 
duce an imaginary term into the denominator of each resonance term 
of (5.3), preventing the amplitude from going infinite at resonance, and 
resulting in a change of phase, so that power is absorbed by the 
oscillators at each resonance. In this solution, we have neglected 
the nondiagonal terms of the t/* matrix. We can easily show, how- 
ever, that this neglect is justified to a high approximation, so long 
as the Q/s are large, and the frequencies of the modes are well sep- 
arated from each other. For in the first place, if the frequency a? is 
far from any of the resonances, the amplitudes will be small, the 
damping small, and all the damping terms can be approximately 
neglected; whereas in the second place, if the frequency is near one 
of the resonant frequencies, the corresponding term in the summation 
in (5.8) will be large, all the others small, so that in (5.7) all the g&’s 
will be small compared with the term in For small Q/s, this situa- 
tion no longer holds. In that case, the various resonances effectively 
overlap, and the resistive effect of one resonance is felt even at the 
next resonance frequency. Such cases cannot be treated accurately 
in any simple way. In fact, even with the simple case of two coupled 
oscillators, with large damping and small separation between the 
resonant modes, an exact treatment is very difficult. 

The problems we have been taking up in this chapter have related 
to coupled mechanical oscillations, tiowever, exactly similar meth- 
ods apply to coupled electric circuits. For any number of purely 
reactive circuits, coupled in any arbitrary way, as by mutual induct- 
ance, or capacity, we can introduce normal coordinates, which are 
linear combinations of the currents or charges in the various circuits, 
in close analogy to Eq. (3.2). The equations of motion of these 
normal coordinates are like (3.6), and result in a separate oscillation 
of each normal coordinate, so that the general oscillation of the coupled 
circuits is a superposition of normal vibrations, as in (3.7). If the 
circuits contain resistance, then we meet the situation we have just 
taken up in the present section. If the nondiagonal components of 
the damping matrix are zero, we can get the general solution in this 
case too, but that is a special case resulting only from particular 
choices of circuit parameters. In general, if the losses in the circuits 
are small, we can introduce an approximate solution like (5.8); but, if 
the losses are high, the exact solution is impossible, and even with two 
coupled circuits it is very difficult. Some of these circuit examples 
are taken up in the problems at the end of the chapter. 



COUPLED SYSTEMS AND NORMAL COORDINATES 


141 


Problems 

1 . Two balls, each of mass m, and three weightless springs, one of length 2d, 
the others of length d, are connected together in the arrangement spring d — ball — 
spring 2d — ball — spring d, and the whole thing is stretched in a straight line 
between two points, with a given tension in the springs. Gravity is neglected. 
Investigate the small vibrations of the balls at right angles to the straight line, 
assuming motion in only one plane. Show in general that there are two modes of 
vibration, one having the lower frequency, in which both balls oscillate to the 
same side at one time, then to the other, and the second mode, with higher fre- 
quency, where they oscillate to opposite sides. [Hint: If the first is displaced xi, 
and the second X 2 , and if these displacements are so small that the tension T is 
unchanged, then there will be two forces acting on the first ball: a force T toward 
the point of support, making an angle whose tangent is X\/d, and another directed 
toward the second ball, at an angle whose tangent is ( 0:2 — a;i) /d. The component 
at right angles to the straight line, and thus producing the motion, is then 
— Xi{T/d) 4- {x 2 — Xx){T /2d). Similarly the force on the second is —x-ziT/d) -h 
{xx - X2){T/2d).\ 

2. Two identical pendulums hang from a support that is slightly yielding, so 
that they can interchange energy. Assume that coupling is linear. Now suppose 
one pendulum is set into motion, the other being at rest. Show that gradually the 
first pendulum will come to rest, the second taking up the motion, and that there 
is a periodic pulsation of the energy from one pendulum to the other. Show that 
the frequency of this pulsation gets smaller as the coupling becomes smaller, 
until with an infinitely rigid support the energy remains always in the first pendu- 
lum (this is all without damping forces). 

3 . One simple pendulum is hung from another; that is, the string of the 
lower pendulum is tied to the bob of the upper one. Discuss tlie small oscillations 
of the resulting system, assuming arbitrary lengths and masses. Use the angles 
that each string makes with the vertical as generalized coordinates. In the special 
case of equal masses and equal leugtlis of strings, show that the frequencies of 

the motion arc given by g {2 ± 

4. Show that, if the mass of the upper pendulum becomes very great com- 
pared with tlic lower one, the solution of Trob. 3 approaches that of Prob. 13, 
Chap. II. Show in the other limiting case, where the upper mass is small com- 
pared with tlic lower one, tliat the motion consists approximately of an oscillation 
of the large mass with a period derived from the combined length of botli pendu- 
lums, and a more rapid oscillation of the small mass back and forth witli respect 
to the line csonnecting point of support and the large mass. 

6. A rigid uniform bar of mass M , length L, is supported in equilibrium in a 
horizontal position by two springs attached one to each end. The springs have 
the same force constant. Find the normal modes and frequencies of vibration 
of the system, if the motion is constrained to a vertical plane. If initially one end 
of the liar is displaced, the otlier remaining in its equilibrium position, and the 
system releaseal from rest, find the motion. 

6. A uniform horizontal reel, angular plate is supported by four identical 
springs, one at each corner. Find the normal frecpiencics, and describe tlie normal 
modes of vibration. 
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7. A mass M hangs on a spring of stiffness coefficient L From M is sus- 
pended a second mass m by means of a second spring of stiffness coefficient i The 
mass M is subject to an external vertical force F = i sin d Calculate the 
amplitude of the steady motion of each mass. 

8 . Two series circuits I and II contain inductances Li, Li, and capacities Ci, 
Ci, respectively. They are coupled by the mutual inductance M = k i/Ljj. 
Find the natural frequencies of the system and the normal coordinates. If at 
time ( = 0 an emf E sin (d - i) is applied to circuit I, find the currents in both 
circuits as functions of time. 

9. In Prob. 8, assume that the circuits have small resistances Ri and ^ 2 , 
respectively, so small that the Q’s of the separate circuits are large. Discuss the 
damped oscillations, showing that the solution can be carried out if squares of 
resistances are small enough to be neglected, but that it leads to a biquadratic 
equation for the frequency for large E. (Hint: Write the frequency as the sum 
of a real and an imaginary part.) 

10. Given an ellipse ax^ hy -i-cy^-d, perform a rotation of axes so that 
the new coordinates will lie along the major and minor axes of the ellipse. From 
this rotation, find the angle between the major axis and the x axis, in terms of the 
coefficients o, i, c, d. It is simplest to write the transformation directly in terms 
of the angle r' = i cos H y sin 6 , etc. 



CHAPTER VIII 
THE VIBRATING STRING 


Up to now we have been treating the motions of single particles, 
of systems of particles, or of rigid bodies. In most of the rest of the 
book we shall be considering continuous bodies, solids and liquids 
and gases and their motions. Of course, a physical body is always 
made up of molecules, and so is really only a very large system of 
particles, and on occasion we shall bring out this aspect of our prob- 
lems. Nevertheless continuous bodies show some properties that 
are less obvious with systems of particles. Foremost among these 
properties is that of transmitting wave motion. If an oscillatory 
motion is impressed on one part of a body, waves are propagated 
out to all parts of the body. The simplest example is the one we 
take up in the present chapter: a uniform string, stretched between 
two fixed supports. More complicated examples, which we take up 
in later chapters, are stretched membranes, sections of elastic solids, 
and liquids and gases. All these bodies have many properties in 
common, and we shall take them up in most detail in our simple 
example of the stretched string. 

In the first place, if an elastic body is held rigidly around its 
boundary, as a string is held at its two ends or a drumhead around 
its circumference, any wave striking the boundary is reflected without 
loss of energy, and a standing wave is set up. There is an infinite 
set of standing waves, each with its own frequency. For instance, 
with the string, the various standing waves are determined by the 
condition that the length of the string must be n half wave lengths, 
where n is an integer, and the corresponding frequencies, being 
inversely proportional to the wave lengths, are whole multiples of a 
fundamental frequency. They are called ^'harmonics,” or '‘resonant 
modes.” We shall see that they are closely analogous to the normal 
modes of coupled systems, as discussed in the preceding chapter. In 
fact, if we consider the continuous body as being really made up of a 
finite set of molecules, the harmonics become identical with the normal 
modes, and we can set up normal coordinates, and use all the methods 
that we have been discussing, in handling the oscillations. The main 
difference is that, on account of the very large number of molecules, 
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the number of normal modes is very large; in fact, the conventional 
theory of the resonant modes of a continuous body is the limit in 
which we consider the number of normal modes to be infinite. The 
property of orthogonality of the normal modes, which we found for 
coupled systems, holds here also, and leads to an important branch of 
mathematical physics, that of orthogonal functions, and their use in 
solving partial differential equations (for the equations of motion of 
the vibrating system prove to be partial differential equations), and 
in satisfying the initial conditions for the vibration. One special case, 
which we shall encounter in this chapter, is the Fourier series; it 
forms the simplest example of orthogonal functions. 

In the general vibration of a continuous body, we can introduce 
normal coordinates, and that means that we can handle the problem 
of forced motion. Furthermore it means that the system will show 
the same sort of resonance about each of the resonant modes which 
we have met in treating coupled systems. We can get approximate 
treatments of damping, as we have done, and can find the of the 
various resonances. There is one respect in which the problem is 
different from that of coupled systems, however: the edge, or bound- 
ary, of the continuous body has a special significance, Avhich we do 
not meet so plainly with coupled systems. We may, for instance, 
have the end of a string held by a support which, rather than being- 
rigid, is yielding, as for instance a stiff spring, or a spring with a 
resisting force proportional to its velocity. We see at once that, if 
there is a resistance depending on the velocity, the support will 
absorb energy, so that the reflected wave will have less intensity 
than the incident wave. In the limiting case the support might 
absorb all the energy, and there would be no reflected wave at all. 
Or, to take another case, one end of the string might be held by. a 
tuning fork or other device that could impose a sinusoidal motion on 
it, setting the string into forced vibration. 

These examples are really only special cases of the general problem, 
which we have taken up in the preceding chapter, of impressed forces, 
and damping forces, and we can handle them by our general methods. 
We shall see, however, that we can also give simpler and more ele- 
mentary treatments of them, and for the string in particular that is 
worth doing. We shall in fact consider arbitrary terminations at the 
two ends of the string, and shall take up the case where power is fed 
into one end of the string, by a tuning fork or other device, and is 
taken out at the other end by a resistive termination, so that in effect 
the string is transmitting power from one end to the other. This 
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problem is mathematically entirely analogous to the transmission of 
electrical power down a transmission line, such as a pair of parallel 
wires, a coaxial line, or a wave guide, and the mathematical treatment 
that WQ shall give is practically identical with the corresponding 
electrical case. Furthermore, if we take account of the molecular 
nature of the string, or if we consider a string with its mass concen- 
trated at discrete points, the problem becomes equivalent to the 
artificial electric line, a network made up of discrete circuits coupled 
together. In such a case, we shall see that the line shows the proper- 
ties of a filter, in that it transmits some frequencies, but attenuates 
others without transmitting them. 

Finally, if the continuous body is not limited at all, it propagates 
waves to an infinite distance. Such propagation is really the simplest 
form of wave motion. For a string, waves are possible that travel 
either to the left or the right along the string. For the membrane, 
the waves spread out from a point of origin with circular wave fronts, 
and for the three-dimensional body, as the solid or liquid or gas, they 
spread as spheres. At a large enough distance from the source, the 
circular or spherical wave fronts become approximately straight lines 
or planes, and we speak of plane waves.’’ Such waves in air or water 
are waves of sound, and we shall investigate their velocity, and show 
how it depends on the properties of the medium. In fact, in our 
chapters on vibrations and wave motion we shall be covering all the 
essential points of the theory of sound. Ordinary musical and 
acoustical instruments are vibrating systems: vibrating strings, mem- 
branes, plates, and more complicated objects. They are set into 
motion, by being struck, bowed, or otherwise acted on, and then set 
the air or other medium into oscillation, starting the wave which. 


traveling to far distances, becomes the wave of sound. All these 
matters we shall discuss to some extent in succeeding chapters. 

We shall now start the discussion of the vi])rations of a string 
stretched between two rigid supports. Our first step will be to set 
up the dilTerential ecpiation governing the motions of tlie string. This 
equation is notliing more than Newton’s second law, stated in appi-opri- 
ate form. It is, in the first place, a partial diffei’ential cHpiation: it 
describes the displacement u of the element of the string at distance x 
from the end, at time t. Thus ti is a function of x and of /, and hence 
any derivati ve w(^ tidce must l)c a partial derivative, and the differential 
equation must be a partial differential equation. And the form 
of our differential (apiation is important: it is what is called the ‘‘wave 
equation,” and it underlies all study of wave motion, of every type. 
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We shall now proceed to the simplest form of the wave equation, and 
its solution. 

1. The Wave Equation for the Stretched String. — Assume that at a 
given time the string is displaced so that its shape is given by u{x). 
We consider how this curve will change with time. We assume that 
the string has a mass ix per unit length (a constant, for the uniform 
string), and that it has a tension T. Take a short element of the 
string of length dx and mass jx dx. Its acceleration is d^u/dt^, so that 
the mass times acceleration is }x dx d^u/df^. This must be equal to 
the force acting on the element, which arises from the tensions. In 



x x-^-dx 

Fig. 24. — Tensions in an element of string. 


Fig. 24 we show the element dx, with the tensions T acting on each 
end of it. These tensions will be of the same magnitude, and if the 
element is straight they will be in opposite directions and they will 
balance, resulting in no net force on the element. However, if the 
element is curved, there will be a resultant force. The component 
of T at right angles to the x axis is T{du/dx)/ ^/l + (du/dx)"^, and the 
component along the x axis is T/-\/l + (du/dx)^. We shall assume 
that du/dx is small enough so that its square can be neglected; that is, 
we assume that the string is not distorted very much. Then the x 
component of force is approximately T', so that the x components on 
the two ends of the element dx balance. The component of force at 
right angles to x, however, arising from the tensions at the two ends 
of the element dx, will be 


_ T 


[x'^dx 


= T^'{dx. 

dx^ 


The equation of motion is then obtained by setting the force equal 
to the mass times the acceleration, or is 


d'^u _ d^u 
^2 - ^ ^ 


d^u _ fx d^u 
dx^ T dt^ 


(1.1) 


This is the one-dimensional form of the wave equation. 
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One of the simplest and most straightforward methods of solving 
a partial differential equation like (1.1) is to seek a solution that is a 
product of functions of each of the independent variables. Often 
such a solution can be found, and if it can, the problem can be reduced 
to one in ordinary differential equations. In this case, we assume 

u{x,t) = X{x)e{t) 

where X is a function of a: only, 0 a function of t only. Substituting, 
(1.1) becomes 

^ d^X _ ju ^ d^O 
dx^ ~~ T^~di^' 

Let us divide by the product XQ. Then we have 

1 ^ = Jf 1 

X dx^ TQ dt^‘ 

We now observe that the left side of (1.2) is a function of alone, 
whereas the right side is a function of t alone. This is manifestly 
impossible unless each side is a constant. For reasons that will be 
at once obvious wc let this constant be — coV/7", where co is so far 
undetermined. Then we have 


1 d-^X 


jx 1 ^0 

f 0 di^ 


X dx^ 

is is equivalent to two equations, 


dH) 

dt^ 


dx^ 


2 

w ^ 


■CU2 ^X. 

T 


(1.3) 


I he process we have just used, by which we have obtained two 
oidinaiy dilfei eiitia.l e<}uations (1.3) which are equivalent to a partial 
differential eciuation (1.1), is called '‘separation of variables.’’ The 
solutions of (1.3) are 


0 




(1-4) 


By multiplying O by .Y, using any of the four possible combinations of 
sign, we have a solution of (1.1); obviously we may multiply this solu- 
llori by an arbitrary (x)mplex constant, giving it an arbitrary phase 
and amplitude, and may take the real part, or may add the solution 
and its conjugate, as in Chap. II, to get a real solution. 
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The solution we have just found is of the form 


where 



(1.5) 


This function represents a wave, of angular frequency co, traveling 
along the —x axis [if we have the + sign in (1.5)] or the -\-x axis 
(if we have the — sign) with the velocity v. To verify this last 
fact, we need only notice that is a function of i ± x/v, so that u 
stays constant, representing a definite feature of the wave, as a wave 
crest, when x = +vt + constant, the equation of a point traveling 
along the x axis with velocity + v. The wave length, or distance along 
the x axis in which the wave repeats itself, is X. We shall give more 
discussion later of traveling waves of this type. They are clearly 
not, however, the type that we need to solve our problem, for we must 
find a solution for which u is zero for all values of t at the extremities 
of our string, where it is held. To set up such a solution, we may 
rewrite the solutions (1.4) in the form 


G 


sin ^ 

Oil 

cos 


X = 


sin 

cos 


X 


CO — 


V 


which are equally good solutions of (1.3). Multiplying them, we have 


u 


sin ^ 
cot 

cos 


sin 

cos 



( 1 . 6 ) 


If the two rigid supports at which the string is held are at x = 0, 
X = L, we must have u ~ Q always at these points. If Ave use the 
sine solution for the function of x, the condition at a:: = 0 will be 
automatically satisfied. To satisfy the condition at x = L, Ave must 
then have 

L L 

sin CO - = 0, w - = rnr, where n = 1, 2, 3, • * • . (1.7) 


This condition can be satisfied by choosing co properly; we notice 
that up to this point our equations would be satisfied by any value 
of CO. If we define con, the nth frequency, by the equation 


= mr 


L 

Oin — 
V 


( 1 . 8 ) 
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u 


sin ^ . 

0)nt Sill 

COS 


mrx 

'IT' 


(1.9) 


The solution (1.9) is a standing wave; that is, at any instant of time 
the function of x has the same form, so that some points, the nodes, at 
which the factor sin mrx/L is zero, are always at rest, and other points, 
the antinodes, where sin mrx/L equals unity, oscillate with maximum 
amplitude. 

2. The General Solution for the Stretched String. — A standing 
wave of the form (1.9) is a particular solution of the problem of the 
stretched string. It is an oscillation in which the length of the string 
is divided into n segments, with nodes between, and in which the 
frequency of oscillation is n times a fundamental frequency, defined 
by (1.8) with n = 1. These various types of oscillation are called 
“normal modes,” or “resonant modes,” or “harmonics,” or “over- 
tones”; we shall find them to be almost exactly analogous to the 
normal modes of coupled systems, which we took up in the preceding 
chapter. Each of the normal modes (1.9) can be excited with an 
arbitrary amplitude and phase. But it is now clear, from the linear 
nature of the differential equation, that a sum of solutions is itself a 
solution, so that we can build up a general solution by superposing 
all the normal modes, each with an arbitrary amplitude and phase. 
That is, we build up the solution 


u 


00 

2 


(d.„ cos Oint + Bn SlU COnO siu 


mrx 

L' 


( 2 . 1 ) 


n ■ 


This general solution of our problem has an infinite number of arbitrary 
constants. This is a characteristic of the solution of partial differential 
equations ; instead of having a small number of arbitrary constants, as 
with the solution of an ordinary differential equation, we have an 
infinite number, or alternatively we have arbitrary functions. 

We may now consider how to determine the An’s and BnS in a 
practical case. Usually we should have to determine these constants 
from initial conditions, at t = 0: we may know, for instance, that the 
displacement is a given function of Xj Uo{x), at i = 0, and that the 
velocity is another given function, Uo{^)- The problem then becomes 
similar to that which we met in Chap. VII, Sec. 2, where we found 
the corresponding coefficients for a system of coupled oscillators. 
Here, as there, we have a form of orthogonality conditions. These 
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conditions take the form of the equation 

2 

L Jo 


. mrx . rmrx , 
sm — 7 — sin = — ax — 5 - 


( 2 . 2 ) 


where n and m are two integers, each different from zero. Equation 
( 2 . 2 ) can be proved at once from elementary integration; we shall later 
see that in principle it is really closely analogous to the orthogonality 
condition (2.10) of Chap. VII. We are now trying to satisfy the 
equations 


Uq(x) 


00 



An sin 


mrx 

~ir’ 


Uq(x) 


00 



OJnBn sin 


mrx 

~T7 


(2.3) 


which we get by writing the position and velocity of the string at 
t = 0 from ( 2 . 1 ). To satisfy the first of the equations, let us multiply 
both sides of (2.3) by ( 2 /Z/) sin imrx/L, and integrate from 0 to L. 
We then have 



This IS closely equivalent to Eq. (2.13) of Chap. VII, and it gives 
us the coefficients in terms of integrals that can be computed, 
once Uo is known. In a similar way we can find the B„,’s. 

The series (2.3) for Wo(x) and 'Uo(x) are Fourier series of a simple 
form. The general Fourier series is a sum of both sine and cosine 
functions, such as a series 


_i_ X' 2n7ra; , 2mrx 

2 ' y cos Y -j- sin — 

n = 1 

We discuss some of the properties of such a series in Appendix VI. 
It represents a function that is periodic with period X, for each 
of the terms of the series has this periodicity. If the series includes 
only the sine terms, the series is odd in x (that is, changing the sign 
of X changes the sign of the series) ; whereas, if it includes only the 
cosine terms and the constant term, it is even (that is, changing the 
sign of .T leaves the series unchanged). In our particular case, we 
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'wish to represent a function that is always zero when x — 0. It is 
thus reasonable to take a series of sines, each of which has this prop- 
erty. We then choose the fundamental period X equal to 2L, extend- 
ing from X = —L to x = L, and define Uq{—x) — —^^{x), so as to 
make an odd function out of it. The series (2.3) is then the represen- 
tation of this odd function, which in particular represents the actual 
Uaix) in the range between a; = 0 and x — L, which alone is of physical 
significance. 

3. The String as a Limiting Case of the Vibration of Particles. — 

The vibrating string has a very close relationship to the problems of 
vibrating particles, and coupled oscillators, which we took up in the 
preceding chapter, and we wish to show this relationship in the present 
section. To do this, we might consider the problem as it really is: 
the string is really a set of vibrating atoms or molecules, each held 
to its neighbors by approximately linear restoring forces. A complete 
treatment of this problem would be difficult, however, and we shall 
instead set up a simpler problem that we can handle easily, and that 
nevertheless points out clearly the relationships between the continu- 
ous problem of the vibrating string and the problem of vibrating 
particles. This is the weighted string: a string whose mass is all 
concentrated in a set of equally spaced equal masses, or weights, held 
together by weightless springs with the tension T. This is a perfect 
example of the sort of analysis used in the preceding chapter, and yet 
in the limit when the masses become infinitesimal and spaced infinitely 
closely, it approaches the continuous string. We take up the weighted 
string in this section, and show how its solutions pass into those of 
the continuous string in the limit. At the same time, the problem 
itself has considerable importance, for mathematically it is equivalent 
to electric filters or artificial lines, and to certain acoustic filters. We 
shall find that, if We do not pass to the limit, but instead consider the 
problem with finite weights, the string has filtering properties, in that 
oscillations of some frequencies can be propagated down it, while 
other frequencies cannot, a property that becomes lost when we go 
to the limit of the continuous string. 

Let us assume N weights, each of mass m, spaced a distance d 
apart along the x axis, so that they are located at x = d, 2d, • • • Nd. 
Between each pair of weights is a spring with tension 2\ and similar 
springs connect the end weights to the points x = 0, x — (N -H l)<i, 
which are held fixed. We may denote the displacement of the ^th 
weight (that is, the one located at x — id) at right angles to the x axis 
as Ui. We may now find the force on the ^’th weight by an argument 
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•st exactly like that used in Sec. 1. Corresponding to the deriva- 
du/dx which we met in that section, we have (wi+i — The 

cal component of force on the -fth weight is then 


rp "Wf) {Ui — l) 


T 

+ Wt_i). (3.1) 


5 the equation of motion of the i[th weight is 


m 


d^Ui 

~dF 


T 

— (Ui+l — + Ui—i). 


(3.2) 


force that appears on the right side of (3.2) has the form given 
Iq. (1.3), Chap. VII, with 

T T 

a -2-^, Ai,i+i = ~ ~ other A’s = 0. (3.3) 

end particles, i — 1 and i = N, are a special case, for they have 
one neighbor each. We may bring them into agreement with 
[|3.2), however, by defining 


Uq — “Uif+X — 0 . 


(3.4) 


i is, we might assume that we had a weighted string of indefinite 
h, with equally spaced weights, but that the weights at x = 0 
z = {N ~\- l)dwererigidlyheld;theproblem would then obviously 
:actly equivalent to the real case. 

may now proceed to find the normal modes of the weighted 
g, as in Sec. 2, Chap. VII. Assuming a sinusoidal oscillation of 
lar frequency co, the equations of motion, analogous to (2 2) of 
). VII, are 


T / T 

^ Wo + ( 2 ^ 


T 

d 


Wi + ( 2 


0 


d 

T 

d 


\ T 

-rno}'^ j 7^2 — ^ 


= 0 


0 


'T { T \ T 

~ Un-i + ^^2 - mcoM un — j = 0 (3.5) 

1 together with (3.4). This leads to a secular determinant, like 
, Chap. VII. The secular equation can be solved without too 
L difficulty, on account of its simple form. However, the prob- 
es simple enough so that we can solve Eqs. (3.5) directly, and 
iirect solution shows a close resemblance to the method we 'have 
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used for the continuous string. Equations (3.5) form what is called a 
‘dinear difference equation”: 

T / 7" \ T 

— Ui-x + ^2 ^ ~ ~d ^ 

It is in many ways similar to a linear differential equation, and it is a 
very simple one, in that it has constant coefficients. 

As with the corresponding differential equation, we can find 
exponential solutions: we assume 

Ui — (3.7) 

where j — \/— 1, as usual, and where k is to be determined. Equa- 
tion (3.6) then becomes 


or 


from which 


T 

d 




+ 



mco 




T 

Qjki — ^I'kii+iy 

d 


= 0 


— 2^ cos ^- 1-23 — moj^ = 0 
d d 


T 

mcc^ = 2 ^ (1 — cos k). 


(3.8) 


That is, for any value of /c, we can find an appropriate frequency, 
from (3.8). So far, however, we have not imposed conditions ( 3 . 4 ), 
so that as far as our solution is concerned we have an infinitely long 
string, which would therefore be expected to have an infinite number 
of resonant modes. 

When we consider (3.4), we see that the solution (3.7) cannot be 
used as it stands, for it does not satisfy the conditions. We must 
instead build up the equally legitimate solution 


Ui = sin ik (3.9) 

which we construct from (3.7) and its conjugate, either of which is 
a solution of (3.5). The solution (3.9) automatically satisfies 
the condition -wo = 0 ; to satisfy the other condition, Un+i = 0 , we 
must have 


sin (N + l)k = 0 , (N l)/c = mr, n — 1, 2, • • • . 

We have, then, a discrete set of Ids which alone are allowed, when we 
consider the restriction that the ends of the weighted string are 
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fixed. These conditions are entirely analogous to the corresponding 
relations for the continuous string, as found in (1.7). For the nth 
mode, the solution is 


where 


^^7 


Q]03nt 


sin 


inir 

WTT 



cos 


n-K \ 

F+T/ 


(3.10) 


(3.11) 



We notice immediately that our weighted string has only a finite 

number of resonant modes, cor- 
responding to n = 1, 2, • ♦ • iV. 
For if we allow n to increase 
beyond N, we repeat solutions that 
we have already considered. Thus 
n=2 for n = iV + 1, Wfn = sin iir = 0, 
and there is no real mode. For 
71 = iV + 2, 




Fig. 25(a). 


. imr • . 1 

sin ■ ■ — 7Y = sill T- x f —'i — r\ 

(iV + 1) L (N -h l)i 

= - sin [ix - 

(iV + 1)' 

so that the solution (except for the 
minus sign, which is trivial) is the 
same as for n = N. We satisfy 
ourselves immediately from (3.11) 
that the frequency is also the same 
as for n = N. Continuing, we 
see that the solution for 7z = iV + S 


is the same as for n — N — 1, and 
so on, and in fact we get no new 
solutions, no matter how far we go. 


Thus we are limited to the N modes, which we should expect from our 
general theory of Chap. VII. For instance, if there are only two 
particles, we should expect two modes. Thus if V = 2, we have from 
(3.10) 
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and 




QV=il 




Fig. 25(6). — Modes of weighted vibrating string, N = 4. Note that ti == 6, 7 
patterns of n =4, 3, 2, 1, with opposite sign. 


(3.12) 


(3.13) 


8, 9 repeat 


This solution is in entire agreement with the solution for two coupled 
particles which we found in Sec. 4, Chap. VII. There, in Eq. (4.3), 
we found that, if .dn/mi = A 22 /^ 2 , which is the case here, we had 
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xi = ±X 2 if co^ = Aii/mi + Ai 2 /m 2 . Comparing with (3.3), we see 
that (3.12) and (3.13) lead to just these solutions for the two modes. 
To show the nature of the modes for a more complicated case, we plot 
the forms of the various modes for = 4 in Fig. 25. Here we 
see clearly how it is that values of n greater than 4 lead to modes 
already considered. 

It is easy to show that our solution (3.10) and (3.11) for the 
weighted string reduces to our previous solution for the continuous 
string. The displacement Uin of the fth particle in the nth mode, as 
given in (3.10), should agree with the displacement Un{id), as given 
in (1.9), for a particle with x = id, in a string of length L = {N + l)d. 
It is clear by comparison of (1.9) and (3.10) that it does. The fre- 
quency, as given by (3.11), agrees only asymptotically, when N 
becomes infinite, with the value given by (1.7) for the continuous 
string. Thus let N become infinite, d simultaneously vanishing, in such 
a way that the length L = (N + l)d stays constant. At the same 
time let the mass m of the particles decrease in such a way that 
m/d, the mass per unit length, approaches ju. For a finite value of n, 
the cosine in (3.11) becomes the cosine of a vanishingly small quantity, 
so that it can be expanded in power series, and (3.11) becomes 






(3.14) 


which agrees with (1.7) when we remember the definition (1.5) of v. 
For a weighted string, we plot as a function of n, from (3.11), 
in Fig. 26. We see that the frequencies of the lowest modes agree 
well with those of the continuous string, but that the higher modes 
of the weighted string are bunched together, approaching the limiting 
value CO = 2 \/T/md. For a frequency greater than this limit, 
there is no possible mode of oscillation. We shall see in the next 
chapter that this corresponds to a wave that cannot be propagated 
through the weighted string, so that the string acts like a low pass 
filter, all frequencies above this limit being cut off. 

4. Normal Coordinates and the Vibrating String. — In the problem 
of the weighted string, we can introduce normal coordinates, according 
to the methods of Sec. 3, Chap. VII, as we can in any problem of 
coupled oscillators. We shall investigate these normal coordinates 
in the limiting case where N, the number of particles, is very large, 
so that we can carry out a passage to the limit of the continuous 
string. In the first place, we need the quantities x,,- of Chap. VII, 
satisfying the orthogonality condition (2.10) of that chapter, 
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8]k. 


(4.1) 


The Xi/s represented the displacements of the ith particle in the 
jth mode. The corresponding quantity Wf, in the present case is given 
in (3.10) of the present chapter, and is proportional to sin ijir/^N + !)■ 
To carry out the normalization implied in (4.1), we must multiply 
these quantities by a constant factor, independent of i. If we let this 
factor be Cj, we then must have 

N 


■I 


mCjCk 7 sin 


ikTT 


N + 1 N 1 


tjTT 


Sin 




(4.2) 


For the case 7 k, (4.2) is the expression of a trigonometric theorem, 
which could be independently proved by direct methods. For 
j — k, (4.2) leads to 


N 

mCf V sm‘‘ ^ 

I as 1 

which serves to define C,-, in such 
a way that we have 

/-r ■ 

If N is large, we can easily 
get an approximate value for 
the summation in (4.3). We 
have N terms, and the average 
value of each is }'' 2 , the average 
value of the square of a sine, aver- 
aged over the angle. Thus in 
this case we have 

N 

mCf 2 = I- 


03n 



Fio. 2G. — Resonant frequency as 

function of mode number for weighted 
string. Straight line, corresponding curve 
for continuous string. 


The product mN is the total mass of the N particles; for the continu- 
ous string we may replace this by fxL, the mass per unit length times 
the length, which also equals the total mass. Thus in this limit we 
have 


i 


2 




158 


MECHANICS 


[Chap. VIII 


In the limit, the orthogonality condition (4.2) takes on a simple form. 
The ^th particle will be found at the position x = id along the string* 
thus we may rewrite the factor sin ijir/ {N + 1) in the form 



In the summation in (4.2), we may multiply and divide by d, and 
replace d in the numerator by dx, so that the summation will pass in 
the limit of large N’s into an integration. Thus (4.2) becomes 


0 M-b 


2 . j-TX . kirx , 

-Y sin -- sin dx = 5;* 


I . jTTX . Jcttx , 

f sin sin -Y~ dx = 5/*. 

0 Ju Ju 


(4.5) 


Equation (4.5) is the same as the orthogonality relation (2.2), which we 
have already discussed for the continuous string. 

Now that we have found the normalized quantities 'Uij, correspond- 
ing to the Xi/s of Chap. VII, we can set up normal coordinates, as in 
Eq. (3-2), Chap. VII. Using (4.4), this means that we write the 
displacement of the ith particle, located at rr = in the form 



That is, the normal coordinates qj are essentially the amplitudes of 
the normal modes of the vibrating string, as they are in an ordinary 
problem of coupled vibrations; only here, as the number of normal 
modes becomes infinite, the number of normal coordinates likewise 
becomes infinite. V^e may still, if we choose, use the geometrical 
interpretation of normal coordinates that we gave in Chap. VII. 
That is, we take an V-dimensional space, and rotate axes in such a 
way that the rotated axes point along the principal axes of the surfaces 
of constant potential energy, which are many-dimensional ellipsoids. 
Here, however, N becomes infinite, so that we must speak of a space 
of an infinite number of dimensions. Hy this we mean simply the 
limit of the V-dimensional space that we encounter with N coupled 
particles, as N becomes infinite. In such a space, if the representa- 
tive point is displaced along one of the original coordinate axes, only 
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one mass particle of the weighted string is displaced, the others all 
lt>eing at their undisturbed positions; whereas, if the representative 
point is displaced along one of the axes representing the normal 
coordinates, it means that the particles are displaced as they would 
in one of the normal modes of the string. With an arbitrary dis- 
placement of the representative point, the N particles are displaced in 
a^rbitrary ways. In the limit as N becomes infinite, an arbitrary posi- 
tion of the representative point corresponds to an arbitrary displace- 
rxient of each point of the string, or to an arbitrary function u(x) 
representing its shape. For this reason, the space of an infinite num- 
ber of dimensions is sometimes called a ^‘function space,^^ since each 
point of it represents a complete function. 

It is easy to follow the model of Chap. VII and set up the Lagran- 
gian equations of motion of the string in terms of the normal coordi- 
nates. We first set up the kinetic and potential energies, the latter 
arising from the stretching of the springs, and from them set up the 
Xjagrangian function. The kinetic energy is 



in which we have used the orthogonality relations. The potential 
energy V of the weighted string is 

V = ^ [(wi - Wo) 2 + (W2 - wi)2 -h • • • -f — w.v)"] (4.8) 


where uq, Wjv+i are zero. To prove this, we need only find —dV/dUi, 
which is {T /d)[{uij^x — — {ui — Wi_i)], in agreement with (3.1). 

IPassing to the limit of the continuous string, this becpmes 


This is then 



V = 


T 

2 


nL L 



/; (2 • 

k 

A. 2 = 1 V 

2 fxL L2 2 2 A/ 


JcTT kTrx\ ^ 
cos -J- ) dx 


2/v2 


“Hi 


(4.9) 


(4.10) 


"where we have used the fact that the functions cos kirx/L have ortho- 
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gonality properties like those of sin kir-x/L. We then have 


Lagrangian function = 



(4.11) 


This derivation of the Lagrangian function is not really necessary 

since the weighted string is a special case of the problem worked, 

out in Chap. VII. We may be quite sure directly from that deri- 
vation that we have (4.11), where co* is given by (3.11) for the weighted 
string, or (3.14) for the continuous string. 

We may next use Lagrange’s equations to investigate forced and 
damped motion of the string, as we did in Sec. 5, Chap. VII. Suppose 

there is a force per unit length acting on the string at point x 

at time t. Then we must use (5.1), Chap. VII, to find the generalized 


force Fj associated with /. 


In that equation Fj = 




we shall 


replace Xij by Uij, as in (4.4), and shall convert the summation into 
an integration. Multiplying and dividing by d, fi/d becomes the 
force per unit length, or our f(x,t), and the summation times d goes 
into an integration. Thus we have 



(4.12) 


In terms of this force, we have the Lagrange equations of (5.2), 
Chap. VII, 

Qi + = Fj. (4.13) 

If for instance f(x,t) varies sinusoidally with a frequency co, then we 
have for the forced motion of the string, as in (5.3), Chap. VII, 



showing the familiar phenomenon of resonance if the external force 
approaches the natural frequencies of vibration of the string. 

A damping force proportional to the velocity takes a particularly 
simple form with the vibrating string. Thus suppose, for instance, 
that the string is immersed in a fluid, as air or a liquid, which exerts 
on each unit length a resisting force proportional to the velocity. 
We may, for instance, have 

f(x,t) = ~ku(x,t). 
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To find the generalized force associated with this resistance, we sub- 
stitute into (4.12), writing u{x,t) from (4.6). Using the normalization 
conditions (4.5), we find at once 


Fi = 


k 




This corresponds to the special case of Eq. (5.4), Chap. VII, in which 
the quantity Tja- has only diagonal terms. We have then the special 
case mentioned in the discussion of Eq. (5.6), Chap. VII, in which 
the equations of motion have the variables separated, even in the 
presence of damping: the equation (4.13) becomes 

Qi + — = Fj, (4.14) 


where EJ- represents any additional force, as for instance an external 
force varying sinusoidally with the time. Equation (4.14) is of the 
standard form for a damped harmonic oscillator, with a Q given by 


k __ £0,- 

ij. Qj 


showing that the Q’s of the various modes of a string are proportional 
to the corresponding frequencies, so that the rate of damping is 
the same for all modes. Solving (4.14) for a sinusoidal impressed 
force FJ, we then have the general solution of the damped string, 


u{x,t) 



Fj sin (jTTx/L) 

£ 0 ? — + joi(Jc'/iJ.) 


(4. 15) 


Equation (4.15), of course, represents the steady-state forced motion; 
to satisfy arbitrary initial conditions, we must superpose a general 
free oscillation or transient, or solution of (4.14) for the case FJ- = 0. 


Problems 

1 . Taking the case of four particles on a string, derive their displacements in 
the four possible normal vibrations, and compute their frequencies. Compare 
these frequencies with the first four frequencies of the corresponding continuous 
string. Put in n = N I, and so on, and show how the solution reduces to one 
already found. 

2 . An actual string is composed of atoms, rather than being continuous, so 
that it has only a finite number of possible overtones. Assume that it consists 
of a single string of atoms, spaced 10~® cm apart. Let the string be 1 m long, 
and at such tension that its fundamental is 100 cycles/sec. Find the frcjquency 
of the highest possible harmonic, and show that it is in the infrared region of the 



162 


MECHANICS 


[Chap. VIII 


spectrum. Show that, in this highest harmonic, successive atoms vibrate in 
opposite phases. Substances actually have such natviral frequencies in the 
infrared, and they are important in connection with their specific heat. 

3. A string of length L is pulled aside at a point a distance D from the end, 
and then released. Thus its initial shape is given by a curve made of two straight 
lines, and its initial velocity is zero. Find the solution for its motion, and find the 
amplitude of the nth harmonic. 

4. Taking the solution of Prob. 3, for the special case where D = I//2, compute 
the first five terms of the Fourier series, when i = 0. Add them and plot the 
sum, showing how good an approximation they make to the correct curve. 

6. A string initially at rest is struck at a distance D from the end, at f == 0. 
Find the intensity in each overtone. Approximate the initial conditions as 
follows : the initial displacement is zero, and the initial velocity is a constant in a 
small region of length d about the point D, zero elsewhere. 

6. Write down the Hamiltonian function for a vibrating string, using normal 
coordinates. Set up Hamilton’s equations, and show that they are satisfied for 
the solution we have found. 

7. A sinusoidal force of constant amplitude but adjustable frequency acts on 
an arbitrary point of a string. The string is in addition damped by a frictional 
force proportional to the velocity. Discuss the resonance of the string to the 
force, computing the total energy of the string as a function of the applied fre- 
quency, and showing that the resulting resonance curve goes through maxima 
corresponding to the various overtone frequencies. Find approximate heights 
and breadths of the maxima. Neglect the transient vibrations. 

8 . Prove directly by trigonometry the orthogonality relations for the normal 
functions for the weighted string; that is, prove Eq. (4.2). 

9. Using the orthogonality relations of Prob. 8, and the analogy of the con- 
tinuous string, set up a method for finding the amplitudes of the various overtones 
of the weighted string, in terms of the initial displacements and velocities of the 
particles. 

10. Apply the method of Prob. 9 to the special case of two coupled particles. 

11. Apply Prob. 9 to the case of four particles, as in Prob. 1. 

12. What sort of force must be applied to a string in order that the forced 
motion will be a pure vibration of the nth harmonic? 

13. Consider the case of two identical coupled particles. Show that, if equal 
external forces act on both, the overtone in which they vibrate in opposite direc- 
tions can never be excited. 

14. In the case of two coupled particles, assume that at i = 0 both particles 
are at rest, but that one particle is displaced a distance a, the other not being 
displaced at all. Find the amplitudes of the two overtones, writing down the 
formulas for the displacements of each particle as functions of time. 

16. A particle of mass M hangs on one end of a uniform string of mass m and 
length L, the other end of the string being fixed. The particle is given a small 
lateral displacement and released from rest. Set up the differential equation and 
boundary conditions to determine the motion of the string. Solve for the case 
m <<CM, and determine the natural frequencies. 



CHAPTER IX 


WAVE PROPAGATION IN THE STRING 

In the preceding chapter, we took up one aspect of the vibration 
of the stretched string: the normal modes, the types of vibration 
which the string possesses when it is held rigidly at both ends. We 
have not brought out the quite different aspects of the problem which 
we encounter with an infinite string, in which wave propagation of 
any form of wave is possible, or with the string held at a single point, 
at which the waves are reflected. Furthermore, we have not con- 
sidered the case in which the string is held by a yielding support 
capable of absorbing power, rather than by a perfectly rigid support. 
We shall consider a number of problems of this general type in the 
present chapter. As we have pointed out in the introduction to 
Chap. VIII, part of the importance of these problems lies in their 
resemblance to electrical and acoustical transmission lines, and in 
their connection with the three-dimensional propagation of mechanical 
and electromagnetic waves. 

1. General Wave Propagation in the Continuous String. — In Eq. 
(1.1), Chap. VIII, we set up the wave equation for the string. Using 
the definition (1.5) of that chapter for the velocity of propagation, 
this wave equation is 

d^u _ 1 .>. 

We solved this equation by the method of separation of variables, 
writing w as a product of a function of x and a function of tj and 
that is the most convenient method of solution for the problem of 
standing waves. For considering propagation, however, there is a 
very simple and straightforward solution. This is 

u = f{x — vt) + g{x -f- vt) (1-2) 

where / and g are two perfectly arbitrary functions. To prove this, 
we need only consider /(x -- vt) to be a function /(u;), where w == x — vt. 
Then we have 

dx dw’ dx^ dt dw dt^ dw^ 
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from which. (1.1) follows immediately, with a similar proof for g. 
The function fix — vt) represents a wave of arbitrary form,' traveling 
along the x axis with velocity v, and g{x vt) represents a similar 
arbitrary wave traveling with velocity —v, or along the negative 
X axis. From (1.2), then, we see that a wave of any arbitrary form 
can be propagated in either direction along a stretched string, without 
distortion, and with the constant velocity v. The solutions (1.5) of 

sin 

Chap. VIII, u = o>{t ±. x/v), were obviously special cases of the 

COS 

general solution (1.2), the special cases in which the disturbance at a 
fixed position is a sinusoidal function of time, or the disturbance 
at a given instant of time is a sinusoidal function of position. The 
general case, however, requires no assumption that the wave should 
have sinusoidal form. 

We can easily find the functions / and g required to satisfy giv6n 
initial conditions at i = 0. Thus suppose the shape of the string is 
given by uq(x) at ^ = 0, and its velocity by vq{x). Then we have 


«o = fix) + gix), Vo = « [ - (1.3) 

and 

duo _ df{x) , dg{x) ,, ,, 

dx dx dx ' 

From (1.3) and (1.4) we have 



or, integrating with respect to x^ 


/(^) = 1 

Uo{x) —if vq{x) dx 

J xo J 

\ 

Uoix) + - / Vq{x) dx 

J Xo J 


from which the functions / and g are determined, except for the 
constant of integration implied in the arbitrary limit Xq, which cancels 
out of the final answer. We see from (1.5) that, if the initial velocity 
of the string is zero, / and g are equal; whereas, if the initial displace- 
ment is zero, / and g are equal in magnitude but opposite in sign. 

If a string is held rigidly at a fixed point, the wave approaching it 
from the left will be reflected with change of phase, and will travel 
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back toward the left again. In this way, the character of the wave 
g(x + vt) traveling to the left is uniquely determined from the wave 
fix — vt) traveling to the right. Expressed analytically, if the fixed 
point is at X = 0, we must have 

gix + vt) = — /[ — (x + vt)], (1.6) 

or, if the fixed point is at x = xi, we must have 

gix + vt) = —f[2xi — (x + vt)] (1.7) 

since as we see immediately the function fix — vt) + gix 4* vt) will be 
zero for all values of time when x = 0 in (1.6), or when x = xi in 
(1.7). If furthermore the function / is periodic with a period 2L, 
the function g will be periodic with the same period, and we can show 
at once that the displacement u will be zero not only at x = xi, but 
at xi + nL, where n is any integer. For at such a point the displace- 
ment is 

fix\ ± nL — vt) ~ /[2xi — (xi + nL -f- vt)] = /(xi db nL — vt) 

~ /(xi ^ nL — vt) = Q 

on account of the periodicity of /. Thus such a solution satisfies 
the conditions for the vibration of a string held at xi and Xi -b L, or 
the problem of the preceding chapter. 

Examples of such a solution are given in Fig. 27, for the cases in 
which the initial velocity and the initial displacement of the string 
are zero. The waves f and g, traveling to the right and left, form the 
direct and reflected waves at each of the two points where the string 
is held. The period of the wave is the time required for the wave to 
travel a distance 2L, making a round trip after reflections from both 
ends of the string. By comparison with Eq. (1.8), Chap. VIII, we 
see that this period is the fundamental period found there; setting 
n = 1 in that equation, we had co(L/y) = tt, period = 27r/co = 2L/v, 
The harmonics all have periods that are integral submultiples of this 
fundamental, so that after the time 2L/v the whole motion repeats 
itself. The solution of the type we have just set up, consisting of an 
arbitrary direct wave with its reflected wave, is no more and no less 
general than the solution in terms of sine functions which we found in 
Eq. (2.1), Chap. VIII. If we were to take the solution in terms of the 
direct and reflected waves, remembering that the function / must in 
that case be periodic, and were to analyze/ in Fourier series, we should 
be led back to exactly the solution of the preceding chapter. When 
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we are interested in tlie overtones, the solution in terms of- nornmal 
modes is to be preferred, but when we are interested in the actual 
shape of the string, as for instance in the case of Fig. 27, the present 
method is much more direct. 



(a) Initial velocity (6) Initial displacement = 0 


Fig. 27. — Successive shapes of a string, held at both ends. Dotlc'd lines slxow" 
functions/, g. Case (a), initial velocity = 0, string pulled nsido at one poitit; case (ft), 
initial displacement = 0, string struck and given impact over narrow region. Motion 
followed over approximately a half cycle, each case. 

2. Wave Propagation in the Weighted String. — Flic l oason we 
can get the beautifully simple solution (1.2), e.xirrowsing I he general 
motion of the string as a superposition of two arl)itra,ry waves travel- 
ing to the right and left with velocity v, is that tlie velocity of proi 3 a- 
gation of a sinusoidal wave, of definite frequency and \\'a\''{^ lengtli, is 
independent of the frequency, for the continuous string. For tKis 
reason, if at a given instant we build up the genei-a,I solution ais a 
superposition of sinusoidal solutions, the sinusoidal waves will all 
travel along with the same speed, and the compli(;a.te(l pliase relations 
between them which are necessary to make them add uj) to tdie 
general solution will be preserved as the wave travels along, and it 
will not change its form. On the other hand, this is a sptM'ial casoj; 
in many cases, a sinusoidal wave can travel witlio\it cliaiigi’; of form, 
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but different waves of different wave lengths or frequencies travel 
with different velocities. This phenomenon is called “dispersion/' 
from the optical case, in which light waves of different wave lengths 
travel with different speeds through glass or other material media, 
though they travel with the same speed in empty space. When there 
is dispersion, it is only a sinusoidal wave which is propagated without 
change of form; for, if we build up any other wave by superposing 
sine waves, the different velocities of the various waves will rapidly 
destroy the interaction between them, and will distort the form. Since 
dispersion often occurs in wave motion, and since we must use sinus- 
oidal waves to get a simple solution in a dispersive medium, it is 
customary to use sinusoidal solutions of the wave equation generally, 
even in nondispersive media (as the uniform continuous string, or as 
sound in the air, or light in empty space). We do not lose in generality 
thereby, for we have seen in the preceding chapter that the most gen- 
eral solution can be built up by superposing sinusoidal waves. From 
now on, then, we shall use sinusoidal solutions of the wave equation. 

The weighted string, which we discussed from the standpoint 
of normal modes of vibration in the preceding chapter, forms a simple 
example of a dispersive medium. To prove this, let us write down the 
solution for traveling sinusoidal waves in such a weighted string, and 
show that the velocity of propagation depends on the frequency. Such 
a solution is 

’ih) — TT ^2 f ( /c /fi ) ] 


where x — id, using the notation of Sec. 3, Chap. VIII. 
is then 

d - cos k) 

^ k 'Sj m 


The velocity 


( 2 . 1 ) 


where we have used the expression (3.8) of Chap. VIII to write co 
in terms of k. Thus we have a velocity that depends on k, or on co. 
For low frequencies, k is small, we may expand the cosine in power 
series and use the quadratic term, and we find the limiting value of 
V = ■\/l''d/m = -s/T jix, as for the continuous string. On the other 
hand, as we saw in Chap. VITI, all possible types of waves are included 
in values of k up to a maximum of tt; for this value, we have 



showing that the velocity decreases to this value as the frequency 


increases. 
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The change of velocity with frequency can be seen graphically 
from Fig. 26, which may be interpreted as a plot of to as a function 
of 7 = k/d, from Eq. (3.8), Chap. VIII. The velocity is co/y, or the 
slope of the line drawn from the origin to a point with the appropriate 
frequency. A graph of a? vs. 7, for any wave is an instructive 

way to plot its propagation characteristics. If the velocity is con- 
stant, the wave can be written so that 7 = o^/v, and the 

line is straight. We shall now show that the slope of the curve of 
Fig. 26, or diji/dy, has a physical significance, as well as the slope of 
the chord co/7. The quantity co/7 is called the ‘'phase velocity”; to 
distinguish it, the quantity dco/dy is called the “group velocity.” 
We shall now show that the group velocity has this significance: if we 
build up a superposition of waves of almost the same frequency, the 
resultant pattern will travel forward with the group velocity. "We 
shall prove this result only for the superposition of two waves of 
nearly the same frequency, in which case the pattern they form is the 
familiar one of beats; but, since the group velocity is independent of 
the particular waves superposed, the result holds in general. 

Let us superpose waves and e^[C"-5‘-)«-(7-S7)*i^ having 

slightly different values of the angular frequency co and propagation 
constant 7. The sum of the two waves is 


gjfcoi-' ya:)(^g/[(56))C-CST)x] _f_ g-j[(5a))/-(5y)x]^ 


= COS [(5co)/ - (57)0;]. (2.2) 


The first term is a wave with the average frequency and propagation 
constant of the two superposed waves; it is multiplied by the factor 
cos [( 5 co)i - (57)2;], which may be regarded as an amplitude, varying 



slowly with time and position. Regarded as a function of .r, at a fixed 
time, the real part of (2.2) has the form shown in Fig. 28. We should 
find, a similar curve for the function as a function of time, at a fixed 
position X. This is the phenomenon known as “beats”: the ampli- 
tude t^radually decreases fiom a maximum (when the cosine function 
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is unity) to zero, and back again. The frequency of pulsation is 2 803, 
or the difference between the frequencies of the two oscillations. 
When we now consider the variation of the beats in both space and 
time, we note that the cosine function stays constant when 

" = (£) 

so that the beats travel forward with the velocity 803/ Sy, which we have 
already defined as the group velocity. 

We note from Fig. 26 that the group velocity, or slope of the 
curve, is less than the phase velocity, or slope of the chord. The time 
variation of the beats, as in Fig. 28, is then as follows: the envelope 
of the oscillations moves forward with the group velocity, but the 
individual waves travel forward with the phase velocity, which is 
greater. Thus the form of the disturbance changes as the time 
goes on. This is an example of our statement that the only form of 
wave that travels without change of form, in a dispersive medium, is 
a sinusoidal wave. The only case in which any type of wave can be 
propagated without change of form is in a medium in which the group 
velocity equals the phase velocity. In such a medium, in the curve 
analogous to Fig. 26, the slope of the curve must equal the slope of 
its chord, which demands that the curve be a straight line, or that the 
velocity be independent of frequency; that is, it must be a medium 
without dispersion. 

In our discussion so far of wave propagation in the weighted 
string, we have tacitly taken the case in which the frequency co in 
Eq. (3.8) of Chap. YIII, or Kq. (2.1) of the present chapter, was 
small enough so that cos k was less numeric ally than unity. The 
maximum such value is obviously 03 = 2 \/T/nid, corresponding to 
the case where cos k — — 1, /c = tt, so that the phase of the oscillation 
differs by tt in going from one particle to the next, or so that the dis- 
tance between particles is a half wave length. If we tried to find the 
solution of our problem for a higher frecpiency, we should have to 
have cos k greater numerically than unity, and negative. The mean- 
ing of this is simple: k must be a pure imaginary, plus tt. We may see 
this most easily from the e(|uation 

cos (jVo tt) = — cos jk — — cosh k. 

For any real value of k, we see that cos jk, the cosine of a pure imag- 
inary number, is real, and furthermore is greater than unity, since the 
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hyperbolic cosine is greater than unity for all real values of its argu- 
ment. Thus, in place of (3.8), Chap. VIII, we have 

= 2^ (1 -h cosh k) (2.3) 

and in place of (3.7), Chap. VIII, expressing the displacement of the 
fth particle, we have 


showing that the displacements decrease exponentially as we go along 
the string, and change sign from one weight to the next; an equally 
legitimate solution with the positive sign in the exponent would 
represent exponentially increasing displacements. In other words, 
for frequencies greater than the critical value, waves are not propa- 
gated along the weighted string, but instead we have an attenuated 
disturbance. We find, in other words, as we have mentioned earlier, 
that the weighted string acts like a low pass filter, allowing frequencies 
below a cutoff frequency to be propagated sinusoidally, but cutting off 
higher frequencies, in the sense that, if the string is long enough, no 
disturbance will be felt at the far end. The rate of attenuation is 
given by (2.3), solving for k in terms of co. 

3. Reflection and Standing Waves. — A sinusoidal wave, traveling 
along the -\-x direction, may be written as the real part of 
A reflected wave, traveling along the —x direction, may be written 
as the real part of . The simplest case of reflection is that 

in which the string is held at a certain point, as at a: = 0, so that the 
displacement must always be zero at that point. In that case we 
must have B = —A, so that the total disturbance is 

u = — eW«) = sin co - (3.1) 

V ^ 

whose real part is like the solution of Eq. (1.6), Chap. VIII. Thus 
the superposition of a direct wave, and a reflected wave with equal 
amplitude but opposite phase, produces a standing wave. This is 
the simplest case of reflection, but many more complicated cases 
exist. For instance, the string, instead of being held fast at a given 
point, may be held by a yielding support, which may have both 
inertia and friction. In this case there is still a reflected wave, but 
its phase will not be exactly opposite to that of the incident wave, so 
that the point of support will not be motionless, and its amplitude 
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will be less than that of the incident wave, since some of the energy 
of the incident wave must be lost in the friction of the support, and 
only the remainder is left over for the reflected wave. 

Another similar case is that in which there is a discontinuity in 
properties of the string at a given point; for instance, to the left of 
a; = 0 we may have a light string, to the right of a; = 0 a heavy string. 
A wave striking the discontinuity from the left will be partly trans- 
mitted to the string at the right, partly reflected, and the reflected 
wave will again have less energy and less amplitude than the incident 
wave, since part of the energy will appear in the transmitted wave. 

Let us first consider reflection at a yielding support. We may 
visualize the support as an object held to a position of equilibrium 
by a force proportional to its displacement, and with a damping force 
proportional to its velocity. The string will then exert a sinusoidal 
applied force on this support, and will make it vibrate with simple 
harmonic motion, as in Chap. TI. We shall find that the velocity v 
of the support will be related to the force acting on it by Eq. (3.4) 

of Chap. II, 


where Z, the ratio of complex force to complex velocity, is analogous 
to the complex impedance in oscillating-circuit theory. The value 
of Z is a function of frequency, as we saw in Chap. II. Taking this 
description of the support, we may assume that the support imposes 
on the string the boundary condition that the force it e.xerts on the 
support, divided by the velocity of the support, is the predetermined Z. 
We may easily express this in analytical language. The force exerted 
by the string to the left of a given point, on the part to the right, has 
a vertical component, which we are considering, of —T du/dx, as 
we saw in Chap. VIII, Sec. 1. The velocity has a vertical component 
du/dt = joiU, for sinusoidal motion. Thus our boundary condition is 


Z = -T 


du/ dx 
dli/dt 


™ du/dx 
jcou 


T ^ 
jcoZ dx’ 


(3.2) 


where this condition is to be satisfied at the point of support. The 
case of a rigidly held support is Z = co , in which case no force, no 
matter how large, produces any displacement. With the finite pure 
imaginary impedance, there will be reflection with change of phase 
but no energy loss, whereas with a real or resistive component of the 
impedance there will be energy loss in the support. 
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Our problem is to find the amplitude and phase of the reflected 
wave, when an arbitrary incident wave strikes a yielding support. 
Let the disturbance be made up of arbitrary incident and reflected 
waves : 

Then, substituting in (3.2), we have 

^ du/dx _ T ~ 

jcou ~ V 

We note first that, if there is no reflected wave, so that 5 = 0, the 
ratio is 

Z, = I = (3.6) 

a constant value, called the '^wave impedance”; in the derivation of 
(3.5) we have used the value of velocity from Eq. (1.5), Chap. VIII. 
Thus, if a string is terminated by a support whose resisting force 
is proportional to its velocity, with a constant of proportionality 
given by (3.5), there will be no reflected wave, and all the energy 
of the incident wave will flow into the support. In the general 
case, however, we must equate the value (3.4) to Z, the impedance 
of the support, putting in for x the position where the support is 
located. Equating these quantities, and solving, we find easily that 

__ Zo — Z 

Z^A- z 

If the support is located at a; = 0, (3.6) gives directly the ratio B/A 
of reflected to incident complex amplitudes. As we pointed out 
earlier, we see that, ii Z = oo , 5 = —A, and that, if Z = Zq, 5 = 0. 
Furthermore, we have the means of computing the value of 5 in 
any case. The quantity on the left of (3.6) is generally called the 
^‘complex reflection coefficient,” and its magnitude, which as we 
shall show at once is related to the ratio of reflected to incident energies, 
is the ‘‘reflection coefficient.” 

The relation between reflection coefficient and energy comes at 
once from the fact that there is an energy flow in a wave, proportional 
to the square of the amplitude. The energy flow into the support is 
clearly the product of the force —T du/dx exerted on the support, 
and the velocity du/dt of the support. In computing this product, we 
must be careful to use the actual values of the force and velocity, not 
the complex quantities of which we are to use the real parts. To write 


(3.3) 

(3.4) 
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the result explicitly, we write A and B in terms of their real and 
imaginary parts, in the form 

A = Ar+jAi, B = BrA-jBi. 


Furthermore, for simplicity, we compute the energy flow at the point 
X = 0. Then we have, taking the real part of (3.3), 


U — Ar COS W 




Taking x and t derivatives, and then setting a: = 0, we have 
fiu 

— T “ = Zoco [{--Ar 4- Br) sin cot — (Ai ■— Bi) cos cct\ 


du 

It 


co[( — Ar — Br) sin cot — {Ai + Bi) cos coif]. 


Multiplying, we have terms in sin® cot, cos® cot, and sin cot cos cot. 
Taking a time average over a cycle, the first two functions average 
to 34, the last to zero. Averaging, then, the power flow P to the 
right across the point rr = 0 is 

P = ]iZ,co\Al + A| - BI- BI) == 34Zoco®(lA|® - 1B|®). 

This exhibits the flow as the difference between the flow to the right 
in the direct wave, and the flow to the left in the reflected wave, and 
shows that the energy flow in each wave is proportional to the square 
of the magnitude of its amplitude. Returning now to Eq. (3.6), 
we see that the square of the magnitude of the ratio B/ A, or of 

O W 

/y2j<ox/v 

A ^ 


which of course has the same absolute magnitude, gives the ratio of 
reflected to incident intensity. 

If a wave is reflected from a rigid support, so that we have a stand- 
ing wave of the type of (3.1), with the amplitude proportional to 
sin oox/v, there are nodes, at which the sine is zero, so that the ampli- 
tude is zero. In the more general case in which \B\ is less than jAj, 
this is no longer the case. The amplitude is proportional to 
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As we go along the string, the phases of the two terms vary with respect 
to each other. Regarding them as complex vectors in the complex 
plane, we see that with increasing x the first term rotates in the 
clockwise direction, the second in the counterclockwise direction. 
Twice every revolution the two vectors will be pointing in the same 
direction, so that their vector sum will have the magnitiide \A\ + 1^1; 
intermediate between these values they will be pointing in the opposite 
directions, so that the magnitude of the sum will be \A\ — [Rj. Thus 
the amplitude of oscillation will go from a maximum to a minimum, 
and back to the maximum, but will never go through zero, or have a 
node. The points of maximum and minimum amplitude are called 
the ‘^standing-wave maxima and minima’^; we see that standing-wave 
minima are half a wave length apart, with the maxima in between. 
The ratio of amplitude at standing-wave maximum, to amplitude at 
standing-wave minimum, is called the “standing-wave ratio.” It is 
clear that its value is 


Standing-wave ratio = 


m + i-^i 

|A| - \B\' 


For the case where = — A, or a rigid support, the standing-wave 
ratio is infinite; for the case of no reflected wave, the standing wave 
ratio is unity. We can readily show that,* for any case of a nonabsorb- 
ing termination {Z pure imaginary), the standing- wave ratio is 
infinite. It is clear with a little thought that, from measurement 
of the standing-wave ratio, and the position of standing-wave maxi- 
mum or minimum, we can find the value of the terminal impedance Z 
which must terminate the line at a given x; the way of doing this is 
taken up in the problems. This suggests that measurement of stand- 
ing waves may give a useful way of investigating the properties of the 
terminal impedance. 

We have not yet considered the problem of a change in properties 
of a string. Let us suppose that for x <0 we have a string with 
mass jui per unit length, and for a; > 0 a string with mass (jl-z per unit 
length. The corresponding velocities and wave impedances will be 
denoted Vi, V 2 , and Zi, Z^. We now assume a direct wave in the first 
medium, approaching the point of separation from the left. We may 
assume that there will be a transmitted wave traveling to the right 
in the second medium, and a reflected wave traveling to the left in 
the first medium. Our problem is to find the reflection coefficient. 
This is easily done on the basis of the problem we have already solved. 
In the string to the right, there will be no reflected wave, so that we 
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can apply (3.5), and find that the ratio of force to velocity is equal to 
Z 2 , independent of position. Thus the right-hand string acts, as far 
as the left-hand string is concerned, like a support of impedance Z-z. 
We may then use (3.6) to find the ratio of reflected to incident ampli- 
tude in the left-hand string. Since the separation between the two 
comes at X = 0, we have 

B Zi — Zz V2 — vi 

A. Z\ -{- Z 2 V 2 

It is not hard to find the amplitude of the wave in the second string, and 
to verify that that part of the incident energy which is not accounted 
for in the reflected wave all appears in the transmitted wave. 

4. The General Case of the Terminated String. — We have seen in 
the preceding section that a wave approaching a termination or dis- 
continuity in a string will be partly reflected, partly transmitted. 
The transmission is possible only if there is some place for the energy 
to go : either frictional loss in the termination, or another string, which 
can carry the energy of the transmitted wave off to infinite distance. 
If there is no such place for the energy to be lost, all the energy will 
be reflected, but with a possible change of phase. Such a reflection 
can occur for a w^ave of any frequency. The situation is entirely 
changed if the string is held at tw'-o ends, or if it has two discontinuities, 
at each of w^hich there is high reflection. If a string is rigidly held at 
two points, then we have the situation of the preceding chapter, in 
which it can vibrate only in certain normal modes, of definite fre- 
quency. For we have an additional condition to satisfy, the boundary 
condition at the second point where it is held, and we cannot satisfy 
our boundary conditions at both ends except for certain particular 
frequencies. 

The more general case is that in which there are two discontinuities, 
rather than rigid supports, at two points in a string. For instance, 
suppose that for x < 0 there is a very heavy string of mass mx pcr unit 
length; for 0 < x < L there is a much lighter string of mass ^2 per 
unit length; and for x > L we again have the heavy string of mass ixi. 
If 111 were great enough, the heavy strings would act like rigid supi3orts, 
and we should have the previous case, in w^hich the light string could 
oscillate in certain normal modes, not communicating any energy 
to the supports. With a finite mo however, if we set up an oscillation 
of the light parts of the string only, we should find that there was a 
reflection coefficient less than unity at the boundaries between the 
light and heavy string, so that there W'-ould be transmitted waves in 
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each part of the heavy string, and the energy would gradually dissi- 
pate, traveling to infinite distances in the heavy string. Thus we 
should not have any normal modes, in the sense of oscillations that 
could persist forever. Normal modes can exist only in the presence of 
perfectly reflecting boundaries, which keep the energy in. In our 
case, we should have instead something much like a wave of amplitude 
decreasing exponentially with time, in the light segment of string, and 
we could compute a Q representing the rate of damping, which would 
become greater as the reflection coefficient at the discontinuities 
became closer to unity. 

Quite a different type of solution of the same problem is obtained 
if a direct wave approaches the light string through the heavy string. 
Suppose, for instance, that a direct wave approaches the point rc = 0 
from the left, traveling to the right. There will be a reflected wave 
in the heavy string, for a; < 0. Similarly, in the light string, there 
will be both a direct and a reflected wave. Finally in the heavy 
string 2 A X > L there will be only a direct wave. We can find the 
amplitude of these various waves, by the use of the impedance meth- 
ods described in Sec. 3, or merely by the straightforward method of 
demanding that the displacement and slope of the curve be continuous 
at each of the discontinuities of density. We then find that the 
light string shows many properties of resonance, acting much like a 
resonant system with damping (coming from the energy loss in the 
two waves traveling out of the light string into the heavy strings at 
each end of it) and an external force (the direct or incident wave). 
The input impedance at a: = 0, which the incident wave sees when it 
enters the light string, can be shown to be a sum of resonance terms, 
one for each of the normal modes which the light string would have if 
it were rigidly held, but each with appropriate Q’s coming from the 
losses in the waves in the heavy string. 

These properties of the solution are somewhat involved, but 
important, because of their application not only to the string, but also 
to other problems in physics. The same sort of thing is encountered 
in electrical transmission lines, in microwave transmission lines, and 
in reflection of electromagnetic and acoustic waves in two and three 
dimensions, which show very close resemblance to the waves on a 
string. We find analogies even in wave mechanics, where the motion 
of electrons and nuclear particles is governed by Schrodinger’s equa- 
tion. This equation shows similar properties of resonance. For 
instance, a nuclear particle can sometimes exist within the nucleus in 
what is called a metastable state.” Its wave equation corresponds 
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to a wave within the nucleus which has a reflection coefiSicient very 
nearly, but not quite, equal to unity at the boundary of the nucleus. 
Thus the wave will gradually leak out, corresponding to a gradually 
increasing probability that the particle will be found outside the 
nucleus, and yielding a suggestive theory of radioactive decay. The 
real situation of nuclear disintegration is much more complicated than 
this simple picture would indicate, but this is enough to show that 
this type of theory can be applied to problems far more general than 
the vibrating string. 

All the terminations of the string that we have so far mentioned 
absorb energy from the string, rather than delivering energy to it. 
It is clear that we can hold an end of a string by a device that makes 
it vibrate sinusoidally, setting it into oscillation. In such a case, 
energy will flow out of the device into the string. It is in this way 
that the direct wave, which we have been discussing in our problems 
of reflection, must be set up. At a junction between a power source 
and a string, acting as a load, we must have a match of impedance, 
just as we have had in Sec. 3 between a length of string and a load 
impedance. A power source can generally deliver power at any 
arbitrary impedance, within limits; but generally the impedance is a 
function of the amplitude of oscillation, and often the frequency, of 
the source. The load impedance then determines the amplitude and 
frequency of operation of the power source. The interplay of power 
source and vibrating string gets particularly complicated if the fre- 
quency is near a resonance frequency of the string, in which case the 
amplitude of oscillation becomes large, and the reaction on the power 
source considerable. These interactions are similar to those found in 
other branches of physics, as for instance in vacuum-tube oscillators 
operating into resonant circuits, in which a change in the circuit 
parameters can react back on the operation of the vacuum-tube 
oscillator. 

Problems 

1. A string of length L is pulled aside at a point a distance D from the end, 
and then released, as in Prob. 3, Chap, VIII. Find its subsequent motion by the 
methods of the present chapter. 

2. A string initially at rest is struck at a distance D from tlie end, at i = 0, 
as in Prob. 5, Chap. VIII. Find its subsequent motion by the methods of the 
present chapter. 

3. Find the group velocity of a disturbance on a weighted string, for which 
the phase velocity is given by (2.1). 

4. Electromagnetic radiation can be propagated down the interior of cylindri- 
cal conducting pipes, called “wave guides.” If Xo is the wave length of a wave in 



178 


MECHANICS 


[Chap. IX 


free space, given by the relation Xo = cT, where c is the velocity of light in free 
space, T the period of oscillation, and if is the wave length of the disturbance as 
measured along the guide (called the "guide wave length”)? then it can be shown 
that 1/X^ = I/Xq — 1/Xc, where Xo is a constant called the "cutoff wave length.” 
Find the phase velocity of the wave corresponding to a given angular frequency co. 
Show that, if the frequency is less than a certain cutoff frequency, the phase 
velocity becomes imaginary, corresponding to a damped disturbance rather than a 
propagated wave, and find the relation of this cutoff frequency to Xo. 

6. For the wave guide of Prob. 4, find the group velocity. Show that, though 
the phase velocity found in Prob. 4 is greater than c, the group velocity is less 
than c, so that a signal cannot be transmitted down the guide with a velocity 
greater than c. This is an example of the general principle, from the theory of 
relativity, that no signal can be propagated with velocity greater than c. 

6. An artificial electric line can be constructed according to Fig. 29, con- 
sisting of N identical resistanceless circuits, each containing inductance L, capaci- 
tance C, and coupled to each of its neighbors with mutual inductance M. Set up 
the differential equations for the currents i in the various circuits, showing that 
they reduce to the same form as with the weighted string. 



Fia. 29. — Artificial electric line. 


7. Neglecting boundary conditions at the two ends of the line in Prob. 
show that a disturbance can be propagated along the line with a definite pliaso 
velocity. Find also the group velocity. Investigate to see whether there are 
certain ranges of frequency for which the line attenuates a disturbance expo- 
nentially, instead of propagating it. 

8 . A mass M is suspended by a weightless string of length L, forming a 
pendulum. Vertically below the mass, and attached to it, is a stretched string 
of tension T, mass /a per unit length. A wave of angular frequency a? is propagated 
up the lower string, and is reflected from the mass M, regarded as the termination 
of the string. Find the amplitude of oscillation of Af, as a function of frequency. 

9. Solve the same problem as in Pi-ob. 8, but with the addition of a resisting 
force acting on the mass M, proportional to its velocity. Find the standing-wave 
ratio, and the fraction of incident power absorbed in the pendulum, as a function 
of frequency. 

10. In an infinite string of mass fj. per unit length there is inserted a section of 
length L, which has a mass ah per unit length different from jj.. An incident wave 
from the left approaches the inserted section, being partly reflected, partly trans- 
mitted. Similarly in the inserted section there are transmitted and reflected 
disturbances, and in the string to the right of the insert there is only a direct 
wave. By assuming all these waves, and satisfying conditions of continuity at 
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the boundaries, find the intensities of reflected and transmitted waves, showing 
that there are maxima of transmission when the wave length of the disturbance 
in the insert bears certain definite relationships to L. This problem is a close 
analogue to the transmission of light through a thin film, or the transmission of 
microwaves through a resonant cavity. 

11. Consider a string fixed at both ends, a; = 0 and a; = L, under tension T. 
The string is composed of two parts, one of mass per unit length, extending 
from a; = 0 to a; = L/3, and the other of mass in per unit length, extending from 
X = L/3 to a; = L. Find the resonant frequencies of the motion. You will not be 
able to get an explicit solution. 

12. Show how, by measuring the standing-wave ratio and position of the 
standing-wave minima in a string, the terminal impedance can be found. 



CHAPTER, X 


THE STRING WITH VARIABLE TENSION AND DENSITY 

In the last two chapters, we have considered the problem of the 
vibration of a string of constant density and uniform tension. These 
results may now be extended to the more general case of variable 
tension and density. We shall not be able to carry through the 
results in complete detail, for as we shall see, we are led to a more 
complicated differential equation, which we cannot solve in general. 
But we shall find that the theory of expansion in orthogonal functions, 
and all the general relations, go through just as with the uniform 
string, so that we can derive a good deal of information. We shall 
also develop perturbation methods, which can be used when the ten- 
sion and density have only small deviations from constancy. 

The importance of the problems considered in this chapter arises 
more from what they suggest than from the specific problems con- 
sidered. Strings of variable density are of small practical importance. 
But the stiing is the simplest case of a vibrating continuum. Waves 
in three dimensions resemble waves on a string. A string of variable 
density resembles an optical medium of variable index of refraction, 
and we can use methods similar to those of this chapter in such cases 
as the theory of the mirage, and of the bending of radio waves in the 
charged layers of the upper atmosphere. Many three-dimensional 
problems can actually be reduced to one-dimensional cases, and they 
are all likely then to take on just the character of our problem of the 
string of variable density. In wave mechanics, for instance, most of 
our problems reduce to a mathematical form that is identical with 
that of the present chapter. The perturbation theory we develop in 
this chapter is one set up originally for use with variable strings, yet 
it has had most important effects in the development of the quantum 
theory. 

1. Differential Equation for the Variable String. — We set up the 

differential equation of motion essentially as we have done in Chap. 
VIII. We assume, however, that the tension T and the mass per 
unit length yt, vary from point to point along the string. Clearly, 
if the tension varied with x, there would be a longitudinal force, 
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along X, acting on elements of the string, unless there were compen- 
sating body forces. We shall assume such body forces, so that we 
still need consider only the displacement at right angles to the string. 
A simple example of this is a heavy string hanging vertically under 
the action of gravity. The tension will be partly supplied by the 
weight of the string itself, and since the upper part of the string 
must support the bottom part, it is clear that the tension will increase 
with the height, and yet that the string will be in equilibrium as far as 
longitudinal motion is concerned. 

We may now retrace the arguments of Chap. VIII, Sec. 1, and see 
in what way the situation is different if T and /x are functions of x. 
The only difference comes in the derivation of Eq. (1.1) of that chap- 
ter, in which we have 



The equation of motion then becomes 

d du\ _ d'^u 
dx \ dx J ^ dt^ 

If we assume a solution sinusoidal in time, ti varying as times a 
function of x, we then have 


where this is a function of x, as are T and ju. 

This equation is a linear second order differential equation with 
variable coefficients, on account of the functions T and fj., which depend 
on X. There is no general method of solution of such an equation. 
In many practical cases the power series method can be used, as 
described in Appendix II. For this purpose T and ju must be expressed 
as power series in x. There are a number of well-known examples of 
(1.1), whose solutions, obtained by the power-series method, are 
well-known functions, and some of these form the solutions to prob- 
lems of practical importance. For instance, BesseFs equation is 





whose solution is u — and by comparison with (1.1), it repre- 

sents the disturbance of a stilng whose tension is proportional to :r, 
and whose density is proportional to .r — constant/x. Other problems 
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reducible to BesseFs equation, the equation of the Legendre poly- 
nomials, and other simple equations, are discussed in the problems. 

One problem that can be solved immediately by very simple meth- 
ods is that of the exponential string, in which both the tension and 
density increase with x according to the exponential functions 

T = To M = MO 

Although this problem is not of great practical importance, it is useful 
to be able to get an exact solution for such a problem of variable 
tension and density, so as to be able to understand the general nature 
of the solution. We find easily that in such a case we can solve (1.1) 
by assuming that u has an exponential form, 

u = eT'*. (1.2) 

Substituting (1.2) in (1.1), we find that the exponentials cancel, leaving 
the equation 

To y{cx. + t) + CO Vo = 0. 

This is a quadratic for y, whose solutions are 



We note that when a is zero, this reduces properly to the solution 

'll, = g ±y« "v/Mo/ro ® 


which we found for the uniform string in Eq. (1.4), Chap. VTII. 
When a is different from zero, but small, two changes are observed 
in comparison to the uniform string. First, the amplitude decreases 
with increasing x, according to the exponential the amplitude 

being less in J;he region where the tension and density are large. 
Secondly, there is a second order change in the effective velocity and 
wave length, which are now given by 


where 


Vo 

"v/ 1 — (az;o 72 co)^ 


X = 


Xo 

Vl " {av'^7^^' 


Vo 




(1.4) 


in which the radical containing the term in a. is missing for the uniform 
string. We can find the order of inagnitude of this second order 
term by noting that a = (1/T) dT/dx, or the relative rate of change 
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of tension with distance, and by assuming that the second order term 
is small enough so that approximately we can write the wave length 
from the first term of the second equation of (1.4). Then we have 
approximately 

<xVq _ 1 X dT . 

2co 47r T dx 

which means that this quantity equals approximately the proportional 
change of tension in (l/47r) wave lengths. If this is small enough so 
that its square can be neglected, the velocity and wave length are 
unaffected by the variations of tension and density with position, 
and we can determine the velocity by the equation 



the velocity being found from the tension and density at a particular 
point of the string, which we note is independent of position. With 
more rapid variation of properties with position, however, we must 
use the quadratic terms in (1.4), and finally with a sufficiently rapid 
variation the radical in (1.3) and (1.4) can vanish and then become 
imaginary, resulting in an exponential decay of the disturbance 
along the string, with no real propagation at all. We note that, for 
any fixed value of a, this will happen for a sufficiently low frequency, 
so that the exponential string propagates only above a certain cutoff 
frequency, and forms in effect a high pass filter. The lower the value 
of a, however, the lower is the cutoff frequency. 

2. Approximate Solution for Slowly Changing Density and Tension. 
In the example of the exponential string, which we just took up, 
we found that the solution approaches a simple limiting case if the 
tension and density vary slowly with position, or in particular if the 
quantities (l/47r)(X/T) (dT/da;) and (l/47r)(X//x)(d)ii/da;) are small com- 
pared with unity. We shall now show that quite generally, if these 
conditions are satisfied, we can get an approximate solution of the 
equation (1.1), correct to the first order of these small quantities. 
This solution has been found by many workers in different fields of 
mathematical physics, as for instance in the propagation of seismic 
waves in the earth, w^here the elasticity and density of the earth 
vary with depth; the propagation of electromagnetic waves in the 
upper atmosphere,, where the index of refraction varies with height 
on account of the ionization in the Kennelly-Heaviside layer; and 
in wave mechanics, where we often encounter the problem of Schro- 



184 


MECHANICS 


fCHAP. X 


dinger's equation in cases where the velocity of the electron wave 
varies slowly with position. In wave mechanics, it is often known 
as the W-K-B method, after the initials of Wentzel, Kramers, and 
Brillouin, who independently have made use of it. From this wide 
list of cases in which it applies, it is clear that it is a method of great 
power. 

The effect of variable tension and density comes into the solution 
in two ways: the wave length, and the amplitude, depend on x. In 
our exponential string of the preceding section we had the special 
case where only the amplitude depended on x, the wave length being 
independent of x, but that was a special case. Thus, instead of 
which we have for the uniform string, the actual solution 
for the function of x can at least approximately be written in the 
form u = 4- ‘W’e can easily see the form that B must have 
for the nonuniform string. For plainly [J5(:r2) — B(xi)]/2'7r must 
measure the number of wave lengths between Xx and x^, because 
of the way in which B appears in the exponential function. But if 
X is the wave length, regarded as a function of x, dx/\ is just the 
number of wave lengths in distance dx, so that the total number 

between Xi and xz is / dx/\ from which evidently J5(a:) = %r\'dx/\. 

Jxi 

Since the wave length can presumably be written 2 t/X = co v/^/T', 
this is equivalent to 



We shall now show that, if we set A = constant/'^^tj', the resulting 
expression 




constant 


( 2 . 1 ) 


forms an approximate solution of the differential equation. Com- 
parison with the solution of the exponential string in Sec. 1 shows 
that the amplitude factor of (2.1) agrees with the factor 

g-(«/ 2 )® '^iiieh we found there, whereas the phase factor of (2.1) is the 
approximation to the value of Sec. 1 which we find when we neglect 
the second order correction, or the square of the quantity (1.5). 

To prove the correctness of Eq. (2.1), and to investigate the 
order of magnitude of its errors, we may substitute the function 
on the right side of (2.1) in the differential equation (1.1), and collect 
terms. All terms in the first order of the small quantities (X/T) {dT/dx) 
and (X/ fi) (dfj./dx) , or X d In T /dx and X d In ix/dx, as well as terms not 
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involving these quantities, cancel, leaving only terms in squares 
and products of these small quantities, and terms in cP In T/dx"^ 
and X^ In m / . These, being rates of change of small quantities, 
may be assumed to be small of the second order, like the squares and 
products. Thus we verify our statement that (2.1) is a solution 
correct to the first order. 

If we are not satisfied with this treatment, which assumes the form 
of the solution and verifies it, we may proceed straightforwardly to 
find the functions A and B of (2.1). We substitute the function 
on the left side of (2.1) into the differential equation, separate real 
and imaginary parts (remembering that A and B are real), and find 
that we can separate the result into equations for A and B. These 
are differential equations of a complicated, nonlinear type, but when 
we examine the order of magnitude of the terms, and reject those 
which are small of the second order, the remaining differential equa- 
tions can be solved, and prove to give the function on the right side 
of (2.1). This treatment, though straightforward, is somewhat 
involved. It is eas y to carry part of it through. Thus if we assume 
that B{x) = CO / -x/fx/T dx, as in (2.1), but regard the function A{x') 
as one to be determined, and substitute the function A{x)e^^'‘^^ 
in the differential equation, we obtain a differential equation for A, 
which may be written, after a little manipulation, 


X‘^ 


1 d^A 
A dx"^ 


IdT I dA\ 
T dx A dx ) 


-f- 4xjX 


1 

A dx 

1 /j. ^ 1 

4 \T dx fx dx) 



( 2 . 2 ) 


where X = (27r/oo) -\/ T/ jx. We assume that A, like T and jx, changes 
by only a small fraction of itself in a wave length. Thus the terms in 
X^ are of the order that we are neglecting, and we are left with the 
terms in X. These terms may be rewritten in the form 


d In [A(mT)H] ^ 
dx 


A{ixT)V* = constant, 


leading to the solution (2.1) which we wished to prove. 

3. The Normal Modes of the String. — The approximate solution 
(2.1) which we have set up for the string of variable tension and density 
represents a traveling wave. We may, however, build up from it 
easily a solution holding for a string held at two points, as x = 0 and 
X = L. If the string is held at x = 0, we must have in place of (2.1) 
the function 
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constant . 

U — sin CO 




i:4i 


dx. 


If furthermore the string is held at a; = 2^, we must have the sine 
function equal to zero at this point, or 


CO 


1:4 


T 


dx 


mr. 


riTT 


CO 


a/ t^/T dx 


where n is an integer. The resulting value of co may be denoted by 
co„. We have, in other words, a set of normal modes, as with the 
uniform string. This suggests that we should be able to follow the 
general procedure of Chap. VIII, setting up normal coordinates, and 
expressing the general solution of the problem of the oscillating 
string in terms of normal modes. We shall not carry through a 
complete discussion of the present case, but a study of Chap. VIII 
will show that the main results were a consequence of the orthogonality 
of the normal functions of the string. We shall show that even for 
the string with variable tension and density we have the same orthog- 
onality of normal functions. As a result, it is possible to carry 
through for the present case a treatment completely analogous to that 
of Chap. VIII. 

To prove the orthogonality of the normal functions, we do not 
have to use our approximate solution of Sec. 2 at all; we can prove 
the result directly from the differential equation (1.1). Let us con- 
sider two normal functions Un and which are solutions of the 
differential equation, associated with angular frequencies co„ and com- 
We then have the identities 


du 


.— ( T 
dx \ dx 

d ^ dUrn 
dx \ dx 


^ “f- COn/J-Un = 0, 

^ = 0 . 


We multiply the first equation by Um, the second by Un, subtract 
one from the other, and then integrate over the string. We thus 
obtain 


/:[ 


Uf 


d 

dx 




u. 


A 

dx 


w)] 


dx 


= (w? 


r 

j 0 


fx{x)UnUm dx. (3.1) 
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The left side integrated by x^arts yields immediately 

[ frn I d'U/n ”1 1 ^ 

-w - d^-di)‘^- 

The integral obviously vanishes, and the integrated part vanishes 
since both Un and Um. are zero for x ~ 0 and x = L. In general the 
integrated part would vanish if either u or du/dx vanished at the 
boundaries. Thus the right side of (3.1) yields as the analogue of our 
former orthogonality relation 



UnUm dx = 0 


if n ^ m. (3.2) 


When n = m, (3.1) does not demand that the integral vanish, since 
the factor co^ — is zero. We shall assume the functions to be 
normalized so that 



(3.3) 


The occurrence of the mass per unit length, ixix), in the orthogonality 
condition (3.2), is equivalent to the occurrence of the mass in the 
corresponding condition (2.10) of Chap. VII, where we were consider- 
ing the orthogonality of normal modes for the vibrations of mass 
points. We could omit this factor in our treatment of the uniform 
string, where we wrote the orthogonality condition (2.2) of Chap. VIII, 
since the quantity /x was a constant independent of x. 

Having proved the orthogonality and normalization relations (3.2) 
and (3.3), we can use these to discuss the general vibrations of the 
string held at a: == 0 and x = L. We may write the general solution 
for the oscillation of the string in the form 


u 



(An cos OJnt H- Bn siu COnt)Un(x). 


If the initial shai^e and velocity of the string at iJ == 0 are given by 
functions Uq(x), 'iio(x), as in Chap. VIII, Sec. 2, we must have 


Uq(x) = ^ 




n 


Uq(x) 



(3.4) 


We then have the general problem of expanding an arbitrary function 
in a series of normal functions, very much like our problem of Chap. 
VIII of expanding an arbitrary function in Fourier series. We shall 
show how to find the coefficients of such an expansion ; the remainder’ 
of the problem, showing that the series so built up really represents 
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the function and that it converges, is much more difficult, and we shall 
not take it up here. To find the coefficients, let us multiply each of 
Eqs. (3-4) on both sides by ix{x)tim.{x) , and integrate from a; = 0 to 
X = L. We thus have 



IJ,(x)Um.(,x)Uo(x) dx — 



fx{x)Um(.x)Uo(x) dx 


n 

Z"'*-®’* /o^ fJtt (a^) d/X ““ 


It is clear that our discussion of Fourier expansion, and of the uniform 
string, is a special case of the general one discussed here. The differ- 
ential equation of the nonuniform string, (1.1), is of a general type 
called a ‘^Sturm-Liouville equation, which includes many of the 
important differential equations of mathematical physics. All equa- 
tions of this general type show orthogonality properties of the sort 
we have discussed. Many other interesting properties of the solu- 
tions can be deduced directly from the differential equation, including 
theorems relating to the zeros of the solutions, or the nodes of the 
standing waves represented by the solutions. Fourier expansion, and 
the trigonometric functions, form the simplest and most familiar 
example of these general methods. 

4. Perturbation Theory. — One approximate method of integrating 
the differential equation of the nonuniform vibrating string has 
already been indicated in Sec. 2, making use of the resemblance of the 
actual functions to sines and cosines. An entirely different approxi- 
mate method, the method of perturbations, is also frequently useful. 
This is a method that applies if the problem is very nearly a soluble 
one, the density and tension varying only slightly from their values 
in the soluble case. The usual application is to an almost uniform 
string- For simplicity we consider only the case where the tension T 
is a constant, while the density is a function jx(x), almost equal to a 
function fioix) for which the problem can be solved exactly. We 
assume that we know the characteristic functions uf, and frequencies 
£ 0 ® for the soluble case, satisfying therefore the differential equations 

~dx^ "b = 0. (4.1) 


We now remember that the functions form an orthogonal set, and 
that any arbitrary functions can be expanded in series of such func- 
tions. Thus in particular the nth characteristic function Un of the 



Sec- STRING WITH VARIABLE TENSION AND DENSITY 189 

real I^roblein can be so expanded: 



xinay regard our problem as that of determining the constants 

function space, as discussed in Sec. 4, Chap. VIII, this 
proT^lem is very simple. The functions ul form one set of orthogonal 
nni'b vectors, the UnS another, and these equations merely express 
ono 3 et in terms of the other j they are the equations for a rotation of 

in function space, from the axes characteristic of the 
'‘uxxi^erturbed'’ problem with density juo to the “perturbed” problem 
wit lx density ju- 

The easiest way of getting at the conditions for rotation is simply 
to sxibstitute Un in the differential equation that we wish it to satisfy. 


If we do so, and use the differential equation (4.1) which the w°’s 
satiss^fy, we have easily 



w&Vo 


= 0 . 


No-w we may multiply by an arbitrary and integrate from 0 to L. 
Renxembering that the Wo’s are orthogonal and normalized, the result is 


whtetx'e 

and 



wlxioh is a quantity differing from only by small quantities of 
tho order of the deviation between g and juo- We have here an infinite 
set of simultaneous homogeneous linear equations (m can take on any 
valijie) for the unknown constants Ank- These can be written, for a 
giv’^oii n, 


dniC — + 


+ A„3( — + • • * = 0 

W«M22) 4" =0 


= 0 



190 


MECHANICS 


[Chap. X 


These equations are of the type we have already met in Eq. (3.3) 
of Chap. V in discussing principal axes of inertia, and in Eq. (2.2) 
of Chap. VII in discussing the introduction of normal coordinates, 
and which are discussed in Appendix V. As in all such cases, the 
equations in general have no solutions, unless the determinant of 
coefficients vanishes, which provides an equation for col, a secular 
equation determining the frequencies. In the present case, this 
equation has an infinite number of roots, one near each unperturbed 
frequency. 

It is hardly feasible to solve the secular equation directly, though 
it is not hard to make an approximation to it. It is easiest, however, 
to proceed directly from the linear equations. If the are nearly 
the same as the u’s, it is plain that we shall have = 1 almost, if 
n = or = 0 almost, ii n 9 ^ k. The only term in the equations that 
is large and need be considered is then that for which n — k (so that 
Ank will be large) and simultaneously m — k (so that jui* and will 
be large). This term gives 

. ,02 

Ann(c0n^ — =0, Ol* £0^ = • 

f^7in 

If now M = Mo + Ml; where mi is small compared with mo> we have 
r L 

Mn« = 1 + / Mrf dx, SO that, using the first term of a binomial 
expansion, 

(^l — dX^, ( 4 . 2 ) 

correct to the first order of small quantities, but neglecting terms 
to the order of the square of the integral of mi- It is not hard to 
get expressions of the same order of accuracy for the A’s. From 
(4.2), we see that the effect of a change in mass, on the frequency 
of vibration, is a maximum if it comes at a maximum of amplitude of 
the unperturbed motion, and is zero if it comes at a node. 

Problems 

1. A heavy unifonn flexible chain hangs freely from one end. The 
chain performs small lateral vibrations. Show that the normal functions are 
w«. = J o[(2a>„/ v^) \/x], where J o represents Bessel’s function of order zero, x is 
the distance from the bottom of the chain to any point, g the acceleration of 
gravity, and u>n is the angular frequency of the nth mode of vibration. For a 
chain 8 ft long, find the periods of the first few modes of vibration. (Use Jahnke 
and Emde’s tables to get the roots of the Bessel functions.) 

2. One end of a uniform flexible chain of length L is attached to a vertical 
rod that rotates at a constant angular velocity Neglect the eft’ect of gravity, 
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so that the chain stands out horizontally under the tension of centrifugal force. 
Show that the differential equation for small vibrations transverse to the length 
of the chain is 


^0 

2 dx 


(L2 - x^) 


du 

dx 


-f- = 0- 


Introduce the variable y = x/L, and solve the resulting equation by the power 
series method. The boundary conditions are w(0) =0 and u for y = 1 must 
remain finite. Note that the latter condition can be fulfilled only if the series 
breaks off to form a polynomial. Calculate the first three polynomials, and 
derive a relation for the frequency of the nth mode of vibration. The polynomials 
so found are the Legendre polynomials of odd order. 

3. A string stretched with a uniform tension T, and with a density a/a:*, is 
held at the points x = X\ and x = x%. Solve the equation, using the form 
u — X”-, and show that the general solution is 

where i = and where k is defined by fc* + K = o>^ci/T, and oj is the angular 

velocity. Show from this that the general form of the normal function is 


and that 


Un 


= ■\/x sin 


mr In (x/xi) 
In (Xi/xx) 


n = 1, 2, 3, 


w,. 


r ri , nv* 1 

O' (In X‘ijxiy\ 


4. Solve the differential equation of Prob. 3 by the approximate method 
described in this chapter, and show that the solution has the same form as the 
exact solution. Show that the two solutions coincide in the limit of large ?i. 

5. A progressive wave travels on a uniform string which at a: = 0 is con- 
nected to a string whose density is /i — + oix. This second string is connected 

to a third at a; = L which has the constant density = mo + oL, and the whole 
is stretched with a uniform tension T. Using the approximate method, find the 
ratio of the amplitude of the wave transmitted in the third string to the original 
amplitude of the incident wave in the first string. 

6. Consider a string of uniform density fx, length L, but with a tension T 
which varies slightly from its average tension To. Show with the help of a pertur- 
bation calculation that the angular frequency of the nth mode is given approxi- 


mately by 


CO. 


To Y H 

TrT" V 


1 r L dT n-irx . mrx 
— ^ / -y- cos --y- sin ^ 

mrT 0 Jo dx L ij 



7. A uniform string of density /Xfl> tension T, has a small load tn placed at 
X = a. Show that the frequency of the nth mode of vibration is approximately 

given by 


03., 


T 

lA Mo 


( 


2rn 

MO-h 


sill 


2 nTra\ 

nr) 


Show that the effect of the additional load vanishes if it is placed at a node, and 
is biggest when at an antinode. 
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8 . Show that the dierential equation of Bessel’s function 4 is the same as 
that for a string of tension = mVi Using the aDDroximate 
method developed for the vibration problem, show that approximately 


r , , constant / f J, , \ 

MX = cos vl " ::5 “ ~ « 

where i > i. 

9. Using the approximation of Prob. 8 for /, and h, compute the approxima- 
tion functions for a number of values of x, and show by a table of values how well 
these agree with the correct functions. Choose the arbitrary amplitude and 
phase factors to make the functions agree with the values of h and Ji in the 
tables, for example, making the zeros agree by adjusting a, and the maxima by 

adjusting the amplitude, taking such values as to get the best agreement possible 
for large I's. 

10. Derive^e diferential equation (2.2) for i, in the approximate solution 

u a 
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THE VIBRATING MEMBRANE 

A membrane, such as a drumhead, can vibrate transversely, much 
as a string can. In many respects the problem of these vibrations 
is little more difficult than that of the string. The differential equa- 
tion of motion is derived in an analogous way, and is more complicated 
only in that it includes terms for both the x and y coordinates in 
the plane of the membrane, similar to the single term in x which is 
met in the problem of the string. The complications come in, how- 
ever, when we begin to consider the geometrical features of the solu- 
tions of this equation, the wave equation. In a string, a sinusoidal 
disturbance can travel in only two directions, to the right and to the 
left along the string. Our general solution of the string problem 
was made up by superposing waves in these two directions, regarding 
one as a direct, the other as a reflected, wave. In a membrane, how- 
ever, the situation is the same that we should meet in considering 
waves on the surface of a liquid. Waves now have wave fronts, lines 
in the membrane all points of which are at the same phase. The per- 
pendicular distance from one wave front to the next is the wave length, 
and the direction of this perpendicular is called the ‘‘wave normal.’^ 
The wave propagates along the direction of the wave normal with the 
phase velocity, which in the simple case of the uniform membrane is 
independent of the frequency. 

The complication arises from the fact that propagation can occur 
in any direction, and the wave fronts can be curves of any type. 
For instance, we can have circular waves, like the circular ripples set 
up in water when a stone is thrown into it, or linear waves, in which 
the wave fronts are straight lines, or in fact an infinite variety of 
different forms of waves. Furthermore, if a wave strikes a boundary, 
a line along which the membrane is held fast, it will be reflected, but 
in general not along the direction of the incident wave. Instead, 
there will be the familiar law of reflection, the angles of incidence and 
reflection being equal, implying that the wave normals of incident and 
reflected waves are on opposite sides of the normal to the bounding 
line. The problem of satisfying boundary conditions along the edge 
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of th.e menibraiiG tlien becomos complicated, particularly when we 
remember that the boundary can have any arbitrary shape. 

This arbitrary shape of the boundary really makes the difference 
in simplicity between the string and the membrane. We find, wdt-li. 
the membrane, that we generally do not get far by trying to superpose 
direct and reflected waves to build up a general solution. We shall 
show that we can do this for the rectangular membrane, but that is 
almost the only case in which it is practicable. For other shapes of 
membrane, held along the edge, we must look directly for standing- 
wave solutions of the wave equation, which have nodes along a family 
of lines, of which the boundary is one. This means that we can solve 
only problems with relatively simple curves for their boundaries. 

The simplest cases, and the only ones that we take up in th,is 
chapter, are the rectangular and circular membranes; the methods v^e 
use for them will be sufficiently representative of the more complicated 
shapes that can be solved. The general method that we use is to 
change variables in the wave equation, introducing a set of curvilinear- 
coordinates in which the boundary forms one of the coordinate lines. 
For instance, with the circular membrane we introduce polar coordi- 
nates with the center at the origin, so that the boundary is a line r = /> . 
Then the boundary condition can be stated by saying that u, the dis- 
placement, is zero, when the coordinate in question is given the suitablo 
value; as in the case of the circular membrane, where u = 0 when 
r — p. We shall find that in many such cases we can carry out a 
process of separation of variables: we assume that w is a product of 
one function of one of the variables, another function of another, as in 
the circular membrane, where we assume that w is a product of ^ 
function 0(0) and a function R{r). Then it turns out that we can 
write separate ordinary differential equations for these two functions, 
and can satisfy the boundary condition by means of the function /2(7') 
alone. 

This method of separation of variables forms the most useful 
method for solving the wave equation, and similar partial differential 
equations, in the cases where it can be used. On the other hand, in 
problems for which the method cannot be used, because of the compli- 
cated form of the boundary, there is no practicable means for getting 
a general solution. We now take up the formulation of the differential 
equation for the vibrating membrane, and its solutions in the cases of 
rectangular and circular membranes. In connection with these solu- 
tions, we find that we have properties of orthogonality of the solutions 
equivalent to those found earlier for the string, which make it possible 
to satisfy arbitrary initial conditions at — 0 in a simple manner. 
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1. The Differential Equation of the Vibrating Membrane. — ^Let ns 
take two coordinates, x and y, in the plane of the membrane, writing 
u for the displacement at right angles to the plane, so that we wish 
a relation u = u{x,y,i). Consider a small element of the membrane, 
bounded by dx and dy. Let the mass per unit area be ju, so that the 
mass of the element is jx dx dy. Then its mass, times the acceleration 
normal to the membrane, is ix dx dy d^u / dt^ . This is equal to the 
force arising from the tension. Let the tension be T. That is, if 
we cut the membrane along any line, the material on one side of 
the cut exerts a force on the material on the other, normal to the 
cut and equal to T for each unit of length of the cut. We assume that 
T is constant over the membrane. If the membrane were plane, the 
tension of its opposite edges would cancel, and we should have no 
resultant force. If it is curved, however, we may proceed as follows: 
Along the edge at a: + dx, the tension is at right angles to the y axis, 
almost along the x axis, but with a small component along the u 
direction, equal approximately to T{du/dx)x+dx per unit of length, or 
this times dy for the actual length dy. Similarly along the edge at 
X the component is T{du/dx)x dy, so that the sum is approximately 
T d^u/dx^ dx dy. The forces acting along the edges at y and y dy 
similarly add to T d'^u/dy^ dx dy, and the total force, the sum of these, 
is T{d^u/dx'^ H- dHi/dy~) dx dy. Thus the differential equation, divid- 
ing by dx dy, is 



d'^u ,, 

dti “ ^ 

„ / d'^U , d‘^u\ 

dy^J 

(1.1) 

or 

V'^u = 

fx d'^U 

f 'de 

(1.2) 

where 

= 

d^u d'^u 

dx‘^ ^ dy^ 



This is the two-dimensional form of the Laplacian, which is discussed 
in Appendix IV. 

The simplest solution of (1-2) is 



as in Eq. (1.2), Chap. IX. This represents a wave whose wave fronts 
are parallel straight lines x = constant, propagated along the x axis 
with velocity v. Of course, a similar wave could be set up propagated 
in any direction, with an equation 

u — f{lx H- my — vt), -f- = 1, (1.3) 
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where I, m are the cosines of the angles between the wave normal and 
the X and y axes, so that the wave fronts are the straight lines 

lx -1- my — constant. 


It can be shown at once that (1.3) is a solution of (1.2) by direct 
substitution. As a result of the way in which the velocity enters the 
problem, we may replace (1.2) by 






= 0. 


This is a standard form for the wave equation. 

As in Chap. YIII, Sec. 1, we often wish to write w as a function of 
X and y, multiplied by a function of t, performing a first step toward 
a separation of variables. If 

u = T{t)w{x,y), 

then we find at once that 


i 

w v^T dt^ 


where the variables are separated, and where is a constant. The 
equation for T is then 


d^T 

df^ 


+ 


CO 


2 rp 



and the equation for w is 


2^ = 


where 


(1-4) 


+ k‘^w = 0 . ( 1 - 5 ) 

Equation (1.5) is the wave equation with the time eliminated. Unlike 
the case of the string, where the corresponding equation has a trivial 
solution, (1.5) is an equation with a great variety of solutions, 
which we can handle only in special cases, as we have already indi- 
cated in our introductory remarks. The rest of this chapter will be 
devoted to some of these special cases. 

2. The Rectangular Membrane. — Let us assume that the mem- 
brane is rectangular, being zero, or the membrane held fast, at a: = O, 
X — a, y = 0, y = b. We now look for a solution of (1.5) by separa- 
tion of variables, as a product of a function X{x) and a function 
Substituting, this gives us 


X dx^ 



1 d^Y 



Y dy^ 


kl -h ky = (2. 1 ) 
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with solutions 

• • 

X = ^ Y = e±/*i/y oj. (2.2) 

cos ’ ’ cos ^ ^ ’ 

If we use the exponential form, and combine with (1.4), we have 

\j^ = (zbA:.c^dzA:^/ydzwi) 

in which we can take any one of the eight combinations of signs. 
These solutions are of the form (1.3), corresponding to sinusoidal waves 
propagated in the four directions given by ? = ±/rxy/co, m = ±'kyv/oi. 
These four directions are the four wave normals that would result from 
a wave in any one of the directions, after successive reflections 
by boundaries x = constant or 2 / = constant. The sine form of (2.2) 
represents standing waves rather than traveling waves. Thus we can 
take 

u = sin kxX sin kyy (2.3) 

which is a standing wave for which u is always zero for x = 0, 2 / = 0. 
Such a solution can be set up as a superposition of traveling waves, 
just as a standing wave in a string can be set up as a superposition of 
traveling waves. Thus we have 

sin kxX sin kyy 

— — — Ab/2/+a>0 — kxX — /cj/y+cor) j 

This, in other words, is a case in which we can build up our standing- 
wave solution by superposing traveling waves, but the rectangular 
membrane is almost the only case in which this is convenient. 

Using the standing- wave solution (2.3), we can satisfy our boundary 
conditions that w = 0 when x = 0, a; = a, ?/ = 0, y = 6, by assuming 
that 


kxOL — prr, kx = p -7 kyb = q-TT, ky = g - 7 (2.4) 

(X u 


where p, q are integers. These conditions fix the values of kx and ky, 
and hence of the frequency; for, combining (2.4) with (1.4) and (2.1), 
we find that the angular frequency is given by ” 



(2.5) 


so that, instead of having overtones whose frequencies are integral 
multiples of a fundamental, the frequencies are given by a much more 
complicated relation. 
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There is one interesting result of this. I’leasing musical notes 
depend on having the frequencies of the overtones related in simple 
ways to the fundamental, so that they sound well together, as with a 
vibrating string. In a membrane or drum, in which these relations 
do not hold, the sound is far less musical than Avith a string. This 
suggests other cases, which do not exactly fall within the category 
of the present chapter. For example, a vibrating bell acts as a two- 
dimensional vibrating system, a little like a membrane, and has 
complicated overtones which in general are not harmonics. But it 
has been found by trial that, if bells are made in their conventional 
shape, overtones are so adjusted that the loud ones are actually in 
tune with each other, though a slight change of shape Avould destroy 
the quality. 

We note, in connection with the various possible modes of the 
vibrating membrane, given by different values of the integers p and g, 
that, if the membrane is vibrating Avith one overtone, the amplitude will 
be zero along certain lines, which will stay at rest. These nodal lines 
form a rectangular network, coming Avhen px/a = 1, 2, ■ • • p — 1, 
and for qy/h = 1, 2, • • • g ■— 1. At any instant, if the membrane is 
displaced upward in one rectangle, it will be displaced doAVnward in 
all adjacent rectangles. Such a nodal arrangement is characteristic 
of all sorts of standing-wave problems. 

The general solution of the problem of the rectangular membrane 
will be a superposition of all the normal modes, with appropriate 
amplitudes and phases, as aa^c found in Chap. VIII for the string. 
That is, Ave have 


u 


23= 1 5 = 1 


235 


COS oijtqt Bpq sin oipqt) sin 


pirx . qrry 

Sin — — 

a 0 


where Wpg is given in (2.5), and where the A’b and B’s are arbitrary 
constants to be determined from the initial conditions at = 0. 
Suppose that the displacement is given by uq(x, 7 j) at ^ = 0, and the 
velocity by Uo{x,y). We must then satisfy the conditions 


UQix,y) 

Ua{x,y) 


00 oo 



23 = 1 a = i 


sin 


gTry 

V 


oO oo 

XX OlpqJBpq 

23 = 1 5=1 


sin 


pirx 


sm 


b ' 


a 


( 2 . 6 ) 



Sjbg. 31 


THE VIBRATING MEMBRANE 


199 


is, we must be able to expand two arbitrary functions of x and 
y in terms of double series of products of sines, a sort of two-dimen- 
sional Fourier expansion. We find tbe coefficients as in Sec. 2, Chap. 
VIII- We multiply both sides of the first equation of (2.6) by 


{£) 


. tttx . Siry 

sin sin 

a 0 


and integrate over the surface of the membrane. We can prove at 
once, by elementary means, the orthogonality and normalization 
relations 


/ -I . 'DTTX . (/Try . VTTX . siry , , 

' —r sin sin sin sin ax ay 

Q ab a h a b 


b pr^ gs~ 



Thus we have 

UQ{x,y) sin sin dx dy 

with a similar equation for the J5’s. This solves formally the problem 
of finding the amplitudes and phases of the normal modes, though 
if Wo and uo are complicated functions of x and y, it can of course be a 
very difficult problem actually to evaluate these integrals. 

3. The Circular Membrane. — The differential equation for the 
circular membrane is the same as for the rectangular membrane, but 
the boundary condition is different: the displacement u is always zero 
on a circle of radius p about the origin. To solve the problem, the 
simplest method is to introduce polar coordinates r, 6. We must 
then write the wave equation (1-5) in polar coordinates. To do this 
we need the baplacian in polar coordinates. In Appendix All "w e 
cliscuss tile vector operations in curvilinear coordinates, and in polar 
caiordinates in particular. The problem of finding the forms of the 
vendor opi'rators in curvilinear coordinates is a straightforward one 
of changing variables in partial differentiation. W^e find in Appendix 
Vir that 




1 ^ 
r dr 


(rp) 

\ dr / 




1 d‘^u 
7'^ dd^ 


in two-dimensional i^olar coordinates. Thus our wave equation is 


1 d / 
r dr \ dr/ 






-j- k’^u = 0. 


(3.1) 


We shall now show tliat we can solve by separation of variables, 



200 


MECHANICS 


[Chap. XI 


letting u — i2(r)9(0). Substituting in (3.1), we find 


lid/ 

R T dr \ dr) 


1 1 

r2 e ^02 


+ A-2 = 0. 


We multiply by and transfer the first and third terms to the right, 
obtaining 


1 d^e 
0 d02 



Since the left side is a function of 0, the right side a function of r, each 
must be a constant, which we may write as — Then 


d^e 

d02 


+ m^Q = 0, 


© = A cos + J5 sin m$, 


and the equation for r can be immediately changed to 

-r Tr{^f) + - ?) ^ = 0- (3.2) 

By the change of variables x — kr this can be changed into the form 

This is Bessehs equation, which is discussed in Appendix VIII, and it 
has a solution R — Jm{x) = Jm{kr), a BesseFs function of the mth 
order, whose properties are discussed in Appendix VIIL 

Now that we have found the form of our solution, let us consider 
the boundary conditions. First We consider the solution for Q. At 
a given point of the membrane, the value of 6 is determined, but not 
in a single-valued way. Thus, if the point corresponds to <9 = 47°, 
it would equally well correspond to 47° + 360°, or 47° + 720°, etc. 
Now 0 must surely have a definite value at each point of the mem- 
brane. Thus it must have the same value for 6, 6 27r, d 4x, etc. 

In other words, © is periodic in d with period 27 r. But this is true if, 
and only if, m is an integer. Hence our first condition, necessary to 
make the function single-valued, is that m be an integer. 

Next consider the solution for r: R = Jm{kr), where now m is an 
integer. In Appendix VIII we find that there are two independent 
solutions of Eq. (3.3), one being Jm{kr), which starts out for small r 
as and the other being Nm{kr), which starts out for small r as 
y-m (unless m = 0, in which case Vo is logarithmic for r == 0). Since 
the displacement of the membrane must be finite at r = 0, we see 
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that we cannot use the function the Neumann function, in 

building up our solution, and must use only the Bessel function 
Now we consider the boundary condition u = 0 when r = p, or at 
the edge of the membrane. That is, we must have Jm{kp) = 0. 
From the properties of Bessel’s functions, we see that JmCx) is zero 
for certain definite values of x, say Xmn, n = 1, 2, ■ • • . We may, in 
fact, find approximately what these values are from the asymptotic 
formula 


lim J„i 

X — > oo 





TT 


which holds for large values of x. Although this formula does not 
hold for small x, still it is not very inaccurate for values of x consider- 
ably greater numerically than m. It shows that the Bessel function 
oscillates sinusoidally, the amplitude at the same time decreasing 
with increasing x. The values of Xmn are then given approximately 


by the condition that x — 


/’2m -b . 0 . 

I ^ __ ^jTT, where n = 1, 2, 


That is, we have approximately 


^7tin 




(3.4) 


where n = 1, 2, • • • . We see then that to satisfy our boundary 
conditions we must have kp = x-^n, where n is an integer. The only 
adjustable constant is k, which equals oi/v by (1-4), so that this condi- 
tion determines the frequency. We should properly label the value 
of k, or of the angular frequency co, by the indices m and n, since it 
depends on both of them. We then have 


^mn 


P 

1 ) 




(3.5) 


From (3.4) and (3.5) we can easily show that, to the approximation 
to which (3.4) is correct, we have (m/2 — }- 4 . ■+■ n) half wave lengths 
in the radius of the circle. This, however, is only a crude approxi- 
mation, and the frequencies of the various modes are not exactly 
harmonics, or integral multiples of a fundamental frequency. 

The general solution of our problem of the vibrating membrane 
can now be written in the form 


K, 


^ ^ m/t- COS COffini' “I”” ri ytiri Sill COS (771 0 rtinl (^*^0 


rn n 


7n n y 


where the and the phases ot 


are arliitrary constants. A 
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single term of (3.6) corresponds to a single standing wave. Its 
nodes are concentric circles, values of r for which Jmikmnr) is zero, 
of which of course the boundary is one; and radii, determined by 
cos {md — amn) — 0. Some nodes in various normal modes are shown 
in Fig. 30. It is readily seen that there are m radial nodes, n circular 
nodes provided we count the boundary. The arbitrary constant 
oimn determines the angles at which the radial nodes come; changing 
it simply rotates the whole nodal pattern. The constants A and B 
determine the amplitude and phase of the disturbance as a function 




rn=0, t^ = 2 


m=l, n—Z 


m=l, n — 2 

Fig. 30. — Nodes of a circular membrane. Shaded segments are displaced in opposite 

phase to unshaded. 


of the time. We may, if we choose, consider that there are two 
separate waves possible for each frequency, cos rndj^ and sin mOJ^- 
Such a case, of two separate modes of the same frequency, is called 
“degeneracy”; and we shall see in a problem that the same thing is 
true of the square membrane. In a degenerate case, with two or more 
possible vibrations of the same frequency, it is plain that any linear 
combination of these vibrations gives a possible vibration of the same 
frequency. 

4. Initial Conditions with the Circular Membrane. — Suppose we 
know that at f = 0, the displacement of the membrane is given by 
F(r,d), and the velocity by G(r,&). We can write the whole solution, in 
a slightly more general way than before, 


u — 

nin cos Wrnni + Bmn Sin COnint) COS md 

m,n 

-h iC„,n COS 0}„,J -f- J)n,n sin o:„,ni) sin md]J^(k„,nr). 

Thus, writing displacement and velocity at ^ = 0, we have 
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F{t,6) = 7 (A„,n cos md + Cmn sin md)Jm(J^mrJ') 

mn 

G{r,d) = 7 COS mB Dmn sin me)Jr,^(kmr<X). 

jLmmJ 


mn 


The A's, jB^s, C's, D’s must be chosen to fit these conditions. Both 
conditions are of the same sort. They require us to find the coefficients 
of an expansion of a function of r and 6 in series of products of sines or 
cosines and BessePs functions. Now it proves to be true that both 
the sines or cosines and the Bessel’s functions are orthogonal, and as a 
result of this we can make the expansions we desire in the usual way, 
as with Fourier series. Let us take the first equation, multiply by 
cos pdJp{kpqr)j and integrate over the area of the membrane. That 
is, we integrate with respect to r from 0 to p, and with respect to 6 from 
0 to 27r, the element of area being r dr dB. Then we have 


fo Jo"" pBJ p{kpqr)r dr dB 

= ^ fg'" (-dmn COS mB + sin mB) 

•mu 

cos pB dd r J mi,kmnr^tT p(_kpqr') dr. 

By the orthogonal property of the sine and cosine, the right side is 
zero unless m — p, giving 


^ttA pn /; rJ p(k pn r)Jp{kpqr) dr. 

n 

But we shall prove in the next paragraph that the J’s are orthogonal 
in the sense that 

Jj rJp{kpnr)Jp{kpqr) dr — 0 if n q. (4.1) 
Using this fact, our sum reduces to a single term. 


TtA. pq i: rJlikpqT) dr. 

If the last integral, which could be easily computed if we knew the 
properties of Bessel’s functions better, and whose value is given in 
Appendix VIII, were denoted by Cpq, then we should have 


A 


PQ 


1 

TTCpq 



F{r,B) cos pBJ p{kpqr)r dr dB, 


determining the coefficients A in terms of a double integral. Sim- 
ilarly we could get formulas for the B’s, C’s, Z)’s. Of course, in an 
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actual case, these integrals might be very difficult to compute, but 
nevertheless we have a general solution of our problem. 

In the preceding paragraph we have used the orthogonal property 
of BessePs functions. We can prove this property directly from the 
differential equation, as was done in the preceding chapter for the 
nonuniform vibrating string. From (3.2) we have 

; s (■■ + (»;. - ?) «*"'> - »■ 

Multiply the first by rjpikpqt), the second by rJp{kpnr), subtract, and 
integrate from 0 to p. The result is 


/: 


J 


A 

dr 


dfl p(^k pnr"^ 


dr 


J p(Jr pnT ) 


£ 

dr 


dj p (/c p ) 

dr 


dr 


= 


pa 


/: rj p{kpqr')J p{k pn r) dr. (4.2) 


As in the discussion of Eq. (3.1) of Chap. X, the left side of (4.2) 
can be shown to be zero by integration by parts. Then the right 
side must be zero, and either k%n ~ is zero, which is not true unless 
n and q refer to the same overtone (unless the mode is degenerate), or 
the integral is zero, which we wished to prove in order to verify 
Eq. (4.1). The orthogonality is not quite of the form discussed in 
Chap. X, for the differential equation is of slightly different form, the 
quantity (k^ — p^/r^)r appearing in place of (ujVj so that the final result 
is not just like integrating p times the product of the functions to 
get zero. 

Problems 


1. A rectangular drum is 20 by 40 cm, its whole mass is 100 g, and the total 
pull on the faces is 50 and 100 kg, respectively. Find the frequencies, in cycles 
per second, of the five lowest modes of vibration, and sketch the nodes for each. 

2. The special case of degeneracy arises when a rectangular membrane is 
square. Then the two modes of vibration sin {mrx/X) sin (miry/X) and 
ej‘^i sin (imrx/X) sin (niry/X) have the same frequency (where we let X = F). 
Thus any linear combination of these is a solution, again with this frequency. 
Consider the combinations 

I A sm sm + E sm sm j • 

Work out the nodes in the case n = 1, m = 2, for (1) B = A; (2) B — —A; 
(3) B = 2A. 

3. A rectangular membrane is struck at its center, starting from rest, in such 
a way that at Z = 0 a small rectangular region about the center may be considered 
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to have a velocity v, and the rest has no velocity. Find the amplitudes of the 
various overtones. 

4. Imagine n and m plotted as two rectangular coordinates. Show that a 
curve of constant oj, plotted in these coordinates, is an ellipse. Each integral 
value of n and m corresponds to an overtone, so that, if we draw the point corre- 
sponding to each overtone, the number of points within such an ellipse gives the 
number of overtones with angular velocity less than w. Note that the number of 
such points per unit area of the plane is just one, and so find an approximate 
formula, using the area of the ellipse, for the number of overtones of frequency 
less than co, and also for the number between a? and -I- dco. Check up this 
approximation by the exact values of Prob. 1. 

6. In the circular membrane, suppose that m = 0, and that h is very large, 
so that there are many circular nodes. Consider a small region near the edge of 
the membrane. The few nodes in this neighborhood will be almost straight lines, 
as if we were near the edge of a rectangular membrane. Find the asymptotic 
wave length, using the fact that J„i{x) approaches cos {x — a.) at large x, and 
show that the wave length is connected with the velocity and frequency in the 
usual manner. 

6. Derive Eq, (3.1) by a direct application of Newton’s law of motion, using 
an element of area of the circular membrane bounded by the lines r, r -t- dr, 9, 
0 + dd. What form does this equation take if the tension and density vary with 
position? 

7. Set up the wave equation in three-dimensional spherical coordinates, in 
which X = r sin 0 cos (p, y = r sin 6 sin <p, z = r cos 0. Show that it is 

r* 3r \ ar J ^ ain. e ae \ BO J r' sm= 9 3^= 


Separate variables in this equation. Show that the function of <p is sin m<p or 
cos mp, where rn is an integer. Show that the equations for r and 0 are, respectively, 


/•a dr V dr ) ^ \ v^ 



R ^ 0, 


where co, C are constants; and 


1 d 
sin 0 do 


^sin 0 




0 = 0 . 


8. The equation for 0 in Prob. 7 is called “Legendre’s equation.” Let 
© == sin”' 0F(cos 0). Find the differential equation for F, solving in power series 
in cos 0, and show that the series breaks off if C = 1(1 + 1), where I is an integer. 
The resulting functions are called Pj"‘(cos 0), and are known as “associated 
Legendre functions.” Compute the first few Legendre functions. 

9. In the equation for r in Prob. 7, prove that R = [J / ^>/xj where 
X = o>r/v. 

10. Prove that two functions Un and Um, satisfying differential equations of 
the form 


with different con’s, but chosen so that both Un and xim are zero at a; =0 and x = L, 
satisfy the orthogonality condition f fji.(x)un(x)um(x) dx = 0. 



CHAPTER XII 


STRESSES, STRAINS, AND VIBRATIONS 
OF AN ELASTIC SOLID 

In the preceding chapters, we have been treating the vibrations 
of elastic strings and membranes, one- and two-dimensional bodies, 
and now we pass to the three-dimensional case, or the elastic solid. 
Of course, the strings and membranes were really elastic solids, of 
particular shapes, but there are several ways in which we naust gener- 
alize our previous treatment. First, in the strings and membranes, 
the rigidity of the material itself was not great enough to affect the 
vibration, whereas, in the problems we now take up, this rigidity, or 
the elastic properties of the material in general, will be important. 
Thus we may imagine all gradations of the problem of a stretched 
wire, from the limiting case of a very thin long wire under large 
tension, when our previous theory is applicable, down to a short thick 
bar under small tension or even no tension at all, when the restoring 
force on a particle, far from coming from the tension on the ends, comes 
from the distortion of the bar itself. Secondly, with the strings and 
membranes, we considered only transverse vibrations, whereas here 
we discuss longitudinal vibrations as well. Of course, strings can 
vibrate longitudinally, but we have so far neglected this phase of their 
motion. Thirdly, a very important aspect of the problems of strings 
and membranes has arisen from the fact that they were limited in 
space, the membranes being very thin pieces of material, the strings 
thin in two dimensions. But, although some of the problems of the 
present chapter have this property, we shall also consider vibrations 
and waves in extended media going, in the limiting case, to infinity 
in all dimensions, as sound waves in an infinite gas or solid. It is 
these sound waves which show the best analogy to our one- and two- 
dimensional wave equations. 

1. Stresses, Body and Surface Forces. — ^The first step in discussing 
the behavior of an elastic solid is to find the force acting on an infini- 
tesimal volume element, and to set this equal to mass times acceleration 
for a dynamic case, or to set the force equal to zero for a problem in 
static elasticity. The forces may be divided into two classes: (1) 
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volume or body forces, such as gravity, which act on each volume 
element of the body; and (2) surface forces, with which neighboring 
parts of the medium act on each other, and which are transmitted 
across surfaces, or the forces transmitted across the bounding surface 
of the whole body. The tensions we have met with string and mem- 
brane are examples of surface forces, as are gas pressures, or shearing 
forces in a twisted rod. To specify such a force, we imagine a surface 
element da to be drawn somewhere in the body, with a normal n. 
The material on either side of da exerts a force on the material on the 
other side ; thus this force is a push normal to the surface if there is a 
pressure in the body, it is a tension if that is the form of stress, or it 
may be a shearing force, tangential to the surface. The force exerted 
by the material on one side, on the material on the second side, and 
the other force exerted by the material on the second side back on 
the first side, are action and reaction, and ai'e equal and opposite, so 
that one always has an ambiguity of sign in dealing with these forces, 
or as we call them stresses.” We adopt the following convention: 
We imagine da to be part of the surface bounding a volume, and n 
to be the outer normal. Then the force we deal with is the force 
exerted by the outside on the material inside the volume, over da. 
This force will be a vector, and proportional to da. We call its x, y, 
and z components Tida, T^da, Tzda, respectively; in the present 
chapter we shall refer to the x, y, and z axes as the xi, x^. and xs axes, 
which makes it possible to write certain formulas in an abbreviated 
way. 

The components T^, Tz will of course depend on the direction 
of the normal n to the surface element da. It proves to be possible 
to specify the properties of a stress completely if we choose three 
unit areas at a point, one normal to each of the three coordinate axes, 
and give the components of the force acting across each. Thus let 
the three components of force per unit area acting across unit area 
normal to the Xi axis be Tn, T 21 , Tai; the three components of force 
acting across unit area normal to the x% axis T 12 , T 22 , T 32 ; and so on. 
Thus for the surfaces normal to the xi, Xz, and xz axes, we have the 
three force vectors, or nine quantities, 

T rjy rp 

11 i 21 i 31 

^vi T22 T Z'i 
Tv, l\z Tz, 

which we may symbolize by Ta, where i, j = 1, 2, 3. These nine 
quantities form the stress tensor, and they show properties like those 
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of other tensors as discussed in Appendix V. The significance of 
the three components Tn, T21, Tsi is illustrated in Tig. 31 . The 
diagonal terms of the array, Tn, T22, T33 are called the '^normal 
stresses’’ or pressures, since the force components are normal to the 
surface, and the remaining terms are called “shearing” or “tangential 
stresses. 

It is easily shown, and is taken up in a problem, that the force 
per unit area across an arbitrary surface that has direction cosines 



Fig. 31. — Components of force acting across dx^dxi. 


«!, «2, oLz, has an xx component equal to clxTxx + oi^Txz <xzTiz. 
That is, we may write the Xi component of the force per unit area 
across this surface as 

Fi^^Tna,: ( 1 . 1 ) 

y 

As with the other tensors we have already met, it is always possible 
by making a proper rotation of axes, to reduce any stress tensor to 
a diagonal form, in which no shearing stresses are present. Thus 
let us set up new axes x[, x^, x'z, rotated with respect to the Xi, X2, Xz 
axes. We let the direction cosines of the x{ axes, with respect to the 
Xx, X2, Xz axes, be an, 0:21, asi; these then are the components, along 
Xx, xz, Xz, of a unit vector along x[. Similarly for unit vector along 
the components are axz, oiz^, oiz2, and for unit vector along x^ they are 
«i3, a23, o!33- The nine quantities a,:, form a tensor, and its components 
satisfy certain conditions, discussed in Appendix IV. They satisfy 
first the normalization and orthogonality conditions 


z 


(Xf'iOirf — 


8ij. 


The summation represents simply the scalar product of unit vectors 
along the x'i and x'- axes. Since these axes are assumed to be orthog- 
onal, the scalar product is zero if i and j are different, while if i and j 
are the same, the result is the square of the magnitude of unit vector, 
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which of course is unity. Similarly they satisfy the other form of 
normalization and orthogonality conditions 

OCirOijf ( 1 . 2 ) 

which follows by similar arguments, when we note that an, ai^, and 
ai 3 represent the components of unit vector along xi, with respect to 
the axes x'l, X 2 , Xg, and so on. Various other conditions satisfied by 
the a’s are taken up in Appendix IV. 

We may now show how to rotate axes so as to reduce a stress 
tensor to a diagonal form. We wish to express the statement that 
the force acting across a unit area normal to the x^ axis has only 
an x'i component, or equals a constant TJ times unit vector along x^. 
By (1.1), the xj component of force across unit plane normal to Xi is 

TjfoOiki- We wish this to be equal to T'i, multiplied by aji, the com- 

k 

ponent along Xj of a unit vector along x'i. Thus our condition is 

T jkOiki = T'iaji, ^ (T,a — T'i8jk)aki = 0. (1-3) 

k 

Here we have the same sort of set of simultaneous homogeneous linear 
equations which we have met every time we have tried to reduce a 
tensor to diagonal form, and as usual the equations have no solution 
unless the determinant of coefficients vanishes. This j^rovides a 
secular equation for T'i, which, being a cubic equation, has three roots. 
These are called the “principal stresses,” and the new axes that are 
determined by the values of ahi that we find from (1.3) are called the 
“principal axes of stress.” 

The situation regarding principal axes becomes clearer if we con- 
sider several simple examples of stress systems. The simplest stress 
is probably the hydrostatic pressure. There the force acting across 
a unit area is always at right angles to the area, and its magnitude 
is by definition the pressure P. The force acts into the body, and 
hence is of negative sign. Thus we have Tw = T 22 ~ P 33 = “~P, 
all other components being equal to zero. This tensor is already 
diagonal, so that the Xi, X 2 , Xz axes are principal axes. Since these 
are any rectangular axes, we see that any axes are principal axes 
for a hydrostatic pressure (just as, in considering moments of inertia 
for a rigid body, any rectangular axes would be principal axes for a 
spherical body). A second simple stress is a tension, say in the Xi 
direction. Then the unit area perpendicular to Xi has a force T across 
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it, normal to the area, but there is no force exerted across faces per- 
pendicular to X 2 or Xz. In other words, Tn = T, all other components 
of the stress being zero, so that again we have principal axes. In this 
case, unlike hydrostatic pressure, the principal axes are determined 
by the stress: it is clear that one of the principal axes must be along 
the direction of the tension, the other two being any two axes at right 
angles to the tension, and at right angles to each other. 

A more interesting and complicated example of a stress is a shear. 
In Fig. 32a we have a cube of material, with equal and opposite 



(d) 




Fig. 32. — Diagram of shearing stress, (a) Shear over the faces perpendicular to 
the XI axis. (6) Additional shear over faces perpendicular to the xz axis necessary to 
balance the turning moment of the shear indicated in (a), (c) and (d) Stress system 

of (&) referred to principal axes, tension in (c), pressure in (d). 


tangential forces exerted across the faces normal to Xi, the forces 
acting in the Xt direction. Over the right face, the force exerted 
on the material is in the —x^ direction, so that for this face we have 
I’ai = — a constant, and T'n = Tzi = 0. Over the opposite face, 
both force and direction of normal are reversed, so that the stress 
components are unchanged. But now we notice an important feature 
of shearing stress: the two forces we have mentioned exert a torque 
or couple on the cube, and if they were the only forces acting, it could 
not be in equilibrium. To get equilibrium, we must at the same time 
have tangential forces exerted across the faces perpendicular to the ojg 
axis, as in Fig. 326. These forces are equal in magnitude to the others, 
so that the torques obviously balance, and we have Tx^ — T%x — —S, 
all other components of the stress being equal to zero. By proceeding 
in a similar manner, we can show that in general or the stress 

tensor is symmetric about its diagonal. 

Since the stress tensor is not diagonal in the coordinates of Fig. 32, 
it is obvious that these are not principal axes of stress for a shear. We 
can find the principal axes by inspection, in this simple case : they are 
obviously the axes rotated 45° with respect to the Xx and x^ axes. 
Let us check this fact by using our general method. The general 
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form of (1.3) is 

(^11 T'i)oixi + Tx^oL^i + Txsocsi = 0 

Tixoixi H- (T 22 — Ti)oi2i 4- Ttzoiu = 0 
TzxOiXi 4 Tz 20 i 2 i 4 {Tzz - r;)azi = 0 . 

In our special case these reduce to 


The secular equation is 


— T'^oLxi — Sazi = 0 

— Saxi — T'iCi^i = 0 

— T'iOizi = 0. 

- ^2) 0 


of which the solutions are 


T'i = ±S, 0. 


(1.4) 


We take the cases —S, S, 0, as referring to the x[, x^, X 3 axes, respec- 
tively. Substituting the values in (1.4), and solving for the a’s, we 
find 



1 


= 0 

Cdii — = 

V2 

0:31 


1 


= 0 

(X12 — — (X22 

l> 

1 

li 

0:32 

= 0123 = 

0, 

0:33 

= 1 


(1.5) 


In finding these values, (1.4) determines only the ratios of the a’s, 
not their absolute values. These are found by using in addition the 
normalization condition (1.2), from which we find everything but the 
sign; this is determined to make a right-handed set of coordinates. 


The axes determined by (1.5) are, as we have stated, rotated through 
45° with respect to the original axes, as shown in Fig. 32c and S2d. 
The force across a plane normal to the x\ axis is a pressure, or negative 
tension, of magnitude — and across a plane normal to the xi, axis 
it is a positive tension of magnitude S. We see thus that a shearing 
stress, by proper rotation of axes, is reduced to tensions along two 
principal axes, and this forms a simple illustration of our statement 
that any stress can be reduced to a diagonal form by proper rotation 
of coordinates. 

2. Strains and Hooke’s Law. — In the preceding section we have 
found the nature of the stress, the force exerted by one part of a l)ody 
on another across the bounding surface. Next we must consider 


Hooke's law, which states that a stress within a body is always associ- 
ated with a strain or deformation of the body, and more sx>ecifically 
that the stress is proportional to the strain, provided that stress and 
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strain are sufficiently small. To investigate the mathematical formu- 
lation of Hooke’s law, we must first ask how we describe a strain 
mathematically. 

To begin with, we imagine the body unstrained. Then, in the 
process of deformation, we imagine that the particle originally at 
xi, X 2 , X 3 has been displaced to a point Xi + |i, X 2 -b ^2, Xs + ^3- The 
three quantities ^1, ^2, ^3 are functions of Xi, X 2 , Xz, and are the three 
components of a vector, the displacement, which is a function of 
position. Such a vector field reminds us of a force field, as a gravi- 
tational or electric force field, where the force vector on unit mass 
or charge, respectively, is a function of position. The displacement 
is by no means the same thing as the strain: the body might be dis- 
placed bodily, without involving any stress or strain at all. It is 
only when the displacement of one side of a small element of volume 
is different from the other, so that the element is distorted in size 
or shape, that we have a strain. In other words, the essential quanti- 
ties in determining the strain are the derivatives of ^1, ^2, ^3, with 
respect to Xi, X 2 , xz. Of the nine partial derivatives d^i/dxj, we readily 
find that only six quantities, d^i/dxi, where ^ = 1, 2, 3, and 

dxj dxi 


act like strain components, whereas the three remaining components 
(d^i/dxi — d^j/dxi) are related to rigid rotation of the body without 
involving a strain. To show this, we set these six quantities equal to 
zero, and find what type of displacement we have when only the three 
remaining quantities differ from zero. Expanding the components of 
displacement by Taylor’s series about a point xo, and using our 
special assumptions, we have 




^2 


^3 


= 1 

2 \5X3 

_ 2 { 

2 \5Xi 

= if 

2 \(C)X2 


dxi/ 

^:r2/ 

dxz/ 


(Xs X30) 
(xi Xio) 

(X2 — X20) 


1 / d|2 

2 \dxi 

i: 

2 \^.X2 

1 f^Ai 

2 \dX3 




— X 20 ) 


(X 3 — Xso) 


(xi — Xio). 


Expressing this in vector language, it is 


= 3'2[curl ^ X (x — Xo)]. (2.1) 

Comparing with the vector description of rotational motion in Chap. V, 
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we see that (2.1) means that the displacement ^ under these condi- 
tions represents a rotation of magnitude 3>^|curl about the direction 
of the vector curl Since a rotation is a rigid motion, not involving 
any distortion of a body, we see why it is that such a displacement does 
not correspond to a strain of the body. 

We have, then, six components of strain, d^i/dxi, and 


dxj dXi 


and six components of stress, Tu, and Ta == T^. Hooke’s law states 
that the strain components are linear functions of the stress com- 
ponents, or vice versa. This would mean six linear equations, with 
36 coefficients, which would act as elastic constants. In the most 
general type of substance, a completely anisotropic crystal, 21 
of these really are independent, giving a tremendous number of 
elastic constants. The reason 21 coefficients are independent is 
derived from the existence of an elastic potential energy, quadratic in 
the strain components, and containing therefore 6 terms in squares 
of strain components, and 15 cross terms, each with an independent 
coefficient. The stresses are derivatives of the potential energy with 
respect to the strains, leading to the linear relations between stress 
and strain, with the 21 independent constants. With isotropic sub- 
stances showing no crystalline structure, however, most of these con- 
stants are either zero or can be written in terms of each other, and 
there are only two independent elastic constants, called X and n. 
Using these constants, the relations between stress and strain can be 
shown to have the following form: 



k 


Though we shall not give a real proof of this formula, we shall now 
discuss its inter j) fetation, and show that it is plausible. 

In the first place, (2.2) shows one property that must be shown 
by a relation between stress and strain in an isotropic body: it retains 
the same form if we rotate the coordinates. The proof of this is 
indicated in the problems. To show it, we must first find how to get 
the components of a tensor with respect to rotated axes; this is easily 
done by a slight extension of the methods of Sec. 1. We can then 


show that the quantity ^ 0^i,/dxk, 


which really is simply div is 
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invariant, or that it equals ^ Thus it follows that the first 

k 

term of (2,2) has the same form in rotated coordinates. To carry 
out this proof for the second term, we find the components of the 
tensor d^i/dx^ + d^j/dxi with respect to rotated coordinates, and find 
that they are d^'i/dXj + d^ydx'i, so that the second term of (2.2) like- 
wise retains its same form in rotated coordinates. It can be shown, in 
fact, that the combination (2.2) is the most general combination of 
first partial derivatives that possesses this property, and it is in this 
way that it is proved that (2.2) is the most general form of Hooke’s law 
for an isotropic body. For a nonisotropic body, of course, the body 
itself has preferred axes, and it is by no means necessary that the 
elastic equations should have the same form in any set of rotated axes. 

Next we consider the meaning of 
the terms of (2.2). First we con- 
sider a pure shearing strain. For 
instance, we let d^^/dxi = tan 6, 
all other components being zero, 
as in Fig. 33. Then (2.2) tells us 
that Ti 2 = T 21 = tan 6. By our 
previous discussion, F 12 and T 21 
equal the shearing stress S, so that 
/X is the ordinary shear modulus, the 
ratio of shearing stress to the tangent of the angle of shear. It is not 
hard to see that the term in fx is set up in such a way that, even if we 
consider a shear in terms of its principal axes, in which both stress and 
strain form diagonal tensors, it still expresses correctly the relation 
between stress and strain. We now consider the first term of (2.2). 
The quantity div ^ which appears in it is easily seen to be the increase 
in volume of unit volume, when the body is deformed. The stress 
resulting from this term is seen at once to be of the nature of a hydro- 
static pressure, since it has only diagonal terms, and they are the same 
in all three directions. Thus the first term of (2.2) is of the nature of a 
compressibility term, stating that the pressure is proportional to 
the change of volume. For a liquid, for which there is no shearing 
stress and ju is zero, the first term of (2.2) is the only one present, 
and X is directly related to the compressibility. For a solid, however, 
the situation is not so simple. Let us assume that the strain is a pure 
dilatation, d^i/dxi = == d^z/dxz, all other components equal 

to zero. Then we have 



Fig. 33. — Angle of deformation in a 
shearing strain. 
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^^1 I ^^2 I < 9^3 

dxi dx2 dxs 


div ^ = 


V 


where AF is the increase in the volunne V on account of the displace- 
ment. From ( 2 . 2 ) we now have 


Til = T 


22 


T 33 = 



(2.3) 


The compressibility k is defined as the fractional decrease of volume 
produced by unit pressure; that is, 


_ 1 AF _ 1 

P V X -b 

Thus we see that for a liquid X is the reciprocal of the compressibility, 
but that for a solid it does not have such a simple physical significance. 
It is perhaps best to describe it from Eq. (2.4), remembering that the 
compressibility k and the shear modulus n have elementary physical 
meanings. 

3. Static Elasticity, — Problems in static elasticity may be handled 
by use of Hooke’s law ( 2 . 2 ), combined with the fundamental law of 
statics, that the total force on a body must be zero for it to be at 
rest, with no acceleration. The total force in this case is the sum of 
all the surface forces, found by integrating the component of force 
across each element of area, as computed from the stresses by ( 1 - 1 ), 
plus any body forces that may be present. The problem is to find 
the deformed shape of a body under the action of certain external 
forces; that is, to find the displacement vector as a function of the 
coordinates xi. As an illustration of the methods that may be used 
to solve problems in static elasticity, we shall discuss the stretching 
of a wire. Let the wire be stretched along the Xi 'axis, and let the 
stress be a pure tension T, so that Tn = T, and all other stress com- 
ponents are zero. Then each volume element of the wire will be in 
equilibrium, for opposite faces perpendicular to the Xi axis will have 
equal and opposite forces, equal to the tension times the area, and 
faces perpendicular to the X 2 and ^3 axes will have no forces exerted 
over them. Boundary conditions can then be satisfied over the 
surface of the wire: over the ends, the wire is to be pulled with a 
tension T, and over the cylindrical surfaces there is assumed to be no 
applied stress. 

The Xi, X 2 , X 3 axes are principal axes for the stress we have assumed, 
and by symmetry they are also principal axes for the strain, so that 
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we meet only the diagonal components of (2.2), which are 


T 

0 

0 


(X + 2 m) + X 41 ? + X 


dx^ 


\ 


dxx 


^ + (X + 2jLt) + X 


dXi 

dx 2 


dxs 

dXs 

5^3 


X + X + (X + 2m) , 
dxi dx2 ^ dxz 


(3.1) 


Subtracting the third from the second, we have d ^2/^x2 = d^a/dxz. 
Using this relation, either the second or third gives 


^^2 _ 

dX2 dxi 


where a — 


X 

2(X + ^t) 


and where <r is called “Poisson^s ratio.” Since X and ix are always 
positive, it is obvious that Poisson’s ratio is never greater than 
We have found, then, that as the wire is stretched (positive d^i/doji), 
it contracts sideways (negative d^2/dx2 and d^z/dxz) and the ratio of 
sideways contraction per unit width, to lengthwise stretch per unit 
length, is given by Poisson’s ratio. Actual materials have Poisson’s 
ratio of the order of magnitude of Now we put this expression 
back in the first equation of ( 3 . 1 ), obtaining 


<9^1 

T — E where E = 2 ^ — 2 Xo-). 


( 3 . 2 ) 


The elastic modulus E, giving the tension, or force per unit area, 
divided by the elongation per unit length, is Young’s modulus, and 
we have found one way of writing Young’s modulus in terms of other 
elastic constants. In the problems are other ways of writing relations 
between the various elastic constants. 

To contrast with this case of the stretched wire, which is allowed 
to shrink sideways as it stretches, we may consider the case of the 
stretching or squeezing of a body that is not allowed to deform in the 
direction at right angles to the stretching or squeezing. For instance, 
suppose we had a cylinder and tightly fitting piston, filled the cylinder 
with a piece of rubber of the same size as the cylinder, and then pushed 
in the piston, so that the cylinder would not allow the rubber to expand 
at right angles to the motion of the piston. Then, if the piston moves 
along the xi direction, it is clear that is different from zero, and pro- 
portional to aji, but that ^2 and ^3 must be zero, since the body cannot 
expand sideways. The Xx, X2, xz axes are still principal axes, but we 
may no longer assume that the stresses T'22 and T33 are zero. In fact, 
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they cannot be, for it is obvious physically that the rubber will press 
outward on the wall of the cylinder, so that the wall in turn must exert 
a normal stress on the rubber. Thus (2.2) becomes 

Hi 

T 22 — ^ “ Taa* (3.3) 

The first of these equations shows that the force along the Xi direction 
is proportional to the elongation in that direction, as in (3.2), but now 
the elastic modulus concerned is X + 2/x, which is larger than Young’s 
modulus, as we see by comparison with (3.2). If the body is actually 
squeezed in the xi direction instead of elongated, d^x/dxi is of course 
negative, so that Tu is negative, representing a pressure instead of a 
tension. Furthermore we see from the last equations of (3.3) that 
there is also a pressure at right angles to the direction in which the body 
is squeezed, even though the body is not deformed in that direction at 
all. 

It is instructive to notice the three different relations between Tn 
and d^i/dxi, the normal stress and strain along one of the principal 
axes, in the three cases we have considered: the case of hydrostatic 
compression, in which (2.3) may be rewritten Txx = (3X + 2^^,) d^x/^xi, 
and in which the pressures along X 2 and x-s, are equal to that along Xx, 
and great enough to cause equal compressions along the three axes; 
the case of Eq. (3.3), in which the pressures along X 2 and Xz are merely 
enough to keep the body from expanding transversely, and where 
Til = (X H- 2jtx) d^x/^Xx] and finally the case of (3.2), in which we may 
rewrite the relation in the form Txx = [X + 2g — X^/(X + ^i)] d^x/dxx, 
in which there are no pressures at all along X 2 and .x’g, so that the body 
expands in these directions if it is compressed along the xx direction. 
For equal strains along the a:i axis, we see that the stress becomes less 
along the Xi axis, as there is less and less stress along the X 2 and Xs 
axes, as we should expect physically. 

4. Equations of Motion of an Elastic Body. — -In the examples of 
the preceding section, and in the problems at the end of the chapter, 
we see some of the ways of solving problems in static elasticity. We 
now consider tlie more general problem of the dynamics of elastic 
bodies, the motions resulting when the forces are not balanced. The 
underlying y)rinciple which of course we must use is Newton’s equation 
of motion: we must set up the total force acting on an element of 
volume, and set this ecpial to the mass times the acceleration, just as 
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we have done in discussing the vibrating string and membrane. Let 
us find the force on a small element of volume, having sides dxx, 
dxz- Over the face at xi + dx±, there will be a force Txiisci + dxx)^ 
Tixixx + dxi), Tziixx + dxi) per unit area. Similarly exerted over the 
face at there will be a force — Tn (xi), —T^ixixx), — Tzxixx). The 
component of the resulting force is 

Tx\{xx + dxx)— Txx{xx) = dTxi/dXxdXx 


per unit area, or dTxx/dxx dxx dx^ dxz for the area dx% dxz- The x^ and 
xz components are dT^x/dxx dxx dx^ dxz and dTzx/dxx dxx dx^ dxz, respec- 
tively. In the same way we can find the three components of force 
exerted over each of the two other pairs of faces. Adding, we have for 
the total Xx component of force 


(dTxx/dXx H- dTxt/dx^ -h dTxz/dXz) dxx dx^ dxz. 


Thus we may write the 2 th component of force on the element dxx d,x^ 
dxz as 




dxx dx2 dxz. 


The summation, which is a vector, is defined as the divergence of the 
tensor Tij, and we see that the divergence of a stress tensor equals the 
force per unit volume. 

To set up the equation of motion, we write the force dFi acting on a 
small element of volume equal to the mass times the acceleration. If 
p is the density, the mass of the element dxx dx 2 dxz is pdxx dx^ dxz, and 
its acceleration has components Thus we have the equations 



i = 1, 2, 3. 


(4.1) 


To convert this into an equation of motion for the displacement, we 
must use Hooke’s law, substituting for the stresses in terms of the 
strains by (2.2). We then find 


P 


dt^ 




"4“ M 


d'^^i 

dxf 


i = 1, 2, 3. (4.2) 


This very general partial differential equation is hard to work with, 
and indicates the fact that elastic waves in solids are very complicated 
things. W^e can set up a simple case, however, by considering a plane 
wave : a wave in which the displacement is a function of distance in one 
direction only, as for instance a function of Xx only, as well as of time. 
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Assuming then that any derivative with respect to or xs is zero, the 
three components of (4.2) reduce to 




a^h 

^ at^ 
a^^z 
^ at^ 


(X Hh 2 m) 


axf 


fj- 


= M 


a^2 

axf 

axi 


(4.3) 


These equations have the form of the wave equation, which we have 
already met in connection with the stretched string in Eq. (1.1), Chap. 
VIII, and for the vibrating membrane in Eq. (1.1), Chap. XI. 

We see from (4.3) that plane waves of two types can exist. The 
first equation deals with a displacement in the direction of propagation 
of the wave. This is a longitudinal wave, and comparison with our 
previous solutions for the string and the membrane shows that sinus- 
oidal waves , or in fact other types of waves, can be propagated with a 
velocity -v/ (X -f- 2 m) / p. The second and third equations deal with 
displacements at right angles with the direction of pro paga tion, or 
with transverse waves, and their velocity is similarly \/m/p- From 
this we see that the velocity of longi- 
tudinal waves is always greater than 
that of transverse waves. Further- 
more, we see that in a liquid, in which 
shearing stresses are not present, 
and in which m = 0, transverse 
waves cannot exist. These simple 
solutions, plane longitudinal and 
transverse waves, can be propagated with longitudinal reflected wave, 
quite independently in an infinite 

solid, but the problem becomes very complicated when we consider 
boundary conditions at the surface of a finite solid. In general, when 
a wave of one type is reflected from a surface, then unless the reflection 
is at normal incidence, longitudinal motion will generally be partly 
converted into transverse, and vice versa. In Fig. 34 we show dia- 
grammatically how this could be, the transverse motion in the incident 
wave evidently being in such a direction as to be partly transformed 
into longitudinal motion in the reflected wave. For this reason, the 
complete treatment of the vibrations of an elastic solid is a very com- 
plicated problem. An example is found in geophysical problems, where 
one is interested in the propagation of earthquake waves through the 
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earth. This case is made even more diflS.cult by the fact that the 
elastic properties of the earth change as a function of depth, so that one 
must use solutions of the form we have discussed in Chap. X, in con- 
nection with strings whose properties depend on position. 

One application of the theory of the waves in an elastic solid has at 
least historical interest. When it was discovered that light was 
a transverse wave motion, an attempt was made to identify these 
waves with the transverse vibrations of an elastic solid, called the 
“ether.” The general properties, and even some of the details, such 
as the quantitative laws giving the fraction of light reflected and trans- 
mitted at a boundary, were correctly worked out, the reflection being 
treated by analogy with our discussion of reflection of waves in strings 
at a point of discontinuity of density, in Chap. IX. But the difficulty, 
which could not be overcome, was that of eliminating the longitudinal 
waves, which certainly do not occur in optics, but which were inherent 
in the elastic solid theory. This difficulty does not occur in the present 
electromagnetic theory, where only transverse waves are allowed by 
the fundamental differential equations. This lack of longitudinal 
waves makes the problem of optical wave motion on the whole simpler 
than that of elastic waves. 

The simplest case of elastic waves is that found in a fluid, where 
transverse waves are impossible. Our general equation (4.2) is com- 
plicated largely because it is a vector equation, dealing with the three 
components of displacement, and because it combines longitudinal 
and transverse waves in a single equation. We can desci‘il)c a longi- 
tudinal wave in terms of the displacement along the direction of motion, 
but we can equally well describe it in terms of the change of density, a 
scalar (or in terms of the pressure, which is related to the (vhange of 
density through the compressibility). We have seen that the change. 

of density is given by ^ a scalar quantity. We may find 

i 

the equation satisfied by this quantity by differentiating (4.2) with 
respect to Xi, and summing over i. When we do this, we find that 
we have the equation 



I 


This is a three-dimensional wave 


(X + 2m) (2 f:)- (4.4) 

i 

equation for the quantity ^ {dii/dx,), 

I 


and describes wave propagation with a velocity that is the same that 
we found earlier for a longitudinal wave. We note that the elastic 
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constant concerned in longitudinal wave propagation in an extended 
medium is that found in (3.3), resulting statically from a deformation 
in which a body is squeezed, while enough sideways stress is applied 
to keep it from expanding or contracting in the direction at right 
angles to the deformation. For the particular case of a fluid, in 
which /X is zero, and X reduces to the reciprocal of the compressibility, 
we see that the velocity is given by 1/ V^- This well-known formula 
is familiar for sound waves in a gas, such as we are concerned with in 
the theory of propagation of sound in the atmosphere. 

The three-dimensional wave equation, of the form given in (4.4), 
possesses a great variety of solutions, which we shall not discuss, 
though we take some of them up in the problems. We can have not 
only plane waves, but for instance spherical waves, in which the wave 
diverges from a point source, traveling outward along radii. This is 
the type of disturbance propagated out from a source of sound. We can 
have various plane or spherical waves superposed, and in this way can 
find phenomena of interference and diffraction. The problem of wave 
motion in three dimensions is a very broad one, which is met not only 
in elastic waves, such as we see here, but in electromagnetic waves and 
optics as well, as we have already mentioned. 

Furthermore, as we have also mentioned, the simplest case of three- 
dimensional waves is that of sound waves in a fluid, where only longi- 
tudinal waves are possible, and where the problem can be treated 
by a scalar wave equation, as (4.4). The next more complicated 
case is that of electromagnetic or optical waves, in which only trans- 
verse waves occur, so that we need a vector wave equation, with 
a single velocity of propagation, and in which we have two directions 
of polarization, the vector representing the disturbance (which in 
that case is the electric or magnetic field vector) being at right angles 
to the direction of propagation, in either of two directions. The most 
complicated case is that of elastic waves in a solid, in which longitudinal 
and transverse waves both occur, with different velocities, as we have 
considered in the present section. 

All these cases are greatly simplified, however, by the fact that 
we are dealing with isotropic media, in which there are no preferred 
directions. In a crystal, there are generally axes determined by the 
crystal structure, fixed in the crystal, and the velocity of propagation 
is different in different directions. Whether we are dealing with 
elastic', or with electromagnetic waves, the x^i'oblem of crystals is very 
difficult, and we shall not attempt even to suggest the sort of situation 
arising when we try to give a general discussion of wave propagation, 
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bGyonci saying that a wave starting out from a point source spreads out, 
not with spherical wave fronts, but in ellipsoidal wave fronts, and that 
three separate ellipsoids, corresponding to the three possible directions 
displacement, independently spread out from a single vibrating 
point within a solid. 

Problems 

1 . In Fig. 35, let the normal to the inclined face of the prism have direction 
cosines I, m, n. Compute the total forces exerted by an arbitrary stress on the 
prism, and prove that the net force is zero, and the prism is in equilibrium only 
If the force per unit area over the face perpendicular to n has a: component 
IT 11 + 7nTi2 + nT’is, and so on. 




Fig. 35.— Prism for computing force Fm. 36. — Bent beam, 

exerted by stresses across a face with 
arbitrary normal n. 

2. Prove that in terms of Young’s modulus and Poisson’s ratio we have 

A = o _ ^ 

(1 +o-)(l - 2cr)’ 2 m 

3. Assume a body is under pure hydrostatic pressure P. Show that the 
distortion is a decrease of all dimensions by a fixed fraction. Show that the 
fractional chanp in volume is d^^/dx + d^-z/dy + d^,/dz. Using this, show that 
the compressibility k of a solid under hydrostatic pressure, which by definition 
is the fractional decrease of volume divided by the pressure, equals 3(1 — 2<r)/E. 

4. A rectangular beam held at one end is bent into an arc of a circle, the 
radius of curvature of its central section being R. Find the stress distribution 
throughout the beam, showing that the beam will be kept in equilibrium by a 
torque or couple of the sort indicated in Fig. 36. Show that for a given torque 
the curvature of the beam is inversely proportional to ab^E, where E is Young's 

6 . A circular cylinder of height h rests in equilibrium under the action of 
gravity. Take a coordinate system with the xy plane in the top base of the 
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cylinder and the positive z axis pointing downward. Show that the only com- 
ponent of stress different from zero is Tzz = —pgz, if p is the density of the cylinder. 
Using Hooke’s law show that the strains are d^i/dx = d^/dy ~ {(T/E)pgz, and 
d^z/dz - —{1/E)pgz, and find the other partial derivatives. Integrate these 
expressions to find the components of the displacement of any point of the medium, 
remembering that the strains are partial derivatives. Show that a horizontal 
plane section of the cylinder becomes a paraboloid of rotation due to the defor- 
mation. Show that the radius of the cylinder increases from top to bottom when 
it is thus deformed. 

6. A spherical shell of inner radius Ri, outer radius Rz, contains a fluid of 
pressure Pi, and is immersed in a second fluid of lower pressure P 2 . It can be 
shown that the displacements of points on account of the pressure are given by 

= x{A + B/r^), ^2 = y{A + B/r^), ^3 = z{A + Verify these values by 

computing the stresses at any point, substituting in the equations of motion, 
and showing that they result in equilibrium. Show further that the force across 
an area normal to the radius is itself normal to the surface, so that the stress 
within the sphere can be balanced by hydrostatic pressures within and without. 

7. In the shell of Prob. 6 , determine A and B so that the pressure will have 
the proper values at Pi and P 2 . Discuss the stress within the shell, showing that 
the principal axes at any point are along the radius and two arbitrary directions 
at right angles, and find the tension or pressure along the directions at right angles, 
discussing the final result physically, with special reference to possible breaking 
of the shell under excessive pressure inside. 

8 . Consider a beam of rectangular cross section under compression. Find 
expressions for the components of normal and shearing stresses on a slant section 
of the beam, the normal to the section making an angle 6 with the long axis of 
the beam. For what value of 6 is the shearing stress a maximum? 

9. Show, following the argument outlined in the text, that Eq. ( 2 . 2 ) is invari- 
ant under an arbitrary rotation of coordinates. 

10 . Derive the wave equation for torsional waves traveling along the axis of a 
solid right circular cylindrical rod. What is the velocity of propagation of these 
waves? 

11. Using the discussion of the wave equation in spherical coordinates, 
given in Probs. 7 to 9, Chap. XI, consider the propagation of sound in a 
fluid, as given by Eq. (4.4). Show that a simple spherical wave is given by 
( 1 /r) {f[t — {r/v)] + g[t + (r/w)]), where r is the distance from the source, v is the 
velocity of propagation, and/, g^xQ two arbitrary functions. Discuss the physical 
nature of this solution. 



CHAPTER XIII 


FLOW OF FLUIDS 

The distinction between a liquid and a solid is that a liquid flows 
under a shearing stress, and a solid does not. At first sight the distinc- 
tion is clear; on closer examination it is not so obvious. Many solids 
show the phenomenon of creep; that is, under a continued stress, they 
flow, rather than behaving like the perfect solids of the preceding 
chapter, and undergoing a displacement proportional to the stress, 
which does not increase as time goes on. The creep is very slow, 
however, and the motion is opposed by a force like viscous resistance. 
All liquids show viscosity to some extent. That is to say, they can 
support a shearing stress, but it is proportional to the velocity, rather 
than to the displacement as with a solid, and the shearing stress per 
unit velocity gradient is the coefficient of viscosity. If the viscous 
resistance is moderately small, the material behaves like an ordinary 
liquid, and there is no question about its nature ; but if it is very large, 
it may be so great that it takes a very long time for the material to 
flow, and it approaches a solid with the phenomenon of creep. Materi- 
als exist that act like a solid when subjected to sudden stresses, but 
flow like a liquid under the action of long-continued stresses, no matter 
how small. Examples like these prepare us for finding a similarity 
between the flow of fluids and the theory of elasticity, and in fact we 
can set up a combined theory that comprises both types of substances. 
At the beginning, however, we shall consider a so-called ''perfect fluid,” 
for which there is no viscosity, and for which the shear modulus is zero. 
Later we shall inquire regarding the changes in the theory resulting 
from viscosity. 

The practical matter in which the theory of fluid flow differs from 
that of elasticity is that the displacement of the particles can become 
very large, whereas in elasticity it is always treated as small. If we 
follow a particle of fluid during its motion, it traces out a line, which 
we may call a “line of flow.” The instantaneous velocity, or time 
rate of change of the displacement vector is always in the direction 
of the lines of flow. This velocity, as a function of position, forms a 
vector field, or a vector defined at each point of space. We have 
already met such vector fields, not only in the displacement vector of 
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the preceding chapter, but in our discussion of forces and potentials in 
Chap. Ill, for the force is defined at every point of space and forms a 
vector field. Much of the theory of hydrodynamics, or the flow of 
fluids, applies to other problems in flow, or in vector fields, such as the 
flow of heat, the flow of electric current, and the behavior of electric 
and magnetic fields. All these problems, though so different physi- 
cally, are mathematically similar and can be treated by the same 
analytical methods, and for that reason a study of the flow of fluids is 
particularly important and fundamental in theoret- 
ical physics. 

1. Velocity, Flux Density, and Lines of Flow. — 

Before we can consider the dynamics of fluid flow, 
we must consider carefully the kinematics of flow, 
the lines of flow that we just mentioned. At every 
point of a flowing medium, we can define the veloc- 
ity, a vector (the time rate of change of the displace- 
ment which we used in the preceding chapter). 

We denote this velocity by v, and note that it has "• 

components Vi, v^, Vs, equal to |i, |2j ^3j respectively. Also we can give 
the density p, and both p and v are in general functions of position 
{xi,X2,X3) and of time. We may now ask, how much material will 
flow across any area per second? This total flow across a surface is 
called a ‘‘flux.” In Fig. 37, we consider an infinitesimal surface ele- 
ment da. With da as a base we erect a prism, the slant height being 
the velocity v, which in general is not normal to da. Evidently the 
material in the prism will just be that which crosses da in 1 sec, since 
in this time it will move a distance v, and fill the dotted prism. But 
this is p (the density) times the volume of the prism (the base da times 
the altitude Vn, where n is the normal to the surface) , or pVn da. The 
quantity pv is called the “flux density,” and we may denote it by f. 
Then, for a finite area, the total flux will be the sum of the contribu- 
tions from all the surface elements, or a surface integral 

fjfn da = J'J'pyn da. 

Ill some kinds of flow, such as heat flow, there is an analogue to the 
flux, but not to the density and velocity separately, so that one regards 
the flux density as being the more fundamental vector field. 

We can draw lines through the medium, the lines of flow, tangent 
at every point to the velocity vector. Similarly we can set up tubes 
of flow, the elements of their surfaces being lines of flow. We can con- 
sider the substance to flow through these tubes, as water flows through 
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a pipe, never passing outside, since the velocity is always tangential 
to the surface of the tube. In hydrodynamics these lines of flow are 
called “streamlines,” and the sort of flow in which they are independent 
of time is called “streamline flow.” We may now prove an important 
theorem called the “equation of continuity,” which states that, as a 
fluid flows along, its total amount is conserved, since matter cannot be 
created or destroyed. 

Consider a fixed volume in a flowing fluid. The amount of fluid in 
the volume is J/Jp dy, and this can change in two ways. First, liquid 
can flow into the volume over the surface. Secondly, it may be possible 
for liquid to be produced within the volume without having flowed in. 
For instance, in a swimming pool, for all practical purposes we may 
consider the opening of the inlet pipe as a region where fluid is appear- 
ing, and the outlet as a place where it is disappearing. Such regions 
are called “sources” and “sinks,” respectively. Then we have 




dv = rate of inflow over the surface 


+ rate of production inside. 


We have just seen that the rate of flow over any surface, or flux, is 
///n da. This represents outflow if n is the outer normal to a closed 
surface, so that we must change sign to get the inflow. If in addition 
we assume that the rate of production of material per unit volume is P, 
we have 

/ / 1 + / ( 1 - 1 ) 


the volume integrals being over the whole region we are considering, 
the surface integral over the surface enclosing this volume. 

We may now transform (1.1) by the divergence theorem of vector 
analysis, which is proved in Appendix IV, and which states that 

jffn da = //J div f dv, 

in which f is any vector function of position, the surface integral is the 
surface integral of its normal flux outward over a closed surface, and the 
volume integral of the divergence is taken over the volume enclosed 
by the surface. Substituting in (1.1), we have an equation between 
volume integrals. This equation must hold no matter what the volume 
over which the integrals are extended ; and this is impossible unless the 
integrands themselves satisfy the same equation, since we may take 
the volume as small as we please, and so small as to include only an 



Sec. 1] 


FLOW OF FLUIDS 


227 


infinitesimal volume surrounding a given point, over which the inte- 
grands will be constant. Thus we have 

= - div f + P. (1.2) 

06 

This is the equation of continuity. We may note several special cases. 
If there is no production of fluid in the volume considered, it becomes 

-h div f = 0, 

or, using f = pv, 

^ -f div (pv) = 0. 

at 

For an incompressible fluid, for which p is constant, (1.2) becomes 

div f = P. 

This holds also for a steady state, for which the density at a given 
point of space is independent of time, even for a compressible fluid. 
This equation shows the physical meaning of the divergence of a 
flux vector: it measures the rate of production of the flowing substance, 
per unit volume. Finally, if no substance is being produced at the 
point in question, and the density is independent of time, div f = 0, and 
we have a divergenceless flow. 

The equation of continuity allows us to use a convention that is 
convenient not only in hydrodynamics but also in electrostatics and 
magnetostatics: to give a certain phyvsical meaning to the number of 
lines of flow per unit area, letting the number of lines crossing unit area 
perpendicular to the flow be numerically equal to the magnitude of the 
flux density. We could surely do this, but we might have the necessity 
of sometimes letting lines start or stop, to keep the right number. We 
can prove, however, that with a divtu’genceless flow this would not be 
necessary. The lines start or stop only at places where the divergence 
is different from zero; that is, they start at sources, stop at sinks. For 
an elementary proof, let us take a short section of a tube of flow, 
bounded by two surfaces normal to the flow. Let one of them have 
an area A,, the other A 2 , and let the magnitude of the flux over one 
face be/i, over the other / 2 . Then the total current in over one face is 
/lA 1 , and out over the other is / 2 A 2 . If the flow is divergenceless, these 
are equal. But the number of lines per unit area on the first is /i, so 
that the number cutting one end of the tube is /lAi, and the number 
emerging at the other end is / 2 A‘>. Since these are equal, no lines are 
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lost or start witMn. In other words, in a divergenceless flow, lines 
never start of stop except at sources or sinks. For a more general 
proof. We note that the number of lines crossing a surface element da, by 
definition, is fn da. Then the number emerging from a closed surface, 
and which therefore have started within the surface, is / J/n da. But 
by the divergence theorem this is // J div f dv, and is zero if the flow is 
divergenceless. 

2. Irrotational Flow and the Velocity Potential. — In Chap. Ill 
we studied vector fields like our flux vector ; we were interested then in 
forces. We saw that, under certain conditions, a force could be 
written as a gradient of a potential function. The condition was 
that the work done in taking a particle around any closed path should 
be zero, or that the field should be conservative : JF . ds = 0 around 
any contour. We had another way of stating the condition: it was 
curl F = 0 everywhere. In a similar way, if the curl of our velocity 
vector is zero, we can introduce a potential function here. It is now 
to be regarded as a purely mathematical device, used simply by anal- 
ogy with our previous cases, and having nothing to do with potential 
energy. 

A flow whose curl is everywhere zero is called an ‘‘irrotational flow.’^ 
It is easy to prove that in a whirlpool the curl is different from zero, a 
nonvanishing curl indicating iri fact exactly a whirlpool. Now physi- 
cally we are acquainted with two sorts of fluid flow: streamline flow and 
turbulent flow. In the latter, eddies or whirlpools form, and the curl 
of the velocity is not zero. But in the former, there are no eddies, the 
curl of the velocity is zero, and the flow is irrotational. We shall show 
in a later section that this follows from the equations of motion of the 
fluid. We shall show that, as a small amount of fluid moves along its 
path, the curl of its velocity does not change. Thus, if it starts from a 
region where the velocity has no curl, this condition will persist 
throughout its motion, and the motion will be irrotational. On the 
other hand, a typical case in which the motion is not irrotational is that 
of a fluid flowing rapidly through a pipe, if we consider the effect of 
viscosity. A real fluid clings to the wall of a pipe, and the fluid close to 
the wall is moving slowly. If that farther from the wall is moving 
rapidly, the velocity will have a curl in the region near the wall, since 
the magnitude of the velocity vector changes in a direction transverse 
to the direction of the vector. Since the curl remains constant as the 
fluid travels along, there can be a formation of vortices, or whirlpools, 
which can in some cases detach themselves from the wall of the tube, 
and result in a complicated whirlpool motion within the body of 
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the liquid. This is a simple picture of the origin of turbulence, the 
condition in which the curl of the velocity is not zero, and which is 
the case contrasting with that of irrotational or streamline flow. 

Returning to the case of streamline flow, we can introduce a poten- 
tial function, called the velocity potential (p, defined by v = — grad (p. 
The velocity potential, of course, is not a potential energy; its analogy 
with potential energies is mathematical rather than physical. Never- 
theless, we can draw surfaces of constant velocity potential, or equi- 
potentials, and the lines of flow will cut the equipotentials at right 
angles. Using the equati(^ of continuity, and assuming that p is 
constant, as for an incompressible 
fluid, we have as the general equation 
for the velocity potential 

div (pv) = 

— p div grad (p = — pVV = ^7 (2.1) 

reducing to Laplace’s equation V'^ip 

— 0 for a steady state where there are 
no sources or sinks. 

The introduction of a velocity po- 
tential satisfying Laplace’s ecpiation 
makes it possible in many cases to 
solve hydrodynamic problems by 
analogy with similar problems in other 
branches of physics, as electrostatics. 

The electrostatic potential satisfies 
Laplace’s ecpiation, the lines of force 
being normal to the eciuipotentials, so 
that any set of electrostatic ecpiipo- 
tentials can be used for a suitable hydrodynamic problem. For 
instance, in Fig. 38 we show the lines of flow and equipotentials for 
streamline flow of a liquid about a cylinder. The same lines, however, 
represent lines of force resulting from a certain distribution of charges 
on the axis of tlie cylinder, superposed on a uniform electric field. 

3. Euler’s Equations of Motion for Ideal Fluids. — The equation of 
continuity, supplemented by the condition that the curl of the velocity 
is zero for streamline flow, serves to determine the velocity of flow in a 
liquid, but does not determine the pressure, or make any connection 
with forceps. The equation of continuity by itself is only a kinematical, 
rather than a dynamical, law. It is one of two fundamental equations 
governing fluid motion. The other is essentially the Newtonian law. 



potoutials for flow about a cylinder. 
Full lines indicate lines of flow, 
dotted linos equipotentials. In a 
corres|)ondirig electrical problem with 
charges diistributed within the cylin- 
der, and placed in a uniform external 
electric field, the dotted lines would 
be linoH of force, full lines equipo- 
tentialH. 
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force eqjials mass times acceleration. For a continuous medium, we 
have already seen how this is to be formulated in the preceding chapter, 
where we wrote the force on an element of volume in terms of the 
stresses. As we have already mentioned, an ideal fluid is character- 
ized by the fact that it supports no shear and hence /.i = 0. For this 
case the six stress components reduce to one, namely, 

7^11 = ^22 = T zz — — V, 

and Ti 2 = Tiz = ^31 = 0, if p denotes the pressure in the fluid. 
Furthermore, if there is flow of the fluid, one must consider the velocity 
of each particle as a function of Xx, xz, and t, and hence 


dvx 

dt 


dvi 

dt 


I I 

H~ Vx -X r 2^2 

OXx 


^1 

dxz 


-f- Vz 


dvx 

^Xz 


(3.1) 


with similar expressions for and ^3. Written in vector form with the 
help of the symbolic vector V, this is 


dvx 

dt 


dvx 

_ 


+ (v • V)z;i 


dvx 


+ (v • grad)yi 


in which we form the scalar product of v and V and then operate on Vx- 
Our general equations of motion become in this case 


pXi 


dp 

dXi 


— P 


dV{ 

dt 


+ (v • grad)yi 


(3.2) 


where i can be 1, 2, 3, and where Xi represents the body force (as 
gravitation) per unit mass, which we disregarded in the preceding 
chapter. Dividing by the density, (3.2) becomes 




1 d^ 

p dXi 


dVi 

dt 


+ (v • grad)z;i 


(3.3) 


These are the Euler equations of hydrodynamics. In them p (the 
density) is considered a known function of the pressure as given by the 
equation of state of the substance. We then have p, Vi, as functions of 
and f. The three equations (3.3) and the equation of continuity 
provide the necessary four equations to give a unique solution. For 
the case of hydrostatic equilibrium, these equations reduce to the form 



from which such familiar things as Archimedes’ principle immediately 
follow. 
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Using Euler’s equations (3.3), we can prove a theorem due to 
Lagrange, relating to the curl of the velocity, from which we arrive 
at the understanding of irrotational flow. We shall try to find the 
time rate of change, following along with the flow, of the curl of the 
velocity. That is, we shall find d/dt (curl v). The Xx component of 
this quantity is d/dt{dvz/ dx^ — dv^^/dx^. Remembering that 


d ^ I ^ t ^ t ^ 

37 == ^ ■+- — r v-i ~ — H- vz j 

di at axx ax^ dxz 

as we see from (3.1), we find easily that 

^ ^ dv‘^ _ dvi dvz _ dV2 dvz 

dx2 dt dxz dt J dX2 dxi dx^ dx^ 

— 4_ -L. ^^2 yq AS 

dx^ dXz dxz dXi dXz 6x2 dXz dXz ’ 


d 

di 


I dvz dv^ 
\dX2 dxzj 


We shall now transform the terms on the right side of (3.4). We 
note that (3.3) can be rewritten dvi/dt — Xi — {1/ p){d'p/dxi). It is 
convenient to introduce a quantity TI, defined by the equation 


11 


P 

Jo p{v 


whose gradient is 


1 

grad II = grad p = ~ grad p. 


dvi 

dt 


Then (3.3) takes the form 

» . 

Xi — gradi 11. 

The first two terms of the right side of (3.4), 

( ^ ^ 

\0:i:2 di dxz dt / 


(3.5) 


(3.6) 


are the xx component of the curl of the quantity (3.6). We assume that 
the body forces Xi are derivable from a potential; then their curl 
vanishes. Furthermore the curl of any gradient vanishes. Hence the 
first two terms of the right side of (3.4) vanish. For the remaining 
terms, we assume that the fluid is incompressible, so that the divergence 
of its velocity is zero, or 


dvx 

dxx 


+ p + 

0x2 ’ 


dvz 

dxz 


= 0. 


(3.7) 
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Combining (3.7) with (3.4), we find 

^ 1 1 , . , dvs 

dt ^ + to’ '"• (3.8) 

This equation is the one from which we may draw conclusions about 
the behavior of curl v. If at any time curl v is zero, the right-hand 
side of (3.8) vanishes. The equation then tells us that the time rate of 
change of curl v also vanishes. Hence after an infinitesimal increment 
of time curl v is still zero, the argument can be repeated, and we con- 
clude that curl v must remain permanently zero. Thus we conclude 
that if the fluid starts out its motion with a velocity that has no curl 
(as, for instance, if it starts from rest) its curl will not subsequently 
differ from zero, and the motion will be irrotational. 

4. Irrotational Flow and Bernoulli’s Equation. — For irrotational 
flow in an incompressible fluid, we have found in (2.1) that the velocity 
potential satisfies Laplace’s equation, so that we can find the lines of 
flow by solution of that equation. This does not tell us, however, how 
rapidly the fluid moves along the tubes of flow, but merely defines 
these tubes geometrically. To find the details of the motion, we must 
go back to Euler s equations, which take a particularly simple form in 
this case. If v = — grad we then have 


(v • grad)z;i — — ^v • grad 

dip d^p 


0 


dxi dxf 
1 d 




dp 
dXi 
dp d“p 


_j_ 


so that 


\6x‘i 


dxo, dxi dx 

) ■'■(Is) 


2 dxi 
(v • grad)v = grad 


dp d^p 
dxs dxi dxs 

\dxj . 


Introducing our quantity 11 from (3.5), Euler’s equation for the steady 
state, where v is independent of time, then becomes 


X = grad 



As a result of this equation, we see that, for irrotational flow to occur, 
X must be the gradient of a certain quantity, or X must be a conserva- 
tive force, derivable from a potential; this is reasonable, since we 
have already used the assumption that X is a conservative force in 
evaluating (3.4), from which the irrotational flow is derived. We may 
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then set X = — grad V, and Euler^s equation becomes 

grad + n + 

or integrated, 

F + II + ^ = constant. 

This is Bernoulli's equation. For the special case of an incompressible 
fluid, p is independent of p, so that II is equal to p/p. In that case the 
equation may be written 

pV + p + = constant. 

Bernoulli's equation is essentially an energy integral, the term pF 
representing the potential energy per unit volume, p the contribution 
to the energy resulting from the pressure, and }4pv‘^ the kinetic energy 
per unit volume. As we have stated, Bernoulli’s equation, supple- 
mented for a compressible fluid by the relation giving density as a 
function of pressure, determines the pressure at each point of space, 
when the velocity and external potential are known. For instance, if 
there is no external force field (F = 0), we see that the pressure 
decreases at points where the velocity is high, which means at points 
where the tubes of flow narrow down. Bernoulli’s equation, com- 
bined with the equation of continuity, forms the well-known method 
for handling elementary problems of the flow of fluids in pipes when 
viscosity is neglected. 

5. Viscous Fluids and Poiseuille’s Law. — We have already men- 
tioned that ideal nonviscous fluids support no shearing stresses, but 
that this is not true of viscous fluids. Consider a viscous liquid flowing 
horizontally, the lower layers dragging along the bottom, and the 
velocity increasing with height, so that Vx = 1 (^: 3 ), other components 

of V are zero, if the a' 1 X 3 plane is horizontal, xo is vertical. Then if we 
imagine a horizontal element of area in the liquid at a given height, 
the material above the element of area will pull tangentially on the 
material below it on account of viscosity, thus exerting a shearing 
stress. Experimentally, this stress, which is Ti^, is proportional to 
the rate of increase of horizontal component of velocity with height: 
if k is the coefficient of viscosity, 7 h 2 = k dvi/dx<i. This is a special 
case of the general laws governing stresses in a viscous medium, con- 
necting the stresses with the rates of change of the velocity components 
with position. 

In the preceding chapter we gave the general form of Hooke’s law. 




234 


MECHANICS 


[Chap. XIII 


the law giving stresses in an elastic medium in terms of the strains. 
By analogy we can set up the relations for a viscous fluid, but now 
the stresses are proportional, not to the strain components themselves, 
but to their time derivatives. By comparison w ith Eq. (2.2), Chap. 
XII, we see that k takes the place of the shear modulus, and that the 
component of strain d^i/dxj -f d^j/dxi must be replaced by its time 
derivative, dvi/dx, + dvj/dxi. Thus we have the following relations 
between the stress and strain components for liquids : 


Ti] — \8 


tj 



dxk 


— — p8i] + k 


+ k 

( ^ 
\dX] 




( 5 . 1 ) 


where we have included the ordinary pressure of the liquid in addition 
to the viscous stresses. We see that the example we used above, in 
which vi was a function of x^, and the other components of v were 
zero, is consistent with (5.1). We may now insert the stress com- 
ponents (5.1) in the equation of motion, Eq. (4.1) of Chap. XII. We 
assume an incompressible fluid, for which div v = 0, by the equation 
of continuity, and we consider body forces as well as stresses. Then 
we find for the equation of motion 


pXi 


dp 

dxi 


+ kVHi 


dvi 

~dt’ 


( 5 . 2 ) 


differing from (3.3) by the term kV^Vi. 

As a simple and important special case of (5.2), we consider 
P oiseuille’s law-, governing the streamline flow of a viscous fluid through 
a tube. Consider an incompressible liquid flowing in a steady state 
in a horizontal cylinder of radius R parallel to the long axis of the 
cylinder {xx axis). We have = Vz = 0, and since there are no body 
forces Xi = 0. The equation of continuity becomes dvi/dxi = 0, so 
that Vi is a function of X 2 and xs alone. Then 


dvi 

dt 



V 2 


dvi 

dx% 




^Vx 

dxz 


= 0 . 


Furthermore, if we take the divergence of the fundamental equations 
of motion, we have 

p div X - div grad p -h A'V2(div v) = p 4 (div v). 

at 

Now by the equation of continuity div v = 0, and in our case of no 
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div grad p = V^p = 0. 

In our problem dp/dx^ — dp/dxs = 0, so that <Pp/dx\ = 0. The 
pressure is thus a linear function of Xi, so that we have a constant 
pressure gradient in the tube. Of the three components of (5.2), only 
the xx component is left: 

dp ^ 7 / dHx . ^ A 
dxx dx|/ 

and since dp/dxi is constant, equal to a, say, and we have cylindrical 
symmetry, this reduces to 

dvT\ _ a 

Ir J ~ V 

where r is the distance from the axis of the cylinder. Integrated, this 

yields vx = -j-r + 5 In r +• c, and, since vx is finite for r = 0, 6 = 0. 

If the liquid clings to the walls of the cylinder, = 0 when r = E, so 
that we find 


1 ^ / 

r dr \ 


Thus the liquid flows in cylindrical tubes of constant velocity. This 
type of motion is called ‘Taminar motion.’’ The velocity varies 
parabolically across a diameter of the cylinder. 

The amount of liquid flowing per second through a cylindrical ring 
of thickness dr, radius r, is 

dQ — 2Trrvx dr, 

so that the total discharge rate of such a cylinder is 


Q 


27r 



rvx dr 


iroR^ , V 

8/fZ 


where we have placed the constant pressure gradient a = — (pa — Pi)/L. 
This law, known as Poiseuille’s law, furnishes a convenient experi- 
mental method of determining the coefficient of viscosity of liquids. 


Problems 

1. Liquid is confined between two parallel plates, so that it flows in two 
dimensions. At a certain point, a pipe discharges liquid at a constant rate into 
the region. Find the velocity potential, and velocity, as a function of position. 
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Show by direct calculation that the flow outward over any circle about the source 
is the same. 

2 . A shallow tray containing fluid has a source at one point, an equal sink at 
another, so that liquid flows in two dimensions from source to sink. Find the 
equation of the equipotentials and the lines of flow, prove that they are circles, 
and p]ot them. {Suggestion: Since the equations are linear, the potential or flux 
due to two sources is the sum of the solutions for the separate sources.) 

3. Prove that {d /dx){l/r) is a solution of Laplace’s equation. Investigate 
the lines of flow connected with this as a potential. Draw the lines, in the xy plane. 
What sort of physical situation would be described by this case? 

4. Consider an ideal fluid at rest. It is subjected to an impulsive pressure 



p dt, where 


T 


indicates the interval of time during which the pressure is 


applied. If no body forces act on the fluid, prove by integrating Euler’s equations 
that the impulsive pressure divided by the density of the fluid equals the velocity 
potential of the ensuing motion. This is the physical significance of a velocity 
potential. 

6. Show for a liquid in equilibrium under the action of gravity that the pres- 
sure varies linearly with the depth below the surface. Calculate the total force 
exerted on the surface of a submerged body by the liquid, and show that the 
resultant force is directed upward and is given in magnitude by Archimedes’ 
principle. [Hint: If a vector has only one component different from zero, for 


example. Ax, then the divergence theorem becomes 



/ 


Ax cos {n,x) da.] 


6. The free surface of a liquid is one of constant pressure. If an incom- 
pressible fluid is placed in a cylindrical vessel and the whole rotated with constant 
angular velocity w, show that the free surface becomes a paraboloid of revolution. 
{Hint: Introduce a fictitious potential energy to take care of centrifugal force, and 
use the hydrostatic equations.) 

7. A gas maintained at constant pressure p, flows .steadily out of a small hole 
into the atmosphere, pressure po. Assume the demsity con.stant. Find the 
expressions for the velocity of efflux and for the force exerted on the gas container 
due to the efflux. If the gas is oxygen at a pressure of 4 atm in the tank, calculate 
the efflux velocity (1) with the density constant, and (2) taking into account the 
variation of density with pressure, assuming an adiabatic expansion. 

8. Calculate the rate of discharge of a cylindrical pipe standing vertically, the 
liquid flowing in laminar flow under the action of gravity alone. 

9- The velocity potential for streamline flow around a long cylinder whose 
axis is normal to the flow is 


V 



cos 0, 


where r, 0, z are cylindrical coordinates and a is the cylinder racliu.s. Compute 
the force per unit length exerted by the fluid on the front half of the cylinder. 

10. Consider the laminar flow of a fluid in a cylindrical tube under the action 
of a constant pressure gradient (Poiseuille’s law). Find the angular velocity of 
fluid rotation as a function of position in the tube. Show that the axes of rotation 
(vortex lines) are concentric circles about the axis of the tube. Compute the 
maximum angular velocity for the case of water in a capillary of diameter 2.0 min 
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NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS 

The principle underlying the numerical integration of differential 
equations is outlined in the text: we replace derivatives by differences, 
and construct a table of values, using each entry in the table to help us 
in constructing the next entry. We illustrate by a simple example in 
which we know the solution by elementary methods, the equation 
dH/dt'^ + .r = 0, whose solution of course is the sine or cosine. From 
Eq. (1.10), Chap. I, we have 

+ bt) - 2x{ti) + x{ti - U) = —{UYx{ti) 
or 

x{ti “ [2 x{ti H). (1) 

From Eq. (1), knowing two successive entries in a table of x(t) as a 
function of t, we can clearly find the next entry. The procedure will 
be more accurate the smaller the interval U is taken, for then the dif- 
ference approaches the derivative more closely. To start the process 
we must know two successive entries in the table; this is equivalent to 
knowing the value of the function and its first derivative, which are 
required to define a solution of a second order differential equation. 
Let us assume that x{0) = 0, which means that we are looking for the 
sine rather than the cosine, and that x{5t) = dt (so that we shall get 
the sine, instead of a constant times the sine). In Table 1 we compute 
for the case dt = 0.1 radian. We give the computed values from Eq. 
(1), and for comparison we give the exact values. It is clear that the 
agreement is good to a unit in the third place, so that in this case we 
do not have to take smaller intervals to get a satisfactory three-figure 
accuracy. 

This simple illustration show's how' easy it is to find numerical 
solutions of a differential equation of really very satisfactory accuracy. 
Of course, no one would solve the equation for the sine or cosine this 
way, but the method is etiually simple for more complicated equations, 
for which no other simple solution is available. For instance, con- 
sider the equation d'^xjdt'^ -h = 0, wdiich, in the general case of 

arbitrary function/, cannot be solved by elementary means. Written 

239 
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in the form analogous to (1), this becomes 

“h ^0 ~ 2a:;(j5i) — di). 

Except for the algebraic job of computing the function for 

each entry in succession, this is no harder than the case we have already 
considered. 


Table 1 


t 

x{t) exact 
= sin t 

x{t) — sin t calculated by numer- 
ical integration 

0.0 

0.000 

0.000 (assumed) 

0.1 

0.100 

0.100 (assumed) 

0.2 

0.199 

(1.99) (0.100) - 0.000 = 0.199 

0.3 

0.296 

(1.99)(0.199) - 0.100 = 0.296 

0.4 

0.389 

(1.99)(0.296) - 0.199 = 0.390 

0.5 

0.479 

(1.99) (0.390) - 0.296 = 0.480 

0.6 

0.565 

(1.99) (0.480) - 0.390 = 0.565 

0.7 

0 . 644 

(1.99) (0.565) - 0.480 == 0.644 

0.8 

0.717 

(1.99) (0.644) - 0.565 = 0.717 

0.9 

0.783 

(1.99) (0.717) - 0.644 = 0.783 

1.0 

0 . 841 

(1.99)(0.783) - 0.717 = 0.841 

1.1 

0.891 

(1.99)(0.841) - 0.783 = 0.891 

1.2 

0.932 

(1.99)(0.891) - 0.841 = 0.932 

1.3 

0.964 

(1.99) (0.932) - 0.891 = 0.964 

1.4 

0.985 

(1.99) (0.964) - 0.932 = 0.986 

1.5 

0.997 

(1.99) (0.986) - 0.964 = 0.998 


For an equation containing a first as well as a second derivative, the 
method indicated in Eq. (1-9), Chap. I, is not so good as another pro- 
cedure that we can easily set up. That equation suggested that dx/dt 
could be approximated by [a::(^i) — x{ti — btyi/bt. It could equally 
well be represented, however, by \x{tx -h bt) — x{ti)]/bt. One of these 
will generally be too large, one too small, and we can do even better 
by taking our interval centered on h for which we wish the derivative, 
using 

dx _ xiti + bt/2) — x{ti — bi/2) 
di It 

Using this procedure necessitates keeping twice as many entries in 
the table, or using half the interval. It also requires that we know 
more values in the table before we can start our numerical integration. 

Let us illustrate these points by solving Bessel’s equation for the 
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function Ji{x). This equation is 


d^ y 1 dy 
dx^ X dx 



( 2 ) 


Replacing the derivatives by differences, the equation takes the form 



Thus each entry in the table depends on the values of the four preceding 
entries. To get started with the integration, we must then have some 
independent way of estimating the function, and this is often done by 
using a power-series solution, described in Appendix II. In Table 2 we 
show the first few entries, again for 5a; = 0.1 (that is, for 5x/2 = 0.05). 
The first four entries are taken from the known correct values of J i(x), 
which can be easily found from the series. Here again the calculation 


Table 2 


X 

J i{x) exact 

J lix) calculated by numerical integration 

0.0 

0 , 0000 

0.0000 (assuined) 

0.05 

0 . 0250 

0.0250 (assumed) 

0.10 

0 , 0199 

0.0499 (assumed) 

0.15 

0.07 IS 

0.0748 (assumed) 

0.20 

0 . 0995 

-(0. 1/0.1) (0.0748) + [2 - 0.01(1 - 100)1(0.0499) 

+ (0.1/0. 1)(0.0250) - 0.0000 = 0.0994 

0 . 25 

0. 1240 

-(0.1/0. 15) (0.0994) + [2 - 0.01(1 - 44.4)1(0.0748) 

+ (0.1/0.15) (0.0499) — 0.0250 = 0.1240 

0.30 

0. 14S3 

-(0. 1/0.2) (0.1 240) -f [2 - 0.01(1 - 25)1(0.0994) 

+ (0. 1/0.2) (0.0748) - 0.0499 = 0.1482 

0.35 

0. 1723 

-(0.1/0.25) (0.1 482) -H [2 - 0.01(1 - 16)1(0.1240) 

-f (0.1/0.25) (0.0994) - 0.0748 = 0.1719 

0.40 

0. 1900 

-(0.1/0.3)(0.1719) + [2 - 0.01(1 - 11.1)1(0.1482) 

+ (0. 1/0.3) (0.1240) - 0.0994 = 0.1960 

0,45 

0.2194 

-(0.1/0.35) (0.1 960) + [2 - 0.01(1 - 8.20)1(0.1719) 

4- (0.1/0. 35) (0.1482) - 0.1240 = 0.2185 

0.50 

0.2423 

-(0.1/0.4)(0.2185) -1- [2 ~ 0.01(1 - 6.25)1(0.1960) 

+ (0. 1/0.4) (0.1719) - 0.1482 = 0.2426 


is good to three jihu^es, though not to four; for four-figure accuracy, we 
should need to take our intc'rvals closer together, or to use more com- 
plicated formulas, expressing the derivatives in terms of higher 
differences. 
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POWER-SERIES METHOD FOR DIFFERENTIAL EQUATIONS 


A differential equation defines a function, or more generally a family 
of functions. Most of these functions are not the elementary ones, 
such as algebraic, trigonometric, or exponential functions, or Bessel’s 
functions, elliptic functions, and others whose properties have been 
carefully investigated. The familiar functions are familiar largely 
because tables of values have been computed for them, and because 
simple analytical relationships are known concerning them. When 
we are faced with an unfamiliar function, defined by a new differential 
equation, we may ask how to investigate it. First, we may find that it 
can be written analytically in terms of familiar functions ; in that case, 
our problem is solved. If that is not the case, however, we may name 
the function, if we please, but that does not carry us very far. To 
understand it better, we must construct a table of values, and find 
its analytic propei'ties. The table of values can be found by numeri- 
cal integration, as in Appendix I, but this is sometimes not convenient, 
and it is of no use for investigating analytic pro]>erties. The question 
presents itself, can we not get some general method of describing func- 
tions analytically, applicable equally to familiar and to unfamiliar 
functions ? 

The most useful such general method is that of expansion in power 
series. We are familiar in the first place with Taylor’s expansion, by 
which a power series can be found to represent a known function. If 
we know a function f{x), and if we know its analytical properties, 
Taylor’s theorem tells us that we can write the function in the form 


fix) = Ao A i.c -j- Aax^ -j- A + 
_ 1 d«/(.r) 
nl dx^' 


( 1 ) 


By a slight extension, we may expand, not about x = 0, but about any 
point X = a: 


fi^') 
A n 


Ao H~ Ai(.r — n) -f- Ai^ix 
1 dyix) 

71 ! cZx” 


a)^ -1- A 3(.x — a)^ + 
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( 2 ) 
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This expansion is often useful, in at least two ways: sometimes it 
allows us to prove analytic relations between functions, showing 
that these relations hold for the power-series expansion; and the series 
gives us a practical way to compute the function. This is the case if 
the terms of the series decrease rapidly enough so that a good approxi- 
mation to the sum of the series is found by taking a finite, and not 
unreasonably large, number of terms, and either neglecting the further 
terms, or computing some sort of approximate sum of the remaining 
terms of the series. We are led thus to consider the convergence of 
power series. This is a broad subject, and we shall give only a sketch 
of some of its simplest and most useful features. 

A series is said to converge if the sum of the first n terms approaches 
a limit as n becomes infinite; this limit is defined as the sum of the 
series. If the sum of n terms approaches a limit, this means that the 
sum, for a large value of n, is arbitrarily close to the sum of the series, 
and can be used practically as a way of approximating to the function 
represented by the series. As a general rule, a power series in a: con- 
verges for small values of x, and diverges for large x, in which case the 
sum of the first n terms approaches no limit, either because it grows 
larger without limit as n increases, or because it oscillates. 

There is a simple rule by which we can tell in many cases whether a 
series converges or diverges, though it does not invariably give us the 
answer. Surely a series cannot converge unless its successive terms 
get smaller and smaller. W^e can investigate this by the ratio test, 
taking the ratio of the nth term to the one before, and seeing how this 
ratio changes as we go out in the series. If the limiting ratio is less 
than 1, the series converges; if it is greater than 1, it diverges. If the 
ratio is just 1, the test gives no information. Thus, for example, with 
the series x “b :c^/2 — 1— 4“ * * * j the ratio of the term in x^‘‘ to that 


in is 


x”- n 


- 1 


— X. As n approaches infinity, n — 1 and 

n x^'~^ n 

n become approximately equal, so that the ratio approaches x. Thus 
we see that, if x is less numerically than unity, this series converges ; if .c 
is greater than unity, it diverges; if x = 1, we cannot say. From other 
information, we know that the series when x = 1, which is 

1 + / 2 + / ^ + ■ ' ' } 

diverges. But with the similar series x + x‘^/2^ _j_ . . . 

where the ratio of terms also approaches x as we go out in the series, 
and the series again diverges for x greater numerically than unity, and 
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converges for x less than unity, we have just the other situation at 
a; = 1: the series 1 + + • • • converges. 

Further insight into the convergence properties of power series is 
furnished by investigating the singularities of the function which the 
series represents. By Taylor’s series (1) or (2), it is clear that, for a 
power series to converge, and for the coefficients to decrease as we go 
out in the series, all the derivatives of the function must be finite at the 
point X = a about which the expansion is made, since otherwise some 
coefficients of the expansion will be infinite. Thus, for example, we 
cannot expand 1/a; in power series in x: we have /(O) = 3^5 ” infinite, 
and all the derivatives are also infinite. Such a point is called a 
'^singularity” of the function. But by expanding about another point 
we can avoid this difficulty. Thus we can expand 1/x about a, if 
a 0. Determining the coefficients by (2), we find 

1 1 (x — a) {x — ay (x — ay ^ ^ 

— = — — 5 -t- — — — — -!-•••. io) 

X a a‘^ 


From this we can understand that a function can be expanded in power 
series about a point that is not a singular point. 

There is then a general rule regarding the convergence of the result- 
ing series. This rule must be stated for complex values of x, described 
in the complex j^lane. In this complex plane, there will be certain 
points at which the function has a singularity (as in the case of the 
function 1/a:, which has a singularity at the origin). The expansion 
(2), in power series in powers of a; — a, which is called an expansion 
about the point a, then will converge for all points in the complex plane 
lying inside a circle, with center at a, whose boundary passes through 
the singularity that lies closest to a. It will diverge at all points 
outside this circle, which is called the “circle of convergence.” It 


will converge less and less rapidly as the boundary of the circle of 
convergence is approached, so that for practical computation a series 
is not useful near the edge of its circle of convergence. 

There is no general rule governing convergence on the boundary of 
the circle. In the series (3) , for instance, suppose for illustration that a 
is a positive real number. Then the circle of convergence will have its 
center on the real axis, and will have a radius a, extending along the 
real axis from a; = 0 to x — 2a. Applying the ratio test to (3), we 
see that the ratio of the 7?th term to the (n — l)st is — (a: — a) /a, 
which approaches 1 as x approaches zero, and approaches ~ 1 as x 
approaches 2, leading in each case to a lack of convergence. This 
example is instructive, in that it shows that a series can fail to converge 
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at a point like a; = 2 in this case, at which the function is perfectly 
well behaved, simply because the boundary of the circle of convergence 
passes through this point. It is clear from this example that, to get a 
rapidly convergent series, we should expand about a point a which is 
far from all the singularities of the function. By judicious choice of the 
point about which the power-series expansion is carried out, then, we 
can often obtain rapidly converging series, convenient for numerical 
calculation. 

At some singular points, the function behaves like 1/x”, an inverse 
power of X. Such a singularity is called a “pole.” If f{x) has a pole 
of order n at the origin, then by definition x^f{x) has no singularity at 
the origin, and can be expanded in power series Ao + Airr -{- • • • . 
Thus we have for f{x) the expression 

/W = ^ ■ (4) 

an infinite series starting with inverse powers, but turning into an 
ordinary series of positive powers after its nth term. A similar 
theorem holds for expansion about a pole atx = a. A singularity that 
is not a pole is called an “essential singularity.” An example of an 
essential singularity is that possessed by the function at x — 0 . 
This function approaches 0 as x approaches 0 through positive values, 
but becomes infinite as x approaches 0 through negative values, and no 
inverse power 1/x” has such a behavior. 

In some classes of functions, an expansion about a singularity is 
possible. In such cases, the series does not converge, for any range of 
X — a, no matter how small, and yet the series may be useful for 
numerical calculation. These series are called “asymptotic,” or 
“ semiconvergent ” series. They have the property that their terms 
decrease for some time with increasing n, so that the sum of the first n 
terms appears to be approaching a limit; but then the terms, after 
going through a minimum value, start to increase again, ultimately 
increasing without limit. It can then be shown that, by summing just 
up to the smallest term of the series, the sum so found differs from the 
true function by less than the last term of the sum, so that, if this last 
term is small in comparison with the sum, it forms a valid api)roxima- 
tion. This approximation is completely lost if we make the mistake of 
keeping more terms of the series, beyond this smallest term. 

In practical calculation by means of series, certain devices are 
often convenient in estimating the contribution of the remaining 
terms beyond the nth, so that we can sum the first n, and then estimate 
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the remainder. Thus a series can often be approximately summed by 
comparison with an integral. For example, 


1 + 


1 

2 ” 




approximately. (5) 


The approximation is rather poor for the small values of z, but becomes 
better for large z values, on which the convergence depends. It would 

be a good approximation, for instance, to write 
on this basis we could write approximately 


10 ’ 


rioH 


dz 


and 


10’^ 11” 12” joH 2^” - i)W4y 


if 71 is greater than unity. Thus we could find the sum 

1 ■+■ 3''^^ ■+■ -j- . . . 

as the sum from 1 to plus the integrated terms. We should find 
in this way 


1 “H 3'"^ ^ "b 1 ^ ... 

= (1.0000 '+ 0.2500 + 0.1111 + 0.0626 + 0.0400 + 0.0277 + 0.0204 
+ 0.0156 + 0.0123) + oh = 1-5390 + 0.1053 = 1.0449. 

iJ y 2 

Now it can be shown that this sum is equal to tt^/G (one way to do this is 
to use the Fourier expansion for the function x‘^, which is 

^2 _ 1 _ ^cos TTX — ^2 cos 2'kx ^2 

and set x = 1). But ttVG is equal to 1.6449, so that our simple process 
has given a correct value of the sum to five significant figures, and 
correspondingly has given us a simple way of accuiately computing 
TT. We note that the remaining terms, starting with 1/10^ which we 
approximate by an integral, amount to 0.1053, or a very large correc- 
tion, so that if we had not used our method of replacing a sum by 
an integral it would have been quite out of the question to get an 
accurate value of the sum by adding a practicable number of terms. 
In practice, then, this integral method often makes it convenient to 
sum a series, when otherwise it would be out of the question. 

The integral method we have just used is convenient for a series 
whose terms are all of the same sign. 1* or an alternating series, how- 
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ever, the situation is different. If the positive terms by themselves 
converge, and if the negative terms by themselves converge (that is, if 
the series is what is called “absolutely convergent’’), then we can 
replace the positive or negative terms separately by integrals, after the 
manner of Eq. (5), and subtract one integral from the other. There 
are important cases, however, of series that are not absolutely con- 
vergent, but nevertheless converge. For instance, the series 

1 — M -f- 3''^ — ~ ' 


converges, though the series 1 + M does not. 

We can interpret these series in terms of the expansion 


In (1 + x) 




yy* 3 /y* 4 

X — -~r- 

2 3 4 


7 


so that the first series is the value of this when x = 1, and we might well 
expect the series to converge to In 2 , whereas the second is the value for 
X = —Ij which is the series representing In ( 0 ), which of course is 
infinite. The divergence for x = — 1 is at once shown also from Eq. 
(5), setting n = 1, in which case the integral diverges logarithmically; 
(5) furnishes a converging result only for n greater than unity. The 
circle of convergence of the expansion of In (1 + x) must clearly have 
unit radius, since the singularity of the function closest to the origin 
is at X = — 1. Thus for the case x = 1 we are on the boundary of the 
circle of convergence, and our rules do not tell us whether we liave 
convergence or not ; they just tell us that the series converges within 
the circle, and diverges outside, but there is no universal behavior on 
the circumference of the circle. Thus we are left with the series 
1 — M 4- M — 3^ +• • * • and inquire how we can evaluate it. 

In a series Co - Ci + C 2 — C 3 4 • ■ • , in which the C’s decrease 
slowly and regularly, we note that each of the C’s will be approximately 
the average of the preceding and following C; that is, 

or 3 ^Ca_i — Ck -j- ^^C/o+i is approximately zero. Thus we may write 
the series in the form 


Co Cl 4 C 2 ~ — Ck-2 4 3^C&_i + (32C/b_i — Ck 4 j ^C/c+i) 

4 (3^C*4.i C/c+2 4 4 ■ ' • . (0) 

Since each of the brackets is approximately zero, we can leave them 
out, and find that the sum of the series is approximately the sum of 
the terms up to a certain point, plus half the next term. In other 



APPENDIX II 


249 


Words, all the terms beginning with a certain term, and extending to 
infinity, equal approximately half the first term of this sequence. 
To illustrate this method, we may replace the series 1 _ . . 

by the sum of the terms through 3>'^, minus 3^^ of 3dL0- This gives 

(1.000 - 0.500 + 0.333 - 0.250 + 0.200 - 0.167 

+ 0.143 - 0.125 + 0.111) - 0.050 = 0.695. 

This is an approximation to In 2 = 0.6931. It is clear that we have 
not taken enough terms to get three-figure accuracy, though the error is 
less than 1 per cent. This is a particularly poorly convergent series, 
and, even using our rule, we need more than 10 terms to get a satisfac- 
tory estimate. We could do considerably better, however, by noting 
that the sum, as we compute it, is too large if we stop with a negative 
term, but too small if we stop with a positive one. Thus if we had 
continued, and added in the term —0.100, but had then taken 

M(Kl) = 0.046 

to represent the remainder, we should have found 0.691 for the approxi- 
mation. The average of this and 0.695 should be better than either of 
the numbers, and in fact agrees to three figures with the correct value 
0.693. 

We have now given a discussion of power series, their convergence, 
and some practical suggestions for simplifying the process of computing 
numerically by means of them. The reason for being interested in 
power series in connection with differential equations is that in many 
cases it is possible to determine directly the power-series expansion of 
the solution of a differential equation, without previously knowing 
anything about the function represented by the series. Thus, this 
provides a method for investigating new functions defined by differ- 
ential equations. 

The method of finding the series is to assume that the solution can 
be expanded in power series, substitute the series in the differential 
equation, with unknown coefficients, and solve for the coefficients by 
algebraic methods. We shall show how this is done by two simple 
examples, using the equations for sin x and Ji(.r) which we have 
already used as examples of numerical integration in Appendix I. 
Suppose we have the differential equation y ~ 0, and assume 

that the solution can be expressed as a series 

y = Ao +■ -b Ai>x^ 4- * • • . 

Then (Py/dx"^, differentiating term by term, equals 

2 A 2 4“ (3 ■ 2)A3X "b (4 ' 3)A4X^ -b * ‘ ? 



250 MECHANICS 

and the differential equation, combining terms, is 

(Ao + 2 A 2 ) -1- [Ax + (3 • 2)As]x + [A 2 + (4 • 3)A4x^ + • • • 

+ [An (jl' 1)(^ “1“ 2)An+2]3;” -{-••• = 0. 

This equation states that a certain power series in x is identically zero, 
for any value of x ; this cannot he the case unless each of the coefficients 
is zero, since the Taylor expansion of zero has all its terms equal to 
zero. Thus we obtain the equations 

1 

Ao -b 2A2 = 0 , A2— Ao 

Ax H“ (3 ■ 2)A3 = 0, A 3 = — ^ Ai 

1 1 

A 2 “b (A ' 3) A 4 = 0 , A 4 = g _ ^ A 2 “ A Oj etc.. 


so that 



This solution contains two arbitrary constants, Ao and Ai, as we must 
expect from a second order differential equation. The two brackets 
represent two particular solutions of the differential equation; the 
first equals unity when x = 0, and has zero slope at that point, and 
we recognize it as cos x, whereas the second equals zero when rc == 0 , 
and has unit slope at that point, and we recognize it as sin x. We 
have thus found the power series for the sine and cosine, directly 
from the differential equation. 

These power series are useful both for numerical calculation and for 
proving analytical properties of the functions (at least, they would be 
useful in this way if the properties of the trigonometric functions were 
not so familiar). Thus, as an illustration of their use for numerical 
calculation, let us compute sin 1 from them. This should be 

(1.0000 - 0.1667 + 0.0083 ~ 0.0002 + 0.0000) = 0.8414, 

with an error of only a unit in the fourth place. This series clearly 
converges so rapidly that we do not need to use our special rules for 
estimating the remaining terms. We may easily check the e,onvergence 
by the ratio test: the ratio of the term in x^, to that in is 

x^ 

n(n ~ 1 )’ 

which decreases to zero as n becomes great enough, no matter how 
large x may be. Thus the series converges for any value of x ; its circle 
of convergence is infinitely large. 
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This situation is characteristic of the trigonometric and exponential 
functions, which of course are closely related. The reason is that their 
only singularity is at infinity. The sine and cosine are nowhere 
infinite, for real values of the argument; but for a pure imaginary value 
of the argument, sin x becomes the hyperbolic sine of x -v/— 1 , which 
becomes infinite when x approaches infinity. Thus the function has a 
singularity at infinity, and it is an essential singularity, since different 
values are found for the function as we approach infinity along the real 
and along the imaginary axis. A power-series expansion about the 
point at infinity is thus impossible (this can be shown to be equivalent 
to the statement that sin x cannot be expanded in powers of l/x) , but 
the expansion about any other point converges for all finite values of 
the argument, and in fact converges rapidly enough so that the series is 
convenient for computation. As an illustration of the way in which 
the series can be used to prove analytical properties of the func- 
tions, we may indicate merely that the relations d sin x/dx = cos x, 
d cos x/dx = —■ sin x, follow immediately from the series representa- 
tion of the functions. 

As a second more complicated example we take the equation for 
Ji{x), d-y/dx^ + (l/‘tO dy/dx (1 — l/x'^)y^ = 0, as in Eq. (2), 
Appendix I. Inserting our power-series solution, we have the equation 

2Au H- (2 ■ S)A sx + (3 • + (4 ■ 5)A5X=* + * * ’ 

SAsx + ^Aix"^ 4- 5 A 50 :^ 

AiX A‘2X^ + Azx^ . . . 

Aax — A^x^ — A^x^ — • • • = 0 - 

Equating the coefficient of each power of x to zero, we first find that 
Ao = Aa = A 4 = • • • = 0, and that Aa = — Ai/(2 • 4), 

\ — A 3 _ At 
^ " - (4 - 6 ) (2 ■ 4“^'4'- 6 )’ 

etc., so that the solution is 

y - + ). ( 7 ) 

The series in the bracket is defined as 2,/i(a:), the function J \{x) being 
half the bracket. Thus we have found a series representation of the 
BesseFs function. As with the trigonometric function, a ratio test 
shows us that the series converges for any finite value of x, so that the 


-f- — “4*“ 2i4 . 2 *4“ 

X 


A, 


IT/ 


A 1 

T 


+ Ao + 
A 2 — 
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circle of convergence is infinite. The function as a matter of fact 
shows a singularity at infinity similar to that shown by the trigono- 
metric functions; Ji(cc) remains finite for all real values of x, oscillating 
as the trigonometric functions do, though with an amplitude that 
decreases as x increases, whereas for pure imaginary values of x it 
increases in a manner suggesting the exponential or hyperbolic func- 
tions. The series (7) is convenient for numerical calculation. Thus, 
for X = 14, WQ have Ji(0.5) = 3^(0.5000 - 0.0156 0.0001) = 0.2423, 

correct to four figures. 

We have found only one solution of Bessel’s equation, though the 
equation is a second order differential equation. By general princi- 
ples there must be another solution, and we may reasonably ask how 
we have happened to miss it. The answer should occur to us at once: 
we have assumed an expansion in power series about x — 0, and such 
an expansion can always be carried out unless the function has a 
singularity at x = 0. Thus we may well assume that the other solu- 
tion that we desire has such a singularity. In that case, if the singu- 
larity is a pole rather than an essential singularity, it should be possible 
to expand the function in a series of the form (4), assuming 

(Ao ■+ Aio; 4" Aix'^ +•**)• 

Let us see if we can get such a solution. Substituting in Bessel’s 
equation, we find that the equation setting the coefficient of the term 
in x~”’~^ equal to zero is (n‘^ — l)Ao = 0. To satisfy this, we must 
have n = ±1. n = —X corresponds to the case of Ji{x), whicli we 
have already discussed. This suggests that the otlier solution starts 
with x~'^, as in fact it does. When we carry out tlie next step, liowever, 
we find a difficulty: the equations governing the coefficients Ai, A 2 , 
etc., state that all these coefficients are infinite. This is another way 
of saying that an expansion of the form (4) cannot be ca,rried out. 
The reason proves to be that the function we are looking for has a 
singularity at the origin which is not a simple pole. It lias in fact not 
merely the singularity 1/x, but also a logarithmic singularity, so that 
it can be expanded in a series of the form (4), with a logaritlimie. term 
added on. The resulting function, which we shall discuss furtlier in 
Appendix VIII, is called a “Neumann’s function,” and is denoted by 
Vi(x). 

Problems 

1 1 

1. Plot — - -h as a function of x, and show that it has a minimuin at 

JU 

X = 2. Expand in Taylor’s series about this point, ohtainiuK nn cxpariHion 
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y==Ao+A 2 (a; — 2 ) 2 +A 3 (x — 2)2-1- • - where necessarily the coefficient 
Ai is zero. Now plot on the graph the successive approximations 

y = ^ 0 , 

y = Aq A^ix — 2)^, 
y = A^ + A.,{x - 2)2 -h A^{x - 2)^, 

2/ == Ao H- A -x{x — 2)2 A ^{x — 2)^ A iix — 2)^, 

observing how they approximate the real curve more and more accurately. 

2. a. Derive the series for the exponential, cosine, and sine series, directly 
from Taylor’s theorem. 

6. Differentiate the series for sin x term by term, and show that the result is 
the series for cos x. 

3 . In the series for e®, set a: = 1, obtaining a series for e. Using this series, 
compute the value of e to four decimal places. 

4 . Why does one always have series for In (1 -f- a:) in powers of x, rather than 

for In a;? From the series for In (1 -f- x), compute logarithms to base e of 1.1, 
1.2, 1.3, 1.4, 1.5. 

6. The fxinction l/{x — j), where j = -s/ has a singularity for x = but 

not for any real value of x. Show that nevertheless the series expansion about 

X = 0 diverges for x greater than 1 or less than —1, obtaining the power series 
by Taylor’s theorem, and separating real and imaginary parts of the series. This 
is an example of a case in which the scries diverges because of singularities for 
complex values of ;r. 

6. As a result of an experiment, we are givmi the table of values following: 

X y 

1 7 . 0 

2 11.1 

3 15.2 

4 19.3 

5 23 . 2 

f) 27.1 

7 30 . 8 

8 34 . 5 

9 38.2 

10 41.7 

Try to devise some practicalxle scheme for tcdling whether this function (in which, 
being a result of oxpei-im<Mvt, the vahies arc only approximations) can be repre- 
sented witbiii t.li(^ errcM- of experiment Ixy a linear, qua,dratic, cubic, etc., polynomial. 
Get the cocflicicvnts of tlie resulting stn'ics, and use tlicm to find tlic value of the 
function and its slope at x = 0. Plot tlic points, the curve that approximates 
them, a,nd t.lie straiglit line tangent t,o the curve at x = 0. It is legitimate to use 
graplii<‘al MX't.liods if you wish. 



7. Mxjxaiul tan”' x in a, powio' st'.ries al)out x = 

= 0 . Hints : 

(a) 

'Ix ” 1 + X- 


(5) 

1 4^ a; 2 ^ ~ — .t" -1- • • • 


(^) 

f (tan~i x) dx — tali'"' a: H- c. 
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What is the range of convergence of the resulting series? Calculate from this 
series the value of ir/4 = tan"' 1 correct to 5 per cent: How many terms of the 
series are necessary to obtain this accuracy? 

8. By a procedure analogous to that used in Prob. 7 expand sin"' a: in a 
power series about x = 0. Find the range of convergence for this series. 

9. From the known Taylor’s series for c* write the corresponding series for 

By integrating this series obtain to 1 per cent a value for dx, whose 
correct value is 0.748. 


10. Make use of the binomial theorem to obtain an expansion of Vl -|- y'j in 
ascending powers of xK What is the range of convergence? 

11. Discuss by the ratio test the convergence of the following 
^2 

(a) a! + 2 + g+ |- + • ■ ■ 


oriAc^' 


0*2 7*3 7*4 

+ | + | + 

I 

(c) The binomial expansion of (1 + x)*’, for nonintegral k 

(d) The series for c*. 

12. Show that our theorem about the sum of an alternating series holds only 
when the ratio of magnitudes of successive terms approaches unity as we go out 
in the series. Apply the theorem to the series ■ • ■ ' ■ 
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PROPERTIES OF COMPLEX NUMBERS 

A complex number is usually written A + Bi, where A and B are 
real, i = \/ — 1. The electrical engineers generally denote 1 by 
j rather than i, so as to reserve the symbol i for a current, and we 
shall follow that convention in this volume. A complex number is 
often plotted in a diagram; we let abscissas represent real parts of 
numbers, ordinates the imaginary parts, so that A measures the 
abscissa, B the ordinate, of the point representing A + Bj. Every 
point in the plane corresponds to a complex number, and vice versa. 
All real numbers lie along the axis of abscissas, all pure imaginaries 
along the axis of ordinates, and the other complex numbers between. 
But it is also often convenient to think of a complex number as being 
represented, not merely by a point, but by the vector from the origin 
out to the point. The fundamental reason for this is that these vectors 
obey the parallelogram law of addition, just as force or velocity vectors 
do (see Fig. 39, Appendix IV). The vector treatment is suggestive in 
many ways. For example, we can consider the angle between tw;o 
complex numbers. Thus, any real number, and any pure imaginary 
number, are at an angle of 90° to each other. Or, the number 1 H- j 
is at an angle of 45° with either 1 or j. When a complex nurnber is 
regarded as a vector, we can describe it b y two qua ntities: the absolute 
magnitude of the vector, or its length, \/ A^ B‘^, and the angle that 
it makes with the real axis, or tan~^ B/A. 

These two quantities, the absolute magnitude of a complex number 
and its phase angle, have very close connection with complex exponen- 
tial functions. Let us investigate the function by series methods. 
We have at once 



= cos X j sin X. 


Similarly we have 

= cos X — j sin X. 
255 
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We can solve for cos x by adding these equations and dividing by 2, 
or for sin x by subtracting and dividing by 2j: 

gj® _L. 0-ix ^ gja; _ Q-Jx 

cos X = » sm X ~ 

2 23 

These theorems are fundamental in the study of exponential and sinus- 
oidal functions. 

Let us now consider the complex number e^'^, where 0 is a real quan- 
tity. As we have seen, this equals cos d -]r j sin 0, so that the real part 
is cos 0, the imaginary part sin 0. The v ector represent ing this number 
is then a vector of unit magnitude, for a/ cos^ 0 + sin^ — 1. Further, 
it makes just the angle 0 with the real axis. We can see interesting 
special cases. The number = j, as we can see at once from the 
vector diagram, or from the fact that it equals cos 7r/2 H- j sin 7r/2 = j. 
Similarly e'^^' = — 1, =•••=!. This last result shows 

that the exponential function of an imaginary argument is periodic 
with period 2xy, similar to the sine and cosine of a real argument. 

Next we look at the number where r, 0 are both real. It differs 
from in that both real and imaginary parts are multiplied by the 
same real factor r, which simply increases the length of the vector to 
r, without changing the angle. Thus is a vector of length r, angle 
0. As a result, we can easily write any complex jnumber in complex 
exponential form: A Bj = where r = B-, 0 = B/A, 

or A — r cos 0, B = r sin 0, We may use these results to show what 
happens when two complex numbers are multiplied togethci*. Suppose 
we wish to form the product (A H- Bj)(C + Dj). Of coiu-se, multiply- 
ing directly, this equals (AC — BD) -b (AD -f- BC)j, so that we can 
easily find real and imaginary parts of the product, but this is not very 
informing. It is better to write (A -h Bj) = (C + Dj) ~ 

Then the product is == . 'Tliat is, tlie magni- 

tude of the product of two complex numbers is the product of the 
magnitudes, and the angle is the sum of their angles. 

Suppose we have a complex number re^^, and consider the closely 
related number The second is called the 'Aionjugate ” of the 

first. If we have a complex number in the form A -t- Bj, its conjugate 
is A — Bj. Or in general, if we change the sign of j wlicrever it 
appears in a complex number, we obtain its conjugate. Grapliically, 
the vector representing the conjugate of a numl)er is the mirr-or image 
of the vector representing the number itself, in the axis of reiil numbers. 
Now conjugate numbers have two important properties: the sum of a 
number and its conjugate is real (for the imaginary parts just cancel 
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in taking the sum), and the product is real (for this equals = r^). 
The second fact is useful in finding the absolute magnitude of a com- 
plex number; if z is complex, z its conjugate (this is the usual notation), 
then 'sfil equals the absolute magnitude of z. Trom the other fact, 
we may find the real and imaginary parts of complex numbers: 
(z 4- z) /2 equals the real part of z, and, as we can easily show, (z - z)/2j 
equals the imaginary part. We see examples in our relations between 
sinusoidal and exponential functions, where is the conjugate of 
e'®, so that (e>* -|- e~’*)/2 should, and does, equal the real part of e’*, 
or cos X, and (c^* - r'*)/2j equals the imaginary part, or sin x. 

Problems 

1. Given a complex number represented by a vector, what is the nature of the 
vector representing its square root? Its cube root? Find the three cube roots 
of unity, the four fourth roots, the five fifth roots, plotting them in the complex 
plane, and giving real and imaginary components of each, With one of the cube 
roots, in terms of its real and imaginary parts, cube by direct multiplication and 
show that the result is unity. 

2. Find real and imaginary parts of Vi+TCj, l/(i + Bj), l|^/A Bj, 
where i, B are real. 

3. Show that In (-a) = rj In a, or hj -t- In a, or in general iwj + In o, 
where n is an odd integer. 

t Prove that, if we have a complex solution of the problem of a vibrating 
particle, the real part of this complex function is itself a solution of the problem. 
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VECTORS 

The study of vectors and vector operations involves two branches: 
vector algebra, including the addition and multiplication of vectors, 
and the relations between the components of vectors in different coordi- 
nate systems; and vector analysis, including the differential vector 
operations, corresponding integral relations, and the general theorems 
concerning integrals. W e shall treat both subdivisions in this appendix. 

Vectors and Their Components. — We shall denote a vector, a 
quantity having direction as well as magnitude, by bold-faced type, as 
F. Vectors are often described by giving their components along 
three axes at right angles, as Fy, Fz. Their mathematical relation- 
ships are conveniently stated in 
terms of their components. Thus 
their law of addition is the paral- 
lelogram law; in terms of compo- 
nents, this means that, if two 
vectors F and G have components 
Pj;, Fy, Fz, and Gx, Gy, Gz, respec- 
tively, the components of the sum 
F -f- G are (P. -h (?.), (Fy -h Gy), 
(Fz + Gz), as we show graphically 
in Fig. 39. To multiply a vector 
by a constant, as C, the vector 
must be increased in length by the 
factor C, leaving its direction un- 
changed; this amounts to multi- 
plying each component by the 
constant C, so that the compo- 
Often a constant like C is called a 
scalar,” to distinguish it from a vector. A scalar is a quantity that 
has magnitude but not direction, a vector having both magnitude 
and direction. 

It is often useful to write vectors in terms of three so-called “unit 
vectors,” i, j, k. Here, i is a vector of unit length, pointing along the 
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Fig. 39. — Parallelogram law for addi- 
tion of vectors. The vector F -|- G, the 
diagonal of the parallelogram of sides F, 
G, is the vector sum of F and G. Its x 
component is Fx -f- Ox, its y component 
Py H” Oy. 

nents of CF are CFx, CFy, CFz. 
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X axis, and similarly j has unit length and points along the y axis, and 
k along the z axis. Now, we can build up a vector F out of them, by 
forming the quantity iF„ + ]Fy + This is the sum of three 

vectors, one along each of the three axes, and the first, which is just the 
component of the whole vector along the x axis, is Fxj and the other 
components likewise are Fy and Fg. Thus the final vector has the 
components F^, Fy, Fg, and is just the vector F. 

By the magnitude of a vector we mean its length. By the three- 
dimensional analogy to the Pythagorean theorem, by which the square 
of the diagonal of a rectangular prism is the sum of the squares of the 
three sides, the magnitude of the vector F equals '\/F% + FI -b F\. 
We often speak of unit vectors, vectors whose magnitude is 1. The 
component of a vector in a given direction is simply the projection 
of the vector along a line in that direction. It evidently equals 
the magnitude of the vector, times the cosine of the angle between 
the direction of the vector and the desired direction. As a special 
example, the component of a vector F along the x axis is F^, and this 
must equal the magnitude of F, times the cosine of the angle between 
F and x. If this angle is called {F,x), then we must have 


cos {F,x) 


F, 


VFl -h F'i + FI 


with similar formulas for y and z components. The three cosines of 
the angles between a given direction, as the direction of the vector 
F, and the three axes, are called “direction cosines,’' and are often 
denoted by letters m, n, so that in this case we have I = cos {F,x), 
etc. It follows immediately that H- = 1. We can make a 

simple interpretation of the direction cosines of any direction: they are 
the components of a unit vector in the desired direction, along the 
three coordinate axes. 

Scalar and Vector Products of Two Vectors. — Multiplication of two 
vectors is a somewhat arV)itrary i)rocess, governed by rules that we must 
postulate. It has proved to be convenient to define two entirely inde- 
pendent products, called the “scalar product” and the “vector 
product.” We shall first consider the scalar product. The scalar 
product of two vectors F and G is denoted by F • G, and by definition 
it is a scalar, equal to either (1) the magnitude of F times the magnitude 
of G times the cosine of the angle between; or (2) the magnitude of 
F times the projection of G on F; or (3) the magnitude of G times the 
projection of F on G. From the preceding section we see that these 
definitions are equivalent. It is often useful to have the scalar product 
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of two vectors in terms of the components along x, y, and z. We find 
this by writing in terms of i, j, and k. Thus we have 

F • G = (iFa, + ]Fy + kP’s) • (iGx + ]Gy + 'k.Gz) 

- (i - i)FxGx + (i • f^FjGy + (i • ^)FxGz 
+ (j • i)FyGx Hr (j • ^)FyGy Hh (j • 'is)F yGz 
4- (k . i)FzGx H- (k • ])FzGy + (k • ^)FzGz. 

But, by the fundamental definition, 

i. i = j . j = k-k = 1, 

i . j = j . i = j . k = k . j = k . i = i . k = 0. 

Thus 

F * G == F xGx H“ FyGy H- FzGg. 


( 1 ) 

( 2 ) 


The scalar product has many uses, principally in cases in which we are 
interested in the projection of vectors. For example, the scalar 
product of a vector with a unit vector in a given direction equals 
the projection of the vector in the desired direction. The scalar 
product of a vector with itself equals the square of its magnitude, 
and is often denoted by F^. The scalar product of two unit vectors 
gives the cosine of the angle between the directions of the two vectors. 
To prove that two vectors are at right angles, we need merely prove 
that their scalar product vanishes. 

The vector product of two vectors F and G is denoted by (F X G), 
and by definition it is a vector, at right angles to the plane of the two 

vectors, equal in magnitude to 
either (1) the magnitude of F times 
the magnitude of G times the sine 
of the angle between them ; or (2) 
the magnitude of F times the pro- 
jection of G on the plane normal 
to F; or (3) the magnitude of G 
times the projection of F on the 
plane normal to G. We must 
further specify the sense of the vec- 
tor, whether it points up or down 
Fig. 40 .— Direction of the vector This is sllOWU ill 

Fig. 40, where we see that F, G, and 
F X G have the same relations as the coordinates x, y, z in a right- 
handed system of coordinates. Another way to descrilie the rule in 
words is that, if one rotates F into G, the rotation is sxudi that a right- 
handed screw turning in that direction would lie driven along the 
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direction of the vector product. From this rule, we note one interest- 
ing fact: if we interchange the order of the factors, we reverse the 
vector. Thus (F X G) = — (G X F). 

We can compute the vector product in terms of the components, 
much as we did with the scalar product. Thus we have 

F X G = (i X + (i X ^)FjGy + (i X k)F,0. 

+ (j X i)FyG, -h (j X ])FyGy + (j X ^)FyG. 

-f (k X i)F.G. + (k X ])FjGy + (k X k)F.G.. 


But now, as we readily see from the definition, 

(i X i) = (j X j) = (k X k) = 0 

(as, in fact, the vector product of any vector with itself is zero), and 
(i X j) = — (1 X 1) = K, (1 X K) = — (K X 1) = 1, 


(j X i) = k, (j X k) = — (k X j) 
(k X i) = -(i X k) = j. 


(3) 


Hence, rearranging terms, we have 

F X G = i{FyG. - F^ry) 4- l(F,G, - FjGz) + k(FA - FyG.) (4) 

Vector products are particularly useful in problems relating to moments, 
angular velocities, rotations, etc., such as are taken up in Chap. V. 
One additional simple application comes when we may wish to prove 
two vectors to be parallel. To do this, we need only show that their 
vector product vanishes. 

Vector Components in Rotated Coordinates. — There is nothing 
special about the coordinate system in which our relations of the previ- 
ous sections have been stated; obviously we must be able to rotate 
coordinates, and retain the same form for such things as Eqs. (2) and 
(4), stating the values of the scalar and vector products in terms of 
their components. Often it is desirable to find how the components of 
a vector are to be descrilied in terms of rotated coordinates, and in 
this section we sliall investigate the nature of a rotation of coordinates, 
and show tliat the scalar and vector products retain their forms in a 
rotated system. 

As a first step in setting up rotated coordinates, let us set up three 
unit vectors F, j', kb pointing along the x'y'z' axes of the rotated 
system. Since these vectors are of unit magnitude and at right 
angles to each other, they must naturally satisfy the eciuatioiis 

j' . k' = k' ■ i' - 0, 


i'2 _ J 

If 


: / 2 


k'= = 1, 


1 • y 


F X j' = kb j' X k' = F 


k' X i' 


jb 


(5) 
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analogous to ( 1 ) and ( 3 ). Remembering now that the component of 
one unit vector in the direction of another is the cosine of the angle 
between them, we may write the relations between i, j, k on the 
one hand, and i', j', k' on the other, in either of two alternative forms 

i = i' cos {x,x') + j' cos (x,y') + k' cos {x,z') 
j = i' cos {y,x') + j' cos + k' cos {y,z') 

k = i' cos {z,x') + y cos {z,y') + k' cos {z,z') (6) 

or 

i' = i cos (x,x') + j cos {y,x') + k cos {z,x') 
y = i cos {x,y') + j cos {y,y') + k cos {z,y') 
k' = i cos {x,z') + j cos {y,z') + k cos {z,z'). (7) 

For convenience in notation, we shall rewrite these cosines in the form 


cos (x,x') = O'!!, cos (x,y') = q:i2, cos {x,z') = a 13 

cos {y,x') = 0:21, cos iy,y') = a22, cos {y,z') == 0:23 

cos (z,x') = otzi, cos {z,y') = 0:32, cos {z,z') = agg. (8) 

We shall now demonstrate a number of properties of the a<,'s, before 
proceeding to use them. These properties follow from the relations 
( 1 ), ( 3 ), and ( 5 ). 

From Eq. (1), together with (6) and (8), we have 


^ ocprOiqr — 5 pg, where = I if p = q, — 0 if p q. (9) 


The relations for p 9^ q, stating that the vectors i, j, k are orthogonal to 
each other, are called '^orthogonality relations,"' and those for p = 
stating that the magnitudes of i, j, and k are unity, are called "normal- 
ization conditions."" It is from these orthogonality and normalization 
conditions in the rotation of vectors that the notation has arisen in 
such cases as the theory of normal coordinates, as discussed in Chap. 
VII, Sec. 2, and in the case of orthogonal functions, as discussed in 
Chap. X, Sec. 3 , for the vibrating string, and in Chap. XI, Sec. 4, for 
the vibrating membrane. 

Using in a similar way Eqs. ( 5 ) and ( 7 ), we can prove the analogous 
relations 


2 


<X^p(Xfq 


Spq. 


( 10 ) 


From the vector products in Eqs. ( 3 ) and ( 5 ) we can prove relations 
that we shall write in terms of their components: 
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dll = «22«33 

0:21 “ < 3 ^ 130:32 

<^31 == Oil2<^23 


0 : 230 ^ 32 , 

<^330^12, 

dziiOiiz, 


«12 = CL2Zdzi 
^22 “ OLzzdlX 
0:32 = o:2i<^i3 


0 : 330 : 21 , 

0 : 310 : 13 , 

0 : 110 : 23 , 


di 3 

— OiszOiZl — 

0:220:31 


Oi 23 

= Q: 3 iai 2 

0:110:32 

(11) 

OC33 

= 0:110:22 — 

0:120:21. 


These relations may be stated in terms of the determinant of the a’s, 



0:11 

012 

0:13 

A = 

0:21 

0:22 

0:23 


031 

0:32 

0:33 


( 12 ) 


It will be seen at once that they state that each element of the determi- 
nant equals its own cofactor. Furthermore, from the fact that 
i • (j X k) = i • i = 1, we can prove at once that the determinant (12) 
equals unity. It is easily shown that (11) can be derived in an alterna- 
tive manner by solving Eqs. (6) for F, j% k', or solving (7) for i, j, k, 
using the formulas for solving sets of simultaneous linear algebraic 
equations in terms of determinants. For we then have 


1 

<^12 

0:13 

• 

J 

^22 

0:23 

k 

CXV2 

0:33 

0:11 

0:12 

0:13 

0:21 

0:22 

023 

0:31 

0:32 

0:33 


1(0:220:33 — 0:230:32) H“ j(o:i 3 o :32 — 0:330:12) 

-1- k(o: 120:23 — 0 : 22013 ) (13) 


in which we have used the fact that the determinant (12) equals unity. 
Taking the scalar product of (13) with i, j, and k, respectively, we 
have three of the equations (11), and the others follow in a similar 


manner. 

Now that we have investigated the properties of a rotation of 
coordinates, we may at once find the components of a vector with 
respect to the new rotated coordinates. 1 he component I' ^ of a 
vector F along the x' axis is the scalar product of F with the unit vectoi 
i'; thus, using (7), we have 


F' = a\\Fx + 0:2 iFy + ol^iFz 
Fy = cxi»Fx + + e:32F« 

F' = Civ.\F X + 4" (14) 

To write these in more condensed form, we may write F* = Fi, 
Fy = F 2 , Fz = F 3 , F* = F^, etc., so that we can indicate the subscript 
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by an index, such as i, j, etc. Then we may rewrite (14) in the form 

(15) 

3 

Similarly we find 



3 


We may now use these relations, plus the orthogonality relations, to 
investigate the form of the scalar product in the rotated coordinates. 
We have 

F • G = 2 m ^ anF’^dii^Gi 

i ijk 

= 2 F'-Gja ^ oiijOiire = ^ FjG'hbjk 

jk i jh 



Thus, using the orthogonal property of the transformation, we have 
shown that the scalar product has the same form in the rotated as 
in the original coordinates. The corresponding proof for tlie vector 
product is left for a problem; it is easier to carry it out by wiiting the 
components out explicitly, and it requires for its proof the relations (11) 
between the a’s. 

The Differentiation of Vectors. — We have seen that there are at 
least three processes of multiplication involving vectors: tlie multi- 
plication of a vector by a scalar, the scalar product of two vectors, and 
the vector product of two vectors. In a somewhat similar way there 
are a number of differential operations involving vectors, all witli, their 
special uses. The simplest of these is the differentiation of a vector 
with respect to a scalar. The most familiar example is that encoun- 
tered in Chap. Ill, where we have a displacement vector r, wliose 
components were x, y, z, and where we differentiate Avith respect to the 
time, to get the velocity vector v, with components dx/dl, dij/dl, 
dz/dL This type of derivative hardly requires further comment. 

The next type of differentiation that we consider is the differentia- 
tion of a scalar with respect to x, y, and 2 :, to give a vector, the gradient, 
which we encountered in Chap. Ill, Sec. 2, in discussing the relation- 
ship between the force vector and the potential energy. Tliere, given 
a potential energy function 7, a scalar function of position, we found it 
useful to introduce a vector, the gradient of V, whose components are 
dV/dx, dV/dy, dV / dz. We must in the first place check our right to 
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call this quantity a vector at all. For we have seen in (15) and (16) 
that the components of a vector transform in a particular way when we 
rotate coordinates. We may denote a quantity with three components 
as a vector only if its components transform in this same way. That 
is, we may denote grad F as a vector only if relations of the form 


dV 

dx' 


dV , dV , dV , 
<^11 ■+• « 2 i "vr: T 0 : 31 -^, etc., 


dx 


dy 


dz 


(17) 


are satisfied. Let us prove that these relations are in fact fulfilled. 
Certainly from the fundamental theorem of partial differentiation we 
have 

dV dV dx , dV dy , dV dz 


_ iz. _[_ 

0.x' dx dx' dy dx' ' dz dx'' 
i • r, the component of the radius vector along the x axis, and 


z 4_ 


etc. 


(18) 


But x 
x' = i 


i' • r, so that, using (G) and ( 8 ), we have 

X == oiiix' T* oL\^y' d" cKiss', etc. 
We then have, differentiating, 


dx 


dx 


0 .x 

dx' 

= «ii, 

dy' 

— « 12 , 

dz' 

dy 


dy 


dy 

dx' 

= 0:21, 

dy' 

= 0:22, 

'W' 

dz 


dz 


dz 

dx' 

= 0:31, 

w 

= 0:32, 

07 


«13 


~ 0!2.3 


0 : 33 . 


Using these relations, we then immediately show the identity of (17) 
and (18), and hence verify that grad V is in fact a vector. 

We may write the gradient in a form that brings out an interesting 
property of the differential operators. We write 


grad V 


0 


. . d , t d 

4- 3 k 

dy d 


'f)y- 

)z/ 


Here we have written tlie gradient symbolically as tlie product of a 
vector operator, and tlie scalar V . Tills vector operator is ordinarily 
denoted by a special symbol v (pronounced ‘hlcl”), defined by 

. d 


& d 

1 T- + j k 

dx dy dz 


(19) 


We prove that this operator transforms like a vector when the axes 
are rotated, liy a method just like that used in the preceding paragraph. 
Whenever we use the operator V, we understand that the differentia- 
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tions are to operate on whatever appears to the right of the operator. 
With this definition, we see that we may write the identity 

grad V = VF. 

In some texts on vectors, the gradient is simply denoted by VF. 

Having established the vector nature of the operator V, we see 
that we can define two types of derivatives of a vector: if we have a 
vector F, we can define derivatives by taking the scalar or the vector 
product of V with the vector, resulting in V • F and V X F. These 
are the quantities defined as the divergence and the curl, which we 
have met in the equation of continuity in hydrodynamics, in Chap. 
XIII, and in the discussion of forces derivable from a potential, in 
Chap. Ill, respectively. From the definition (19), we have 


and 
curl F 


div F = V . F 


dFx , dFy , dFz 
dx dy dz 


= V X F = 





We can prove that these operations preserve their form when the axes 
are rotated, by methods that are analogous to those already used in 
similar cases. 

Pursuing the vector nature of the operator V, we can introduce 
several other vector differential operations. One additional operation 
involving first derivatives is sometimes encountered. It is formed 
with the aid of a vector function of position, for instance, v, and may be 
written 


grad = + + 


dz 


Being a scalar operator, this can be applied either to a scahir function 
of position, resulting in a scalar, or to a vector function of jjosition, 
resulting in a vector. We encounter this operation applied to a vector 
in Chap. XIII, Sec. 3, in discussing the Eulerian equations of motion 
for a fluid. Then there are several operations involving second 
derivatives. The most familiar ones involve the operator V • V — 
which written out is 


V2 == 


02 


( 20 ) 


This is the operator that we encounter often in the wave equation, 
Laplace’s equation, etc., and that is often called the “Ijaplacian,” 
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for that reason. Being a scalar operator, it can be applied to either 
a scalar or a vector, and both forms frequently occur. Another 
second differential operator that is encountered often in electro- 
magnetic theory, though not often in mechanics, is the vector operator 
curl curl, applied to a vector: curl curl F = V X (V X F). We prove in 
a problem the useful relation 

curl curl F = grad div F — V^F 


reducing this operator to the Laplacian, which we have already met, 
and to grad div F = V(V • F). This completes the list of the vector 
operations that are often encountered. 

The Divergence Theorem and Stokes’s Theorem.— Two vector 
theorems involving integrals, somewhat similar in principle to the 
theorem regarding integration by parts in calculus, are of great impor- 
tance in vector analysis. These are the divergence theorem, some- 
times known as Gauss’s theorem, and Stokes’s theorem. We shall 
now prove these theorems. The divergence theorem relates to a 
closed volume V in space, and the surface S that bounds it. It is 
assumed that there is a vector function of position F. The theorem 
then states that the surface integral of the normal component of F, 
over the surface S, equals the volume integral of div F, over the volume 
7. That is, 




F • n da 


Ilf 

V 


Fdv 


( 21 ) 


where n is unit vector along the outer normal, so that F • n is another 
way of writing Fn, the component of F along the outer normal. To 



prove our theorem, we start by dividing up the volume V into thin 
elements bounded by planes y = constant, z = constant, as in Fig. 41. 
The component Fa- will be a function of x along such an element, and 
we have obviously 



( 22 ) 


where X 2 are the values of x at whic.h the element cuts through 
the surface S. l^et ni, be the outer normals at these two ends of 



268 


MECHANICS 


the element, and let dai, da^ be the corresponding areas of surface 
bounding the ends of the elements. We shall have 

— dai cos {ni,x) = dy dz 
da 2 cos (riijX) = dy dz 

where (nx,x) and {n 2 ,x) refer to the angles between the vectors ni and 112 
and the x axis, where the negative sign in the first equation arises 
because the outer normal has a negative projection on the x axis at the 
end xx, and where dy, dz represent the thickness of the element along 
the y and z directions. Multiplying both sides of (22) by dy dz, we 
then have 


/ dF 

/ dx dy dz = cos {nx,x) dax -\- cos (n 2 ,x) da^. 

J XI 

Carrying out a summation over all elements of this type, the integral 
on the left will become a volume integral over V, the sum on the light 
will become a surface integral over S, and we have 



dx 


dv 


// 


F* cos {n,x) da. 


(23) 


We now proceed similarly with y and z, breaking up the volume into 
thin elements with their axes along y and z, and obtain two other 
equations similar to (23) . Adding them, we have 



dF X I dFy dF 


dx 


+ 


dy 


+ 


dz 


) 


dv 


// [Fx cos {n,x) + Fy cos (ji,y) + Fg cos ('/^,2:)] da. 
s 


But the integrand on the right is just the scalar product F • n, so that 
we have proved our theorem (21). This theorem, the divergence 
theorem, is met in the equation of continuity, as in Chap. XIII. It is 
also a fundamental theorem in other problems involving flux, such as 
heat flow, the flow of electric current, and the flux of electric and 
magnetic force. It is very important in electromagnetic theory, 
and a theorem derived from it, called “ Green’s theorem,” is constantly 
met in electromagnetic and potential theory. 

A simplified version of our proof, though not entirely satisfactory, 
is instructive. This comes from proving the theorem for a volume 
consisting of an infinitesimal rectangular parallelepiped, bounded by 
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x,x dx, 2/, 2/ + d,y 7 + dz. First we compute the surface integral 
of F„ over the six faces of the volume. For the face at x, Fn is —F*, 
and the integral is —F^{x) dy dz, where the value of is to be com- 
puted at rr. For the face at x + dx, Fn is F*, and the integral is 

4 - dx) dy dz. Thus the surface integral over these two faces is 
approximately (dF^/dx) dx dy dz. Adding similar contributions from 
the faces normal to the y and z axes, we find for the total surface integral 
the amount div F dx dy dz, which is what the divergence theorem would 
give. This treatment suggests a simple physical definition for the 
divergence of a vector: it is the total outward flux of the vector per 
unit volume. To get from this form of the theorem to that involving 
a finite volume, we may subdivide the finite volume into infinitesimal 
parallelepipeds. The total flux outward of the vectoi thiough the 
surface of the finite volume is just equal to the sum of the fluxes out- 
ward over the surfaces of the infinitesimal volumes; for at each interior 
surface of separation between infimtesinial volumes, the flux outwaid 
from one volume is just balanced by the flux into its neighbor, leaving 
only the contributions of the exterior surfaces. The weakness of this 
proof lies only in the fact that a real volume cannot be built up entirely 
of infinitesimal parallelepipeds; around the boundary there would have 
to be infinitesimal volumes with surfaces inclined to the cooidinate 
planes, which this treatment does not consider. Our earliei treatment, 
however, removes this objection. 

Next we consider Stokes’s theorem. This theorem relates to 
a closed line L in space, and a surface S which is bounded by L. Again 
we have a vector function of position F. Stokes’s theorem states that 
the line integral of the tangential component ot F, around Jj, ecpials the 
surface integral of the normal component ot curl F, over >S. J hat is, 

r F • ds = ( f (curl F) . n da (24) 


where ds is a vector clement of distance around the boundary, and 
n is the normal to the surface, chosen to point up if the positive 
direction of traversing the boundary is chosen (that is, it we go around 
the boundary in a counterclockwise direction). We shall give a simpli- 
fied discussion of this theorem, similar to the second method we used 
for handling the divergence theorem. Ijct us sulxlivide the surface S 
into a set of small approximately rectangular areas. We shall prove 
the theorem for each of the separate areas, and them combine them. 
As we see from Fig. 42, the contributions to the line integrals from 
the interior boundaries will cancel, so that the sum of all the line 
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integrals will equal the line integral around the perimeter. The sum 
of the surface integrals over the separate rectangles will clearly equal 
the surface integral over the whole surface. Thus by adding the 
separate contributions we arrive at the theorem (24), which we wish 
to prove. The only reservation is that the line integral is computed 
for a saw-tooth type of curve approximating the actual boundary. It 
is not hard to show, though we shall omit it, that the line integral JF • ds 
over a saw-tooth curve approximating the actual curve sufficiently 
smoothly differs by a negligible amount from the integral over the 
actual curve, so that we can construct a rigorous proof of the theorem 
without trouble. 



Fig. 42. — Surface for discussing Stokes’s 
theorem. 


Xy y+dy x + dx, y-¥dy 

I ^ I 

y 

»■ — 

y x+ dx, y 


Fig. 43. — Circuit for proving 
Stokes’s theorem. 


We must then prove our theorem (24) for a small rectangular area. 
Let us choose the x and y axes to point along the sides of the rectangle, 
the axis along the normal n ; if we can prove the result in this coordi- 
nate system, it will have to hold as well in any coordinate system, on 
account of the way in which vector operations are unaffected by rota- 
tion of coordinates. The rectangle is considered to be bounded by 
the values x, x dx, y, y dy, as in Fig. 43. The surface integral 
on the right of (24) is then (dFy/dx — dFx/dy) dxdy. . Let us next 
compute JF • ds for the element of area. It is evidently 


Fx(x,y) dx -b Fy{x dx,y) dy — Fx(x,y + dy) dx — Fy{x,y) dy 

\ dx dy ) 


dx dy 


if we go around so as always to keep the surface on the left. Thus 
the theorem (24) is true for the infinitesimal rectangular surface, 
and by the argument above it then holds for a finite surface as well. 

Stokes’s theorem, as we see in Chap. Ill, is useful in discussing the 
question of whether a given force field is conservative or not. In this 
volume, we have little reason to make use of fields that are not con- 
servative, but in some branches of physics, as in electromagnetic 
theory, we often meet such fields, and the curl, and Stokes’s theorem, 
are of great importance. A similar situation arises in hydrodynamics, 
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as is discussed in Chap. XIII, where in the simple case of streamline 
flow the curl of the velocity is zero, but where in the case of vorticity 
there is a curl different from zero, and we are concerned with the line 
integral of the tangential component of velocity about a closed curve, 
a quantity that is known as the “circulation.^' 

Problems 

1. Find the angle between the diagonal of a cube and one of the edges. {Hint: 
Regard the diagonal as a vector i + j + k.) 

2. Given a vector i + 2j + 3k, and a second i - 2j + ak, find a so that the 
two vectors are at right angles to each other. 

3. Prove that lx + my -V nz = k, where I, m, n, k are constants, and 

= 1, is the equation of a plane whose normal has the direction 
cosines I, m, n, and whose shortest distance from the origin is k. 

4. Prove that A • (B X C) = B • (C X A) ~ C • (A X B), where A, B, C are 
any vectors. Show that these are equal to the determinant 

A X A y Ag 

Bx By jB,j. 

Cx Cy C* 

6. Prove that A X (B X C) = B(A • C) — C(A • B), where A, B, C are any 
vectors. 

6. Prove that div aF = a div F -f (F * grad a), where a is a scalar, F a vector. 

7. Prove that curl oF - a curl F + [(grad a) X F], where a is a scalar, F a 
vector. 

8. Prove that div (F X G) = (G • curl F) - (F • curl G), where F, G are 
vectors. 

9. Prove that div curl F = 0, where F is any vector. 

10. Prove that curl curl F = grad div F - V'^F, where F is any vector. 

11 . Prove that the vector product is invariant under a rotation of axes. 

12. Prove that the divergeiuu^, curl, and Laplacian are invariant under a 
rotation of axes; that is, that they have the same form in the new axes as in the old, 
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A tensor, for the purposes of the present volume, is a quantity like 
Tij, having two indices, and furthermore characterized by the fact that, 
when we combine it with a vector of components Fj-, by the rule 


i 



the resulting quantity of components Gi is likewise a vector. We 
have met several examples of tensors. First, in Chap. V, we met 
the moment of inertia tensor which satisfied Eq. (2.6) of that 
chapter, 



h 


where pa represents the components of the angular momentum vector, 
and C 06 the components of the angular velocity vector. Another 
example came in Chap. VII, where we had a tensor Aij determining 
the interaction between a set of particles held together by linear 
restoring forces, satisfying the relation 

Fi = “ ^ 

3 

where Fi is the force on the ^th particle, and Xj the vector displacement 
of the jth particle. In Chap. X, in discussing changes of variables in 
function space, we introduced a tensor Ank, such that a characteristic 
function Un (a generalized vector) could be expanded in terms of 
unperturbed functions ul (also a generalized vector) by the expression 



k 


In Chap. XII, we encountered the stress tensor Tij, such that the force 
vector of components Fi exerted across unit area of a plane whose 
normal was a vector a,- was given by 

Fi = ^ Tijaj-. 

3 

272 
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Again, in Chap. XII, and also in Appendix IV, we have been concerned 
with rotation of axes. These rotations were determined by quantities 
acj, such that the components Fi of a vector in original coordinates are 
related to the components F'- in rotated coordinates by the relations 

^ ctifF;-. 

3 

It is clear that all these cases have a formal relationship to each other. 
For our present purposes we do not need much more information about 
tensors than is given by these simple i-elations, but we shall go some- 
what further in discussing their properties. 

In many important cases we have met symmetric tensors, in which 
Tij — Tji; this was the case with the moment of inertia, the tensor 
of linear restoring forces, and the stress, though not the rotation tensor 
aij. There can also be antisymmetric tensors, in which — —Tji, 
and in which as a corollary the diagonal terms, for i — j, must be zero. 
An example, which would not occur to one at first sight, is the vector 
product of two vectors. If we have two vectors, of components Fi, 
Gi, and form the tensor Ta = FiGj — FjGi, we note at once that by the 
definition it is antisymmetric, so that it has only six nonvanishing 
components, of which three are equal and opposite to the other three, so 
that really there are only three independent components. Of these, 
letting the indices take on the values x, y, z, we find that 

Ty. = FyG. - FJGy = (F X G), 

T.* = FJG. - FJG. = (F X G)„ 

= FjGy - FyG. - (F X G).. 

This interpretation of the vector product, and correspondingly of the 
curl of a vector, as an antisymmetric tensor instead of as a vector, 
is sometimes of considerable value, and is often used in advanced 
discussions of electromagnetic theory. We note at once that, although 
some tensors are symmetric, some antisymmetric, any arl)itrary tensor 
may be written as the sum of a symmetric and an antisymmetric tensor, 
by the simple equation 


t; 


)4(Tii + 7’,o + y,{T 


’ll 


Tji) 


in which it is clear that the first term is symmetric, the second anti- 
symmetric. 

When we consider algebraic operations involving tensors, we have 
already seen in (1) how we can multiply a tensor by a vector to get a 
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vector. Clearly we can multiply a tensor by two vectors to get a 
scalar : 

(G . H) = ^ QiHi - 

% ij 

Examples of this process have been seen in Chap. V, Eq. (2.8), where 
we found the kinetic energy T by the equation 

y = 3^ ^ jf abWflWb 
ah 

as well as in Chap. VII, where the potential energy was 

V = ^ AijXiXj, 

ij 

and in various other places. There are various other types of products 
involving tensors, but we have not had occasion to use them. 

In Chap. XII we encountered certain facts regarding the behavior 
of a tensor under a rotation of coordinates. We have been interested 
in such a rotation that a given tensor is reduced to diagonal form; that 
is, a rotation to principal axes. Using the stress tensor as an example, 

we find that ^ Tjhccki represents the Xj component of force per unit 

k 

area across unit plane normal to Xi ; it is sort of a mixed tensor, referring 
half to the unprimed, half to the primed coordinates. We demand 
that this force be parallel to x'i] that is, that it be a constant, T'^, times 
the unit vector along Xi. Since this unit vector has a component an 
along the Xj direction, this leads to the equation 

r.-taw = T'iCn, ^ (Ti* - = 0, (2) 

k 

which is the same as Eq. (1.3), Chap. XII. As we have pointed out 
several times, these equations form a set of n simultaneous equations 
(if n is the number of values over which the index k ranges, equal 
to three in the ordinary vector case) for n unknowns aui, where k goes 
from 1 to n. But n such simultaneous homogeneous linear equations 
have in general no solution unless the determinant of their coefficients 
equals zero. To see this, if the result is not familiar, we may take a sel 
of equations 

CLllXt • -f- ainXn = ?>1 

aziXl 4- • • • 4- aznXn = Z>2 


2 


y TijHiF,- 


dnlXl 4“ ' " " “b O'nnXn 


(3 
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in which the a’s and 6’s are coefficients, the a;’s unknowns. The solu- 
tion of these equations by determinants is 


hx 

ai2 

ai3 . . . 

CL In 

hi 

a 22 

<123 • • • 

a^n 

hn 

CL 2 

CLfi^ « • * 

Ctnn 

an 

Ctvi 

13 . ■ 

• CL i-rt. 

(121 

CI 22 

<^23 . • 

. Ci2n 

(^n 1 

CLn2 

a„3 . . 

* CLnn 


with similar solutions for the other x's. Our case (2) is the special 
case where the b’s in (3) are all zero, the homogeneous equation. In 
this case, the determinant in the numerator of (4) is zero, and xi, 
and all the a;'s, will be zero, except in the special case where the 
denominator is also zero, so that the ratio is indeterminate. It is for 
this reason that the determinant of coefficients in (?) must vanish, 
leading to the secular equation for the values Ti. 

The secular equation, formed by setting the determinant of coeffi- 
cients in Eq. (2) equal to zero, is an algebraic equation of the nth 
degree for T'i, and hence has n roots. We label these roots from 1 to n, 
for instance, in order of size, and call the first one the second and 
so on. Inserting any one of these roots, such as the ^th, into Eq. (2), 
we now find that the equations have solutions for the etui’s. As we have 
pointed out in the text, the equations serve to determine only the 
ratios of the aii’s, not their absolute magnitudes, for we may divide 
Eqs. (2) by one of the a’s, for instance, exu, and obtain n equations for 
then — 1 variables a/fct/aK, 7c = 2, 3, • ■ • n. These equations may be 
solved in the usual way for these ratios; any n — 1 of them will give a 
set of solutions, and these solutions will automatically satisfy the nth 
equation as well, because the secular equation is satisfied. We may 
if we choose determine the magnitudes of the a’s by imposing the 

normalization condition ^ o.\i = 1. 

k 

Now that we have found the ^/ci’s, we may show that the vectors 
so found are orthogonal, so that the principal axes form a set of orthog- 
onal axes. To show this, we take Eq. (2), which we shall slightly 

generalize to the form ^ T jkotki = TiCj-aji, so that we can take account 

k 

of the case of normal modes of oscillation, as met in Eq. (2.1), Chap. 
VII, as well; in that case the 7h/’s are replaced by 4f/’s, and the c/s 
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become m^s. We now multiply by and sum over j, obtaining 






OjOLjiOijjim 


We may rewrite (2), using other symbols^ in the form 


(S) 


T jhOChn T ^C'jOLjn* 


( 6 ) 


Multiplying (6) by ocji, and summing over j, we have 


jk 



0 j Oiy Oi j 'll » 


( 7 ) 


In the double summation on the left side of (7), we may interchange 
the names of the symbols j and k, and that summation becomes 

identical with ^ T kjCXjnOLki. Subtracting (7), with this modification, 

jh 

from (5), we have 


(T jk — Thdoc.jnOiki — (Ti — T'n) ^ CjOijiOijn. ( 8 ) 

Jk j 

Now, if Tij is a symmetric tensor, we shall have Tjk = Tkj, and the 
left side of (8) will vanish. 

This is the only case in which the proof of orthogonality holds (so 
long as all the tensors concerned are real; we disregard the case of 
complex tensors). Then the right side of (8) must be zero. This 
leads to two possibilities: first, TJ may be different from and in this 

case ^ CjOijiajn = 0, proving the orthogonality that we wished to show ; 
0 

secondly, T'i may equal T'^, in which case our proof gives no new 
information. We may have T'i = T'n for either of two reasons: 

i may equal n, in which case the summation is ^ which is cer- 

j 

tainly not zero (since we have assumed it to be normalized to unity) ; 
or i may not equal n, and yet the T"s may be equal, in which case we 
have degeneracy. In a case of degeneracy, it is not necessary that the 
principal axes be orthogonal. For instance, in a symmetrical rigid 
body, we have seen that any axis in the plane normal to the axis of 
symmetry can act like a principal axis, in the sense of the present 
paragraph. It is always possible, however, in such a case to choose the 
principal axes to be orthogonal to each other, and we assume that 
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that has been done. Thus in every case the transformation to princi- 
pal axes results in an orthogonal set of unit vectors, which define a 
rotation of axes. 

We have seen that ^ Tucakj represents the xi component of force 

k 

across unit plane normal to x'^, where we now disregard the c/s. From 
this we can easily find the a:'- component of force across unit plane 
normal to Xj, which we may call Tij. We need merely use Eq. (15), 
Appendix IV, and find 

T'ij = ^ T ikdiiOikj. (9) 

This is the general equation for the components of a tensor in rotated 
coordinates, analogous to the expressions (15) and (16) of Appendix 
IV for giving the components of a vector in rotated coordinates. 
As an illustration of this equation, let us verify the fact that the 
tensor becomes diagonal when the axes are rotated to the principal 
axes. That is, we assume that the a’s are determined by Eq. (2). 
Inserting this in (9), we then have at once 

7'<, = 2 ““ 2 E 

I k I 


which shows that T'ij is diagonal, with its diagonal components given 
by r^. 

We have now gained some insight into the nature of tensors, and 
their behavior when the coordinates are rotated. In addition, we need 
information regarding tlieir derivatives. In this regard we have met 
only one dill’erential operation, the tensor divergence, which we encoun- 
tered in our dis(uission (jf (dasticity, in Chap. XII, Sec. 4. This quan- 
tity was given l)y ^ dTij/dxj, and represented the ith component of 


force per unit x'olume, a vector. Clearly it is the product of the vector 
V, and the tensor 2\j, formed according to the definition (1). Other 
more complicated differential operations can be set iq), just as other 
types of products can be set up, using V in various ways, but they need 
not concern us here. 

This brief summary of some of the properties of tensors is merely 
sufficient to give the orientation necessary for the applications that 
we have had to make of tensor methods. As a matter of fact, tensor 
calculus is a widespread sulqect, with many uses. We may in the 
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jfirst place generalize to having tensors with any arbitrary number of 
indices, not merely two. In fact, a vector is regarded in this gen- 
eralized sense as a tensor with one index; the type of tensor that we 
have considered in this appendix has two, but there can be tensors 
with any number of indices, a scalar being the particular case in which 
there are no indices at all. Naturally the types of products and of 
differential operations become very great under these circumstances. 
The further developments of tensor analysis mostly deal with the gen- 
eral behavior of tensors, not merely under a rotation of coordinates, 
but also under an arbitrary change of variables. We shall meet a small 
part of this theory in Appendix VII, where we consider vector opera- 
tions in curvilinear coordinates. The most celebrated application of 
this generalized tensor theory is found in the theory of general rela- 
tivity, where the laws of mathematical physics are expressed in a form 
that is preserved when any arbitrary change of variables is introduced* 

The theory of the rotation of axes to the principal axes, which we 
have illustrated in this appendix, forms the basis of the matrix theory 
of quantum mechanics. Our Eq. (2) is identical with the fundamental 
equation of matrix mechanics, and our proof of orthogonality in (8) 
is substantially like the corresponding proof in quantum mechanics, 
except that there one deals with complex, rather than with real, quanti- 
ties. In quantum mechanics, one also operates with Schrodinger’s 
equation, a partial differential equation like the wave equation, whose 
solutions are orthogonal functions. One finds that the orthogonality 
properties of the solutions of Schrbdinger’s equation are closely con- 
nected with the orthogonality relations for the principal axes. The 
mathematics that one encounters in that field is closely analogous to 
what we have met in discussing the perturbation theory for the vibrat- 
ing string, in Chap. X, Sec. 4, in which we started with orthogonal 
functions expanded the unknown solutions ^^n of the problem in 

series of by the equation Un ~ ^ AnkV'hj and then determined the 

k 

quantities Ank by an equation like (2) of this appendix. From this 
example one sees the far-reaching analogy between orthogonal func- 
tions and the rotation of coordinates, and between the theory of partial 
differential equations and of the algebra of linear transformations. 

Problem 

With, the help of the divergence theorem, give a general proof that the stress 
tensor is symmetric. 
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FOURIER SERIES 


Fourier’s theorem may be stated as follows: Given an arbitrary 
function (p(x). Then [unless cp{x) contains an infinite number of 
discontinuities in a finite range, or similarly misbehaves itself] we can 
write 


where 




Bn = 


'V / . 2Trnx , „ . 2Trnx\ 

> (An cos h Bn sin I 

71^1 


2 

X 

2 

X 



(p(x) cos 
(p{x) sin 


27rnx 

~X~ 

2Trnx 


dx, 

dx. 


(1) 


( 2 ) 


This equation holds for values of x between —X/2 and X/2, but not in 
general outside this range. The series of sines and cosines is called 
“Fourier’s series.” There are two sides to the proof of Fourier’s 
theorem. First, we may prove that, if a series of sines and cosines 
of this sort can represent the function, then it must have the coefficients 
we have given. This is simple, and we shall carry it through. But, 
second, we could show that the series we so set up actually represents 
the function. That is, we should investigate the convergence of the 
series, show that it does converge, and that its sum is the function <p{x). 
This second part we shall omit, merely stating the results of the 
discussion. 

, Let us suppose that (p{x) is represented by a series as in (1), and 
ask what values the A’s and jB’s must have if the equation is to be true. 
Multiply both sides of the equation by cos (2Trmx/X), where m is an 
integer, and integrate from —X/2 to X/2. We then have 


f \ 2Tmx , 

(p{x) cos — 


-V/2 



cos 


2Trmx 

"VX" 


+ ^ An cos 


2Trnx 


2Trmx , 
cos h 


. 2Trnx 2Trmx\ , 

> Bn sin — Y” — Y - I dx. 
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But we can. easily show by direct integration that 

'X/2 


/: 


2Trnx 2Trmx , 
cos — cos — da; 
x /2 N. JL 


0 


if n and m are integers, unless n — m, and that 

x /2 


- 


2Trnx 2Trmx , 
sin — cos — ax 
-x /2 ^ N 


0 


if n and m are integers. Thus all terms on the right of (3) are zero 
except one, for which n = m. The first term falls in with this rule, 
when we remember that cos 0 = 1. This one term then gives us 




L 


X/2 


cos" 


■X/2 


2xmrc 


dx 


A E 


as we can readily show. Hence 


A n 


2 

X 


rx /2 
J - x /2 


<p(x) 


27rnx , 
cos — dx. 


In a similar way, multiplying by sin (27rmx/X), we can prove the 
formula for Bn. 

We have thus shown that, if a function (p(x) is to be represented 
by a series (1), the coefficients must be given by (2). We shall next 
make a few remarks about the other part of the problem, the question 
whether the series so defined really converges to represent the function 
<pix). In the first place, the series cannot in general represent the func- 
tion, except in the region between —X/2 and X/2; for the series is 
periodic, repeating itself in every period, whereas the function ip{x) in 
general is not. Only periodic functions of this period can be repre- 
sented in all their range by Fourier series. If we try to represent a 
nonperiodic function, the representation will be correct within the 
range from — X/2 to X/2, but the same thing will automatically repeat 
outside the range. Incidentally, we can easily change the range in 
which the series represents the function. If we merely change the 
range of integration so as to be from xq to xo + X, where rco is arbitrary, 
the series will represent the function within this range. The case we 
have used above corresponds to a;o = —X/2; another choice frequently 
made is a;o = 0. Then again, if we change the value of X, we can 
change the length of the range in which the series is correct. To repre- 
sent a function through a large range of x, we may use a large value of 
X. In fact, as X becomes infinite, the quantities 27rn/X for successive 
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n’s become arbitrarily close together, and the summations involved in 
(1) and (2) may be replaced by integrations. Thus, if we let 2Trn/X 
equal co, the interval dco between successive values of this quantity will 
be dco = 27r/X. We may then replace (1) by the integration 


where 


<p(x) 



(An cos core + Bn sin cox) dco. 



(p(^) cos co^ d^, 
<p(0 sin CO^ dk. 


Here we have left out the term in Ao, which becomes negligible in the 
limit. Combining, we finally have 


^(x) 


^ r /- 


(p(0 cos co(^ — x) d^. 


(4) 


This theorem expresses Fourier’s integral theorem, which as we see is 
merely the limiting form of Fourier’s series for infinite value of the 
period X. 

Although the range within which a Fourier series converges to the 
value of the function it is supposed to represent is limited, as we have 
seen, to the value A', there is a compensation, in that within this range a 
Fourier series can be used to represent much worse curves than a power 
series. Thus a ourier series can still converge, even though the func- 
tion has a finite number of discontinuities. It can consist, for example, 
of one function in one part of the region, another in another (in this 
case, to carry out the integrations, we must break up the integral into 
separate integrals over these parts, and add them). The less serious 
the discontinuities, however, the better the convergence. Thus, if the 
function itself has discontinuities, the coefficients will fall off as 1/n, 
whereas if only the first derivative has discontinuities the coefficients 
will fall off as l/n\ and so on. Differentiating a function makes the 
convergence of a series worse, as we can see, for example, if a function 
is continuous but its first derivative is discontinuous. Then the coeffi- 


cients fall off as l/n^, but, if we differentiate, the coefficients of the 
resulting series will fall off as 1/n. There is an interesting point con- 
nected with the series for a discontinuous function. If the function 
jumps from one value Wi to another u% at a given value of x, then the 
series at this point converges to the mean value, (ux -+■ U‘/) /2. 
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In th.e special prolbleni of the vibrating string, the series we require 
is somewhat different from the general case, in that there are only sines, 
and not cosines. We are therefore led to investigate series of sines 
only, or of cosines only. Suppose we take the series 




An COS 


Hirnx 


the series formed by taking the cosine part of the general Fourier 
series. Now each one of the terms is even in x] that is, if we inter- 




Fig. 44. — A function, with even and odd periodic functions made from it. Th< 
even and odd functions, and <Po(jx), agree with the original function ^{x) betweei 

0 and X/2. Between 0 and —X/2, (pe(x) is the mirror image of <p{x), while <po{x) hai 
the opposite sign. Outside the region from —X/2 to X/2, both functions repea 
periodically. 

change x with —x, the function is not changed. A cosine seriej 
represents therefore an even function. Similarly the series 



Bn sin 


2'irnx 


of which each term is odd, represents an odd function (one for which 
if X is interchanged with —x, the function changes its signs but not it; 
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magnitude). It is well known that- any function <pix) can be written 
as the sum of an even and an odd function ; 


<p(x) = M[<p(x) + <p(—x)] + }i[<p(x) — ip{—x)\ 

of which the first term is even, the second odd. Thus the cosine 
part of a Fourier series represents the even part of the function, the 
sine series the odd part. As a corollary, any even function can be 
represented by a cosine series alone, any odd function by a sine series. 

Now suppose we are really interested in a function only between 0 
and X/2, and that we do not care what the series does outside that 
region. Then we may define an even function <pe.(jx) as follows: it 
equals the given function <p{x) between 0 and X/2, but has just the 
same value for —x that it has for x (as in Fig. 44). Outside the range 
from —X/2 to X/2, it repeats itself. The Fourier representation of 
<Pe will be a cosine series, but it will represent the given function (p cor- 
rectly between 0 and X/2. Evidently it is the series 

oo 

A 0 , . 2'irnx 

~2 2j 

71 = I 


where we write the coefficients as the sum of two integrals, 
An 


2 f . . 2'irnx j 

/ <p,\x) cos — ax 

X J -x/2 


2 

X 

4 

X 


X 


/ , 2'irl%X , . 

/ <p{ — x) cos — ax + 

I - x /2 A 

V /‘^ i-. 

... 2'irnx ; 

<p{x) cos ax. 

I A 


I cos ax 

J 0 


X 


] 


Similarly we nuiy define an odd function ^o(:r), which equals <pix) 
between 0 and X/2, but at —x has the negative of its value at +x. 


This function is represented by a sine series 
we readily see that 


QO 



f j 

71 1 


sin 


2'irnx 


where 


B = i- /* 

^ ” X jo 


. . 27rna: , 

(p{x) sm dx. 


Hence, between 0 and X/2, the same function can be represented by 
either a cosine or a sine series. But outside this range, the series 
represent quite dilTerent functions. 

An alternative form of Fourier’s theorem (1) and (2), expressed in 
terms of exponential rather than trigonometric functions, is simpler to 
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write, and for many purposes is more convenient. To derive it, we 
express the sines and cosines in (1) and (2) in complex exponential 
form. Grouping together the terms in and the terms in 

^—i 2 Trnx/x^ we find without trouble that an equivalent statement of the 
theorem is 


where 


oo 

<p(x) = I 

n s== — oo 


C. = 


U- 


dx. 


The terms for equal positive and negative values of n combine to give 
the sines and cosines correctly, and the term for n = 0 gives the term 
in A 0 in (1). Though the Cn^s, from their definition, are complex, it is 
easily shown that, if tpix) is real, C« and C—n are complex conjugates, 
and the series itself is real. We can easily write an expression of 
Fourier’s integral theorem, equivalent to (4), but in exponential lan- 
guage, similar to (5) and (6). 


Problems 


1. Expand in Fourier series the function, that is equal to —x for x between 
— X/2 and 0, and equal to x for x between 0 and X /2. 

2 . Expand in Fourier series the function that is equal to —1 for x between 
—X/2 and 0, and equal to 1 for x between 0 and X/2. See if this series can be 
found by differentiating the series of Prob. 1 term by term. Consider the con- 
vergence of these two series, with reference to their continuity. What happens 
if we try to differentiate again term by term? 

3 . Expand in Fourier series the function that is equal to cc® for x between —X/2 
and X/2. Compute the sum of the first four terms of this series, and see how 
good an approximation to the function you have. 

4 . Expand in Fourier series the function that is equal to zero except for x 
between — ^/2 and g/2, where ^ <C X, while in this region it equals unity. Discuss 
the behavior of this function in the limit as § becomes zero. 

6. Expand in Fourier integral the function that is zero up to x — 0, is sinusoidal 
until X — A, and then is zero for larger values of x. {Note: If we use t instead of x, 
an expansion in Fourier integral furnishes essentially a mathematical description 
of the spectrum of the disturbance. Thus you have found the spectrum of a 
wave train of finite length.) Discuss the behavior of the spectrum as the wave 
train becomes a shorter and shorter number of wave lengths; a longer and longer 
number of wave lengths. 

6. Find the spectrum of a disturbance that starts at f == 0, and is a sinusoidal 
damped wave after that. Show that the curve for intensity as a function of 
frequency has the same form as a resonance curve, in general, and that its breadth 
is connected with the rate of damping in the same way. This illustrates an 
important principle; the emission and absorption spectrum of the same resonator 
are essentially equivalent. 
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VECTOR OPERATIONS IN CURVILINEAR COORDINATES 


Let us assume three orthogonal coordinates gi, ga, qz, so that the 
three sets of coordinate surfaces, gi = constant, ga = constant, 
gs = constant, intersect at right angles, though in general the surfaces 
will be curved. Now let us move a distance ds\ normal to a surface 
gi = constant. By doing so, ga and ga do not change, but we reach 
another surface on which gi has increased by dq\, which in general is 
different from dsi. Thus, with polar coordinates, if the displacement 
is along the radius, so that ?' is changing, ds = dr; but, if it is along a 
tangent to a circle, so that d is changing, ds — r dd. In general, we 
have 


= h\dqi, ds2 — hidq->, ds-z — hudq^, (1) 


where in polar coordinates the h connected with r is unity, but that 
connected with d is r. The first step in setting up vector operations in 
any set of coordinate's is to derive these h’a, which can be done by ele- 
mentary geometrical methods. Thus in cylindrical coordinates, where 
the coordinates are d, z, we have ds\ — dr, ds% == r dQ, dsz — dz, so 
that hi — 1, /?2 = r, /?;} = 1. In splierical polar coordinates, r, Q, 
we have dsi — dr, ds‘2 = r dd, dsn = r sin 0 dtp, so that h i = 1, h^ = r, 
hs = T sin 0. 

Gradient. — The component of the gradient of a scalar S in any 
direction is its rate's of change in that direction. ''Phus the component 
in the direction 1 (normal to tlie surface gi == constant) is 

dS ^ \ 

d.s‘i \h i/ \0q\/ 


with similar formulas for the otlier (*omponents. 
coordinates we have 


'^rhus in cylindrical 


grad,- S 


ch^ , 1 as 

and in spherical (“.oor(linat(‘s \vt^ have 


grad,. *S = 


grad,- S — 


as 

dr 


, 1 1 ^ 

gi-ad,) *S = S = - . . -r — 

^ r d0 Of- 0 0^ 
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( 2 ) 


( 3 ) 
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Divergerice. — ^Let us apply the divergence theorem to a small 
volume element dv ~ dsi ds^ dss, bounded by coordinate surfaces at 
qi, Qi + dqi, etc. If we have a vector A, with components Ai, A 2, As 
along the three curvilinear axes, the flux into the volume over the face 
at qi, whose area is ds2 dss, is (Aidsidss)^^, and the corresponding 
flux out over the opposite face is (Ai ds2 dss) where we note that 
the area ds2 dss changes with as well as the flux density A 1. Thus the 
flux out over these two faces is 

d d 

— (Ai ds2 dss) dqi = — (A1A2/13) dqi dq2 dqz 

1 d 

Proceeding similarly with the other pairs of faces, and setting the 
whole outward flux equal to div A dvj we have 


^ ~ (AifeAa) + ~ ~ (A,hM 


(4) 


Thus in cylindrical coordinates we have 

div A 


r dr ^ ^ r de ^ dz 


(5) 


and in spherical coordinates 

j. f, 1 d 

div A — —z — (f“Ar) “h ; 7, -:r7 


(sin dAo) + 


dA 


<P 


r sin 6 d(p 


( 6 ) 


Laplacian. — Writing the Laplacian of a scalar S as div grad S, 
and placing Ai = gradi S, etc., in the expression for div A, we have 


= 


d 

hih2hs 


/ ^ 2^3 dS \ j d ( hzhx ] d f hih 2 ^>S\ 
1 V hi dqj dq2 \ /12 dqzj ^ ^ \li^ ^3/ 


(7) 


Thus in cylindrical coordinates we have 

r dr \ dr J r^ dd^ 


d^ 

dz^ 


( 8 ) 


and in spherical coordinates 




= 21 (r^ 

dr \ dr / 


+ 


r^ sin 6 dd 




_ 1 _ 


1 


d‘^S 


r^ sin^ 6 d(p“ 


(9) 


Curl. — We apply Stokes’s theorem to an approximately rectangular 
area bounded by qi, gi H- dqi, q2, q2 + dq2. The line integral of a 
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vector A about the circuit is 
-4.i(gi,g2) dsi + Aiiqi + dqi.q^) dst 

This is approximately equal to 


Ai{qi,q2 + dqz) dsi — A^iquq^) ds2. 


L<|; ~ 4 


Since this must be curls A dsi ds 2 , we have 

1 


dqi dq 2 . 


curls A = 


hdh 




Thus in cylindrical coordinates we have 

curb A = 
curb A = 
curb A = 


1 aA. 


r ee 

_ 

dz 

BA, 

6 A, 

dz 

dr 

^ 1 H-i 

1 


1 dA, 


r dO 


and in spherical coordinates 

1 d 


curb A 


curb A 


curb A 


r sin 6 66 
1 dA: 


(sin 6 AA ~ r 


1 dA 


r sin 9 dtp 


r sin 9 dip 

Id... IdAr 

- — (rA e) r - 

r dr r d6 


(r A ) 

r dr 


( 10 ) 


( 11 ) 


( 12 ) 


(13) 


Problems 

1 , Verify directly, from our general formulas, that the divergence of a curl is 
zero, and the curl of a gradient is zero, in general curvilinear coordinates. 

2. Find the formula for the Laplacian of a vector, in general curvilinear coordi- 
nates, using the relation curl curl A = grad div A — V^A. Note that the 1, 2, 
and 3 components of the Laplacian of a vector A are not simply the scalar 
Laplacians, as computed in Eq. (7), of the 1, 2, and 3 components of A, respectively. 



APPENDIX VIII 

PROPERTIES OF BESSEL’S FUNCTIONS 


Bessel’s equation is 

I d { dZ\^(^ mA ^ ^ 

and its solutions are Z = Jm{z), Z == N^iz). By the power-series 
method, as described in Appendix II, we may show that 

iff - 0^ + 2i(;^ (l)”" • • • 

where the coefficient of the first term is chosen according to an arbitrary 
convention. There is no similarly simple expansion for the Neumann 
function Nm,(z); it requires not only terms in positive and negative 
powers of z, but also logarithmic terms. For Nq{z), the leading tei-m 
for small values of z is the logarithmic term: 

lim Nii{z) = - (In z — 0.11593). 

j 3!— >0 TT 


For the higher values of m, the term in inverse powers of 2 : is the 
leading term for small z: 

hm Nm(z) = — ^ ^ 1 “) ^ > 0 . 

z~*0 TT \Z / 

For large values of z, the Bessel and Neumann functions have approxi- 
mations derived essentially by the W-K-B method, as discussed in 
Chap. X, Sec. 2. These asymptotic expressions are 


lim Jm(z) = 

Z — > 00 

lim Nm(z) = 

J 3 — > 00 



2m H- 1 

_ 

2m -t- 1 

_ 



An important relation connecting the Bessel and Neumann functions 
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An. important relation gives Jm{^) as an integral: 

1 P’' 

Jmiz) = ^ COS (mw) dw, 

where j = y^—l. 

In addition to these relations, there is a group of important relations 
which hold equally well for either the Bessel or Neumann functions, and 
which we shall therefore state in terms of meaning by this 

either Jm(z) or Nm(z) . For the Bessel functions, most of these relations 
can be proved without difficulty from the series representation. The 
relations are more general, however, in that they apply to the Neumann 
functions as well, and can be proved directly from the properties of the 
differential equation. They are the following : 

ZUz) = 

4- ^‘( 2 ) = K l(z)] 

dz ^ 

£ [ 2 — ^»( 2 )] = 

/ Zi(z) dz = -X„(z), j zZo{z) (h = zZx(z) 


Zl(z)z<!z = + zmi 


j ZlX^)Z(fZ = *"2 ~ Z„,^liz)ZniHi^)]- 

For further information ix^garding Bessel and Neumann functions, 
the reader is referred to Jahnke and Emde, Tables of Functions (B.G. 
Teubner, Leipzig, 1933, or Dover Publications, New York, 1943), and to 
Watson, Theory of Bessel Functions (Cambridge University Press). It 
should be noted that, although all the relations of this appendix hold 
for integral tm, some of them hold lor noiiintegral ni as well. 




SUGGESTED REFERENCES 


In a single volume like the present one, it is impossible to do justice 
to the whole of mechanics, and its mathematical foundations. The 
references that we give in the present section are far from a complete 
list, but it seems worth while to suggest a few texts to which the student 
who is familiar with the present book can refer, without too great 
dij0n.culty. 

In the first place, the reader of inadequate preparation may wish to 
review his elementary mechanics, using for instance Introduction to 
Mechanics jxnd Heat, by N.H. Frank (McGraw-Hill). For general 
mathematical training and background, the student will first want 
texts on advanced calculus, such as Treatise on Advanced Calculus, 
by P. Franklin (Wiley), or Advanced Calculus, by E.B. Wilson (Ginn). 
More advanced texts on analysis will be helpful, such as Mathematical 
Analysis, by Goursat and Pledrick (Ginn), Partielle Differential- 
gleichungen der Physik, by Riemann and Weber (Rosenberg), or 
Higher M athematics, by R.S. Burington and C.C. Torrance (McGraw- 
Hill). Several texts on mathematics for special purposes are valuable: 
Applied Mathematics for Engineers and Physicists, by Ij.A. Pipes 
(McGraw-Hill) ; The Mathematics of Physics and Chemistry, by H. 
Margenau and G.M. Murphy (Van Nostrand); and Mathematical 
Methods for Engineering, by T. von Kdrmtln and M.A. Biot (McGraw- 
Hill). 

Among more specialisjed mathematical texts in the fields of particu- 
lar importance to mechanics are Introduction to Higher Algebra, by 
M. B6cher (Macmillan); Ordinary Differential Equations, by E.L. Ince 
(Dover); Fourier Series and Spherical Harmonics, by W.E. Byerly 
(Ginn); Newtonian Potential Funclioii, by B.O. Peirce (Ginn); Fourier 
Series and Boundary Value Problems, by R.V. Churchill (McGraw- 
Hill); Vector Analysis, by H.B. Phillips (Wiley); and Vector and 
Tensor Analysis, by H.V. Craig (McGraw-Hill). The standard vol- 
umes of tables, A Short Table of Integrals, by B.O. Peirce (Ginn), and 
Funktionentafeln, by Jahrike and Emde (Dover), will be found invalu- 
able for detailed assistance in calculation. For definite integrals that 
are not given in these books, Nouvclles Tables dHntegralcs DSfinies, 
by Bierens de Haan (Stechert), will be found a source of much 
information. 
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A number of general texts on theoretical physics cover mechanics 
among other topics. Among these we may mention Introduction to 
Theoretical Physics, by L. Page (Van Nostrand); Theoretical Physics, 
by G. Joos (Stechert); Introduction to Theoretical Physics, by A. Haas 
(Constable) ; Introduction to Mathematical Physics, by E.A. Houstoun 
(Longmans) ; and Principles of Mathematical Physics, by W.V. Houston 
(McGraw-Hill). Two longer treatises on theoretical physics, in 
several volumes, may also be mentioned: Introduction to Theoretical 
Physics, by M. Planck (Macmillan), an English translation of a well- 
known German text, and Einfilhrung in die theoretische Physik, by C. 
Schaefer (De Gruyter). The last two works go a good deal more into 
detail than is possible in the present book. 

Next we come to a number of references on the various branches of 
mechanics. On dynamics, we may enumerate Dynamics, by A.G. 
Webster (Stechert); A Treatise on Analytical Dynamics, by E.T. 
Whittaker (Cambridge); Dynamics, by A.S. Ramsey (Cambridge); 
and Principles of Mechanics, by J.L. Synge and B.A. Griffith (McGraw- 
Hill). Particularly useful for rigid bodies are Theoretical Mechanics, 
by W.D. MacMillan (McGraw-Hill); Gyro statics and Rotational 
Motion, by A. Gray (Macmillan); and Elementare Mechanik, by G. 
Hamel (B.G. Teubner). For vibrations and sound, a number of 
references are Theory of Sound, by Lord Rayleigh (Dover), a treatise 
on such a broad basis that it forms practically an introduction to 
theoretical physics; The Dynamical Theory of Sound, by H. Lamb 
(E. Arnold) ; Vibration and Sound, by P.M. Morse (McGraw-Hill) ; and 
Wave Propagation in Periodic Structures, by L. Brillouin (McGraw- 
Hill) . Static elasticity is handled in Mathematical Theory of Elasticity, 
by A.E.H. Love (Dover), and Theory of Elasticity, by S. Timoshenko 
(McGraw-Hill). Finally, treatments of hydrodynamics are given in 
Hydrodynamics, by H. Lamb iCB.mhndge); Hydromechanics, by W.H. 
Besant and A.S. Ramsey (G. Bell); Physics of Solids and Fluids, by 
Ewald, Poschl, and Prandtl (Blackie) ; and Theoretical Hydrodynamics, 
by L.M. Milne-Thomson (Macmillan). 



INDEX 


A 

Admittance, 31, 33 
Alpha particle, scattering of, 65 
Angles, Euler’s, 104, 107-120 
Angular momentum, 56, 73 
of rotating rigid body, 92-120 
Angular rotation, lack of vector charac- 
ter of, 102-104 
Anharmonic oscillator, 40, 42 
Approximate solution for noiiuniform 
string, 183-186 

Archimedes’ principle, 230, 236 
Aristotle, 1 

Artificial electric line, analogy to 
weighted string, 151, 178 
Associated LegoTidre polynomials, or 
associated spherical harmonics, 205 
Atwood’s macliine, 86 
Axis of rotation, instantaneous, 95-96 

B 

Beats, 35, 168 
Bent beam, 222 
Bernoulli’s equation, 232-233 
Bessel’s equation and function, 181, 
200-204, 240-241, 251-252, 288- 
289 

Body forces, in elasticity, 20() 
in hydrodynamics, 230 
Boundary conditions, for circidar numi- 
brane, 200-204 

for rectangular membrane, 197 
for string, 148, 175, 18,5-186 

Cl 

Center of mass, 91 
Central field, motion in, 52-68 
Centrifugal force, 57 
Circular membrane, 199-204 


Coefficients, of Eourier series, 150, 279- 
284 

of viscosity, 233 
Combination tones, 42 
Complex exponentials and complex 
numbers, 26, 255-257 
Compressibility of elastic solid, 214- 
217 

Conductance, 31 

Conservation of energy, 13-16, 46-52, 
77 

Conservative system, condition for, 13, 
46-52 

Constraints, 70, 79 
Continuity, equation of, 226-227 
Continuous medium, 206-237 
Convergence, of Fourier series, 281 
of power series, 244-250 
Coordinates, cuiwilinear, vector opera- 
tions in, 285-287 
Copernicus, 1 
Coriolis force, 56 
Coulomb’s law, 53-54 
Coupled systems, 122—140 
Curl, in curvilinear coordinates, 286 
of a vector, 148, 231-232, 266 
Curvilinear coordinates, 285-287 

D 

Damping, critical, 25 
logarithmic, 27 
of vil)rat.ing string, 160-161 
Decrement, logarithmic, 27, 29 
Deformation of clastic solid, 211-215 
l)eg(^nera<“.y, in circular membrane, 202 
in coupled oscillators, 135-136 
in square membrane, 204 
Degrees of freedom, 70 
Determinant, 127, 275 
DilT(‘r('nce equations, 239-242 
Di(T<Teniia.l a,nalyz:er, 8 
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Differential equations, general proper- 
ties of, 6 

linear, properties of, 7, 24, 33, 34 
numerical solution of, 8, 239—242 
Direction cosines, 259 
Discontinuities in functions, Fourier 
representation of, 281 
Dispersion, 23, 167—169 
Divergence, in curvilinear coordinates, 
286 

of a vector, 226—227 
Divergence theorem, 267-269 
Double Fourier series, 199 
Double pendulum, 141 

E 

Eccentricity of conic section, 68 
Elastic constants, 213—223 
Elastic solid, 206-223 
Elastic waves, 217-222 
Electric circuit, 4, 27—29 
oscillations of, 27-29 
Electromagnetic theory, 2, 6, 15, 22—23 
Ellipse, 58-62 
Ellipsoid, energy, 132—133 
Energy, 7, 9—16, 38—40, 46—52, 57, 
62-66 

Equation, of continuity, 226-227 
of motion of elastic solid, 217—219 
of fluid, ideal, 229—233 
viscous, 233—235 

mechanical, generahzed coordi- 
nates, 69—79 
of membrane, 195—196 
of rigid body, 90-95, 105, 109-112 
of string, 146 

in normal coordinates, 160 
variable, 181 

Equations, difference, 239—242 
Equilibrium, stable, 13 
Equinoxes, precession of, 120-121 
Equipotential surfaces, 50—51 
Euler’s angles, 104, 107-120 
Euler’s equations of hydrodynamics, 
229-233 

Euler’s equations for rigid body, 105, 
111 

Even functions, 282—283 


Expansion, Fourier, 21, 144, 160, 279— 
284 

in normal functions for variable 
string, 186-188 
Taylor’s, 243-252 
Exponential, complex, 255—257 
Exponential solution, of vibrating 
particle, 25—36 

of vibrating rectangular membrane, 
196-198 

of vibrating string, 147-149 
Exponential string, 182-183 
External forces, on coupled oscillators, 
137-140 

generahzed coordinates of, 71—77 
F 

Falling body, 7, 10—11 
Field, central, 52—68 
Filter, weighted string as, 170 
Flow of fluids, 224-236 
lines of, 224-229 
Fluids, flow of, 224-236 
Flux, 225-229 

Force, external {see External forces) 
Force, generalized, 73 
Forced vibrations, of coupled oscil- 
lators, 137-140 
of particle, 21, 29—38 
of string, 161 

Fourier series, 21, 144, 150, 279—284 
double, 199 

Function space, 159, 189 
Functions, odd and even, 282—283 

power-series representation of, 243— 
254 

G 

Gahleo, 1 

Gauss’s theorem, 267-269 
Generalized coordinates, equations of 
motion in, 70-88 
vector operations in, 285—287 
Generahzed force, 73 

in vibrating string problem, 160 
Generahzed momentum, 71-78 
Geophysical problems with elastic 
waves, 219-220 
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Gradient, in curvilinear coordinates, 
285 

of a scalar, 48, 265-266 
Gravitational constant, 53 
Group velocity, 168-169 

II 

Half width of resonance band, 32 
Hamiltoirian function, 174—179 
Hamilton's equations of motion, 74-79 
Harmonics, 149—162, 165 
Hooke’s law, 21, 24, 211-223 

modified for viscous fluids, 233—234 
Huygens, 1 

Hydrostatic pressure, 208, 230 
Hyperbola, 58-62 

I 

Ideal fluid, 229-233 
Impedance, 31 

Inertia, moment and products of, 96-97 
Infinite series, 243-254 
Initial conditions, for circular mem- 
brane, 202-204 

for rectangular membrane, 198-199 
for string, 149-150 
for transient vibrations of particle, 
25-27 

Instantaneous axis, 95 
Integral, line, 46-49, 269 
Inverse-square law, 58-66 
Irrotational flow, 228-229, 232-233 

K 

Kepler’s laws, 1, 60 61 
Kinetic energy, 9-16, 71—75, 126 
of rigid bodies, 97, 101 

r. 

Lagrange, hydrodynamic. (‘<iuatiori of, 
231-232 

Lagrange’s equations, 69- 88 
for coupled j>art,icl(;s, 133-134 
for rotating body, 109-120 
for weighted string, 160 


Lagrangian function, 74 
with magnetic field, 87 
with relativity, 88 

Laplace’s equation, for velocity poten- 
tial, 229, 232 
Laplacian, 195, 266-267 

in curvilinear coordinates, 286 
Larmor precession, 121 
Legendre polynomials, associated, 205 
Legendre’s equation, 205 
Line integrals, 46-49, 269 
Linear differential equation, properties 
of, 24, 33, 34 

Linear restoring force, 21—42 

Lines of flow, 224-229 

Lines of force, 50 

Liquids, flow of, 224-236 

Lissajous figures, 137 

Longitudinal waves in elastic solid, 219 

M 

Membrane, vibrations of, 193—205 
Moment of inertia, 56, 96-97 
Momentum, angular, 56, 73 
generalized, 71-78 
of jet, 5 

Motion, Newton’s law of, 2, 4, 44, 69, 
71-73, 92, 218 
of rigid bodies, 89—121 
in several dimensions, 43—68 
of several jjarticles, 90-94, 122—142 

,N 

Neumann funeiions, 201, 252, 288-289 
Newton, 1 

{See also Motion) 

Nodal lino, Euler’s angles, 108 
Nodes in vibrating membrane, 202 
Noncon.servativo systems, 46 
Nonuniforni string, 180^-192 
Normal coordinates, 122—140, 156—161 
Normal functions for vibrating string, 
149-162 

Normal modes, 127-140, 149—162, 185- 
188 

Normal stresses, 208 
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Normalization, of coupled systems, 
129-130 

of nonuniform string, 187 
of weighted string, 157 
Numerical integration, 8, 239-242 
Nutation, 86, 120 

O 

Odd functions, 282—283 
Orbits, central motion of, 58-66 
Orthogonality, 262—264, 275—276 
of Bessel’s functions, 204 
of coupled systems, 129-130 
of nonuniform string, 186—187 
of sine and cosine, 144, 150, 159 
of weighted string, 157 
Oscillations, of electric circuit, 23-24, 
30 — 31 

simple harmonic, 21—24 
Oscillator, anharmonic, 40, 42 
coupled, 122—140 
linear, 21—42 
nonlinear, 40, 42 
Overtone, 149-162, 185-188 

P 

Pendulum, spherical, 79-86 
Perturbation theory of nonuniform 
string, 188—190 
Plane waves, elastic, 218-221 
Planetary motion, 58-66 
Poiseuille’s law, 233—235 
Poisson’s ratio, 216, 222 
Pole of function, 245 
Polynomials, Legendre’s, 205 
Potential, velocity, 228—229 
Potential energy, 9—16, 62-66 
Power series, 8, 243-255 
Power-series solution for differential 
equations, 243-254 
Precession, 112—120 
Pressure, in elasticity, 208 
in hydrodynamics, 230 
Principal axes, of coupled systems, 130 
of inertia, 98—105 
of stress, 209-211 


Products, of inertia, 97 
of vectors, 259—261 
Progressive waves, 163-170 

Q 

Q, 27-38, 139, 176 

Quantum theory, 3, 23, 64—65, 77, 278 

R 

Radial motion in central field, 57, 62— 
64 

Reactance, 31 

Rectangular membrane, 196—199 
Reflection, of elastic waves, 219—220 
of waves on strings, 170—177 
Relativity, theory of, 5, 19 
Resistance, 31 

Resonance, 22, 29—38, 138-139, 176 

Rest mass, 5 

Rigid bodies, 89-121 

Rolling-ball analogy, 13 

Rotating system of axes, vector in, 95 

Rotation of coordinates, 261-264, 277 

Rumford, 14 

Rutherford, 65 

S 

Scalar product, 260 

Secular equation, for coupled oscil- 
lators, 128, 152 

for perturbation theory, 189—190 
Separation of variables, method of, 
147, 194-202 

Series, Fourier, 21, 144, 150, 279-284 
power, 8, 243—255 

Several particles, general problem of 
motion of, 90—94, 122-142 
Sheai’ing stress and strain, 208—211 
Simple harmonic vibrations, 21-42 
Singularity of function, 245 
Solids, elastic, 206—223 
Sources and sinks, 226-227 
Spherical harmonics, 205 
Spherical pendulum, 79—86 
Square membrane, degeneracy of, 204 




